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Chapter 1

SOBOLEV SPACE

In studying differential equations, a differentiation can be regarded as an operator from one
function space to another. Solving a (linear) differential equation is equivalent to find the
inverse of an operator. In general, the natural function spaces involved are the Sobolev spaces.
Indeed, the theory of Sobolev space has become inseparable with the study of partial differential
equations.

In this chapter, we shall introduce the basic theory on Sobolev spaces. For simplicity, we
may choose not to present certain theorems in their strongest forms.

1.1 Preliminary

For convenience of the readers, we review a few basic mathematical concepts.

1. Vector Space
2. Measure

3. Metric Space
4. Banach Space
5. Completion

6. Hilbert Space

Clearly, a Hilbert space is more preferable than a Banach space.
7. Functional: A (linear) map from a banach space to R or C.

8. Dual space: The space consists of all linear functionals.

For a Hilbert space H, its dual H* is isomorphic to H (the Riesz representation theorem).

In applications to PDEs, it is definitely needed to distinguish H and H*.

9. Operator: A map from one space of functions to another.
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10. Adjoint of an operator
11. Topological Space

12. Compact set

13. Precompact set

14. Compact Operator

Let X and Y be any two Banach space and 2 C X be a subset. A function v : @ — Y is
called continuous if the pre-image in € of every open set is relatively open. We use C(2;Y) to
denote all continuous functions from €2 to Y. When Y is clear, we use C'(2) to denote C'(2;Y").

In this chapter, n > 1 denote the space dimension, k& a non negative integer, v € (0, 1]
a real number, and o = (ag,--- ,ay), where all «; are non—negative integers, a multi-index,

whose order is denoted by |a| = a1 + -+ + ay.

1.2 The Holder Spaces
1.2.1 Definition

Definition 1.1. Let Q be an open set in R™ and u € C(Q;R™). We write

lullo@ = supu(@)l,  Jullorgy = Y D%l
€N
laf<k
|u(z) — u(y)| a
ul,g= sup —————, ul|cr+ u;c—l—ED*
[l vyeQuy |2 =y Itlerera = Ilove la|= k[

Definition 1.2. The Hélder space C*¥*7(Q) consists of all functions u € C*(Q) with finite

[ull granqy morm.

For simplicity, we often write || - ||cr+v (@) as || - [lp4,0. Also, when v = 1, we write (ohanl
as CP1, since CF*1 and CP! are different function spaces. For convenience, C**7 = C* when
v =0.

Theorem 1.1. The space C*T7(Q) is a Banach space.

Theorem 1.2 (Approximation). If v € [0,1), then C**7(Q) is the completion of C>(f)

under the norm || - || cr+v (g

Theorem 1.3 (Interpolation). Let v1 < 8 < v2. Then

|- llg < |- [/ (2 =)
pf = 7202 71,2

Homework 1.1. Assume f € C*(R™;R") and g € CP(Q;R™) where 0 < o, 3 < 1. Show that
f(g()) € COP(4R™).



1.3. THE SOBOLEV SPACES 3

Homework 1.2. Suppose that f,g € Ck*7. Show that fg € C**Y and ||fgllcrsr < || fllcrsn |9l cren -
Homework 1.3. Prove Theorem 1.2.

Homework 1.4. Prove Theorem 1.3.

Homework 1.5. Let €2 be a convex domain. Show that the norm of | - |c1(qy and || - |lcor(q) are
equivalent. Nevertheless, C*(Q) € C%1(Q).

1.2.2 Compactness

Theorem 1.4. Assume that Q is bounded and ky + v1 < ky + v2. Then CFH1(Q) s

Ck2tm2 (ﬁ)

Compact subsets of Banach spaces Since compactness is important for the Schauder’s
fixed point theorem, here we provide two examples to demonstrate some subtleties in applica-

tions.

Example A. Let X = C(Q), where Q CC R and 99 is smooth. Let
B ={u € CY(Q); Jullor o) < 3}

Question: Is B closed, and therefore compact, in X7

Answer: It is true that B is bounded, convex, and precompact. But B is not closed, and
therefore is not compact in X.

Consider, for example, Q = [-1,1] CC R and f(z) = |z|. Set fu(z) = /1 + 22. Then for
alln > 1, f,, € B and as n — oo, f, — f in X. Nevertheless, f € B.

Example B Now let 2 and X be as above and let a € (0, 1] be arbitrarily fixed. Let
B = {ue C(@) : [ullgorny < 3

Question: Again, is B convex, closed, and compact in X?

Answer: This time, the answer is yes. The verification is left as an exercise.

1.3 The Sobolev Spaces

1.3.1 Weak Derivatives

1

() and a = (o, -+ , o) is a multi-index. We say that v

Definition 1.3. Suppose u, v € L

is the o' weak derivative of v and write v = D%u if

/uDangd:c—(l)'a/vd)dx Vo e C2(U).
Q Q

Note that the order of differentiation is irrelevant. For example, Uiz, = Ugja, if one of

them exists.
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Homework 1.6. Show that a weak derivative, if it exists, is unique (up to a set of measure zero).

Example 1.1. Let f(z) = |z|, z € R. Then f'(z) = 2H(z) — 1, where H(-)is the Heaviside
function defined by

1 if x>0
H(zx)=4¢ 1/2 if =0
0 if x<O0.

Example 1.2. The Heaviside function H(-) does not have a weak derivative. Indeed, H'(x) =

d(z) is the Dirac measure.

1.3.2 The Definition

Definition 1.4. Assume k is a non-negative integer and p € [1,00]. The Sobolev space WP ()

consists of those LP(QY) functions all of whose weak derivatives up to order k exist and are in
LP(Q). Its norm is defined by

[ fllwer) = Zjag<k 1D fllLr )

When p € [1,00), the space Wéc’p(ﬂ) is the completion of CZ°(2) under the || - [lyrpq)

norm.

When p = 2, W2 and Wéc 2 is often written as H* and H(’f respectively, which are Hilbert

spaces.
Theorem 1.5. The Sobolev space WHP(Q) is a Banach space.
Homework 1.7. Prove theorem 1.5.

Homework 1.8. Assume that Q is bounded with smooth boundary. Show that C%(Q) and

Whee(Q) contain the same functions and their norms are equivalent.

1.4 Certain Tools in Studying Sobolev Spaces
1.4.1 Mollification
Lemma 1.1. Assume that p € [1,00). If f € L} () then pe* f — f in L} () as e — 0.

Homework 1.9. Does the conclusion of Lemma 1.1 hold when p = o0?

1.4.2 Partition of Unity

Lemma 1.2. Let Q be an open set and Q0 C U2 U; where each U; is compact. Then 3 a

function sequence {¢;(x)};2, such that
(i) 2 ¢5(x) = 1 Vo € Q.
(i1) ¢; € C(U;).

(7i1) Yz € Q, there are only finitely many i such that ¢;(x) # 0.
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1.4.3 Extension of Bounded Operators

Lemma 1.3. Let X and Y be two Banach Spaces and Xi be a subspace of X. If T is a
bounded linear operator from X1 — Y, then this is an extension of T from X — Y such that

ITIx < ||T||x,- The extension is unique if Xy is dense in X.

Homework 1.10. Prove Lemma 1.3

1.5 Certain Properties of the Sobolev Spaces

1.5.1 Approximation

Theorem 1.6. Assume that § is bounded, 1 < p < oo and u € WHP(Q). Then 3 {uy}oo_ in
C>(Q) N WEP(Q) such that w,, — u in WYP(Q). In addition, if 0Q € C them we can choose

the sequence {un,} such that u, € C*>°(Q) for all m.

Theorem 1.7. Assume that p € [1,00).

(a) WFP(R™) = W(;C’p(R”) is the completion of C°(R™) under the || - |lyyx.p@y norm.

(b) If Q) is bounded with C* boundary, then W*P(Q) is the completion of C*(Q) under
|+ [lwrw()y norm.

1.5.2 Extension

Definition 1.5. Let Q1 and Qo be two sets with Q1 C Qs. Let u be a function defined on €2y

and v be a function defined on Qo. If u =v on )1 then we say v is an extension of u.

Theorem 1.8. Assume that Q is bounded with C' boundary 0. Let V be an open set such
that Q CC V (i.e., Q C V). Then there exists an operator E : WhP(Q) — Wol’p(V) such that

(1) Bu=u on S);

(@) [|Bullwiery < CV,Qp)[lullwieq)-
Remark 1.1. Ifu € Wol’p(V), then u € WLP(R™) if we extend u by zero outside of V.

Homework 1.11. Show that in Theorem 1.8, we can further require that (iii) Eu has compact

support in V.

1.5.3 Traces

Definition 1.6. Assume that 2 is bounded with C* boundary 9S). Let f € WHL(Q). A function
g € LY(09) is called the trace of f on 0Q if

/S)Df-¢d:v:/mg¢ﬁd —/QDqﬁ-fdx Vo € C1(Q)

where U is the exterior unit normal to 0. Similarly let  be a C' portion of 0. We say

g=fl if
| Dends = [ sga
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for all ¢ € C1(Q) satisfying ¢ = 0 on OS)
Theorem 1. . Trace, if exists, is unique.

Theorem 1.1 . Assume that Q) is bounded and has (piecewise) C1 boundary 0. Letp € [1,00).
Then, for every f € WYP(Q) there is a trace, on 0S). In addition, denoting the trace by Tf,
then

ITfllzro) < Cllfllwrr)
where C depends only on p and ). The operator T : WYP(Q) —  P(0Q) is called the trace

operator.

Homework 1.12. Show that for any p, > 1, there does not exist a trace operator from LP(2)
to L1(0%2).

Homework 1.13. Assume that §) is bounded with C* boundary 0S). Define a trace operator from

C(Q) to C(89).

1. Sobolev mbedding

1. .1 Definition of Em eddin

Definition 1.7. Let X and Y be Banach spaces and X C Y.
(i) We say that X is embedded in Y, and written as

X —Y

if there exists a constant C' such that ||u|| < C|lulx for all u € X.
(i) We say that X is compactly embedded in Y and written as

X e——Y

if (a) X =Y and (b) every bounded sequence in X is precompact in Y.

1. .2 Lr to ¢ for

Theorem 1.11.  agliardo-Nirenberg-Sobolev Inequality Assume that 1 < p <n. Let
Pt = np ‘
n—p

Then there exists C(n,p) such that for every u € WHP(R"), u € LP (R") and

lulle @ ) < C(np)[[Dull e -

Corollar 1.12. Let n,p,p* be as in the previous theorem. Then for any open set Q@ C R™ and
u € Wy(9),
lull e (@) < C(np)[|IDU|[ o -
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Theorem 1.13. Assume that 1 < p < n and Let p* = nn—_pp. Let Q C R™ be a bounded domain

with C* boundary. Then there exists a constant C = C(n,p, Q) such that for everyu € WLP(Q),
ue LP (Q) and

lullze (@) < Cllullwrog)-
The key step in prove the above two theorems is the following lemma:

Lemma 1.4. For any u € C*(R )

/\u\_ldxg/ | Duldz.

Homework 1.14.  sing Lemma 1. , prove Theorems 1.11 and 1.13.

1. .3 Lr to @ for

Theorem 1.14 (Morre s Ine ualit ). Assume that p > n and let
a=1—-n/p.

Then for every u € C*(R"),

[ullare < (np)llullwire )

where (n,p) depends only on n and p.

The theorem can be proven by utilizing the following Lemma. We denote by B(z, ) the
ball {y € R"[|ly —z| < }.

Lemma 1.5. There exists a constant (n) such that

L w(z) —u n D)l
T o, O < o e

for all € (0,00), u € C*(B(0, )), and z € B(0, ).

Theorem 1.15. Let p >n and o« =1 —n/p.
(1) For every u € WYP(R™), there exists a unique u* € C*(R™) such that u* = u a.e. in
R™ and
v lea@ y < (n,p)[[ullwrrw )

(2) Let Q be a bounded domain with C* boundary. Then for every u € WHP(Q) there ewists

a unique u* € C*(Q) such that v = u* a.e. in ), and

[l ca@) < (020 Q)lullwre@)-
Homework 1.15. Prove Theorem 1.1 by using Lemma 1.5.

Homework 1.16. Prove Theorem 1.15 by using Theorem 1.1 .
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1. 4 eneral o olev Em eddin

Theorem 1.16 (Sobole Embe in ). Let Q be a bounded domain with (piecewise) C!
boundary. Let m >0 and k > 1 be positive integers and p € [1,00).

1. Assume kp < mn. Then
(a) WmHEP(Q) < W™4(Q) where

__"
Cn—kp

(b) WmHEP(Q) cses W™(Q) for every € [1, -22-).

' n—kp

2. Assume that kp > n > (k— 1)p. Then
(a) WHEP(Q) < C™(Q) where

a=k—n/pe(0,1).
(b) WmHkP(Q) cses C™HY(Q) for every v € (0,k — n/p).
Homework 1.17. Prove Lemma 1.1 .

Homework 1.18. Prove Theorem 1. .

1. unctions alued in anach Spaces

In studying evolution equations, a space time function u(x, ) can be simply viewed as a funtion
from to u( ) := u(-, ) in certain Sobolev space X, say H!(2). That is, a linear evolution

equation can be written as
u— u

where is a linear operator. Hence, one can pretty much regard the evolution equation as an
ode and the solution u as a curve (tra ectory) in certain Banach space. Indeed, a lot of the ode
ideas can be used.

Here we provided the spaces needed in using this ideas.
Definition 1.8. Let X be a Banach space, € (0,00) and p € [1,00].

1. A function u : [0, | — X is measurable if for every open set  in X, the set { €

[0, J;u() € } is Lebesgue measurable.

2. The space LP(0, ;X) consits of all measurable functions u: [0, | — X such that

1/p
[l = (/0 ||u<>||Pd) <oo if pello0)

and

all, o, )= sup [[u( )[| <oo if p=oo.
0<t<
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] — X with

’

3. The space C([0, |;X) consists of all continuous functions u : [0

lullgco, y= sup [[u()] < oc.
0<t<

. For v € (0,1], The Hdélder space C7(0, ;X) consists of all continuous functions u :
[0, ] — X such that
[u() —u()lx

lullevo, x):= sup [u()lx+ sup —— < oo
0<t 0< t | — |

5. Ifu, € LY0, ;X), we shall say that is the (weak) derivative of u, written as v’ =

if
/0 ¢'(u()d :—/0 6() ()d
R).

for all scalar test functions ¢ € C°(0, ;

. The Sobolev space WP(0, ;X) consists of all functions in LP(0, ;X) whose weak first

derivatives also lie in LP(0, ;X). WYP(0, ;X) carries the evident norm.

When v = 1, the resulting Holder space in item 4 will be denoted by C%!(0, ;X), since

C1(0, :X) has its obvious meaning.

Theorem 1.17. Let X be a Banach space and € (0,00).
(1) If u e W0, ;X), thenu e C(0, ;X) and

m):m>+/%xm v, e, |

(2) For all p € [1,00), WhP(0, ;X)— C'=/7(0, ;X).
(3) The space W1>=(0, ;X) and CO*1(0, ;X) are the same.

Idea of the Proof. When p € [1,00), one first proves the Embedding for smooth functions, and
then use the extension of bounded linear operators over Banach spaces. For p = oo, one needs

to use the definition of weak derivatives. O

In study evolutions, it is quite often that u( ) € L?(0, ;X;) and v’ € L0, ;X3) where
X1 << Xo. In this case, one can obtain special regularity of u in some intermediate Banach
space X where X; «—<— X <—<— X,. Here we ust give one example, for the sake of our

applications.

Theorem 1.18. Letu € L?(0, ;H}()) andu’ € L*(0, ;H 1(2)). Thenu € C([0, |;L*(Q))

modulo sets of measure zero). The mapping — ||u 2 oy 48 absolutely continuous, with
L2(Q)

d
7 [ Nz =2 ' (),u() -
Furthermore,

Oréltagx [lu( )”L2(Q) < C(||UHL2(O, ) + HUIHLZ(O, 1))'
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Proof[Proof sketch] The trick is to consider two mollified u, namely u¢, u in an effort to
prove that the family {u‘}. ¢ is uniformly Cauchy in C([0, ];L?*(Q)) as ¢ — 0. Note that
indeed each mollified function is in C'(0, ;L?(52)). Pick some point € (0, ) such that

u( )—u( ) in LQ(Q),

and then consider the zeroth order Taylor expansion for [|[u‘( ) —u ( )Hig about = . Using
this expansion, one verifies immediately that u® is uniformly Cauchy with respect to €, and so
the mollified functions tend to a limit in C'([0, ]; L?(2)). Moreover, it is trivial that this limit
must be equal a.e. to u. Hence the first assertion of the theorem is true.

The second assertion may now proven by showing that it holds for u€, and then passing to

the limit as € — 0. And the third assertion follows by the estimate | u’,u | < |[u/|| 1 |[u]| i



Chapter 2

SECOND ORDER ELLIPTIC
EQUATIONS

In this chapter, we study the equation

u=f (2.1)
where denotes a second order partial differential operator having either the divergence form
u=—("uy +d u)z; + U, + (2.2)

or else non-divergence form
u=—": Ugz; + iuxi + u. (2.3)
Here *, ,d" and are functions of z € Q C R™. Here we omit the summation from 1 to n

sign whenever there is a repeating super-index and sub-index.

2.1 llipticity and ea Solutions

Definition 2.1. Let  be defined as (2.2) or (2.3).
(1) We say that  1is elliptic in Q if

f); >0 YeeQ, =(1,--, o) €R® {0}
(2) We say that L is uniformly elliptic if there exists a constant > 0 such that
‘), > || VzeQ, eR™

When is in the non—divergence form (2.3), we can assume, without loss generality, that

¢ = % Then the ellipticity means that the matrix ( ¢ ), , is positive definite.

Definition 2.2. The bilinear form Bl[-,-] associated with —in (2.8) is

Blu,v] :/ { L Uy, Vg + d UV, + iuxiv + uv}dm.
Q

11
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Definition 2.3. Let  be as in (2.3). We say that u is a weak solution to

u= :=f- ffh mn
{ U=y on 0f) (2:4)
ifu—ge€ HNQ) and
Blu,v] = v :=/{fv+fivmi} Vo€ Hi(Q).
Q

Remark 2.1. (1) For the definition to make sense, it is typically required that the coe cients
of  satisfying the following:

i e L®(Q), ide LM(Q), € L"(Q). (2.5)

(When n = 2, we require *,d' € LP and € Lr/? for some p > n.) These conditions make sure
that all * ugvs,, “Uz,v, d uvg,, and wv are in L*(Q) whenever u,v € H ().
(2) Also, one needs € H~!, the space of all bounded linear functional of HE(Q); in

particular,
feLttAEQ), g e L),

(8) It is necessary to assume that g, need only be defined on O, has an extesion, still
denoted by g, over H().

Homework 2.1. Assume (2.5). Show that Blu,v)] is well-defined for all u,v € H(S).

2.2 Some Tools for ea Solutions

2.2.1 The ax Mil ram Theorem
We shall employ the following theorem to prove the existence of weak solutions to (2.4).

Theorem 2.1 (Lax Mil ram). Let H be a Hilbert space and H* be its dual. Denote by ||ul]
the norm of u € H and by ,u the value of the functional € H* at u € H. Assume that

L:H — H* is a linear operator having the following properties:

1. L s bounded; that is, there exists a > 0 such that

| Lu,v | < allul ||v]|] Yu,v e H;

2. L is coercive; that is, there eixzts B > 0 such that

Lu,u > B|ul* Vuec H.

Then for every € H*, there exists a unique u € H such that Lu = , i.e.
Lu,v = ,v YveH.
Later on, we shall show that for some large , + satisfies the Lax—Milgram theorem.

For other values of , we need to use the Fredholm alternative.
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2.2.2 The redholm Alternative
Recall that an operator  is compact if the image of every bounded set is precompact.

Theorem 2.2. Let H be a Hilbert space and : H — H be a linear compact operator. Then
the following holds:

1. The kernel er(I— ):={ueH;u= u} is finite dimensional;
2. The range (I— ):={u— wueH}isclosedand (I— )= e(I— ) ;
3. efI— )={0}ifand only if (I—- )=H;

. dim er(I— )=dim er(I— *).

Corollar 2.3 ( Fre hol Alternati e). Assume the consitions as in the previous theorem.

Then one of the following alternative holds:

(@): VfeH 3 ueH u— u=f;
(B) : JueH u= u.

In addition, should (3) hold,
() :u— w= fhasasolution fé&Ker(I— *) .
More general result can be stated as follows:

Theorem 2.4. Let  be a linear compact operator from a Hilbert Space H into itself. Define
the (point) spectrum of by

o )={ €C3Ixz#0 r= z}.
Then

1. ,( ) is bounded, and for each € ,( ) {0}, the dimension of the kernel of I —

18 finite;
2. The only accumulation point of ,( ) is the origin.

Theorem 2.5 (Fre holm Alternati e). Assume that H is a Hilbert space and : H — H
is a linear compact operator. Let € C {0} be any fived number. Then ( I— )=H
( I— )={0}. Also, one of the following holds:

(@) if & (), then( — )7! exists and is bounded;

(i) if € p( ), then( — )u= fissolableiff f€( *) , where *={veH;( — *v=0}.
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2.3 istence of ea Solutions

Theorem 2.6. Let  be as in (2.3). Assume that is uniformly elliptic and that (2.5) holds.
Then there exists € R such that for every > , g€ HYQ) and € H™Y(Q), the problem

Lu+ u= in H Q)

{ u—ge€e H& (2.6)

has a unique solution. In addition, there exists a positive constant C, which depends only on

, Q, and the coe cients of , such that

lull 1 <Clgll 1@+ I 1)

Idea of the Proof.

Step 1. By working on v = v — g, we can assume that ¢ = 0. We let H = H&(Q) be our
working space. Note that we can define (u,v) = [, Du- Dvdx as the inner product of H. Also,
H* = H Q).

Define L : H}(2) — H™! by

L u,v = Blu,v] + (u,v)e.
Then (2.6) is equivalent to L u= in H~1(Q) = H*.

Step 2. Using condition (2.5) and Sobolev imbedding, one can show that for any real

€ R, L is bounded.

Step 3. It remains to show that L is coercive, for appropriate . Indeed, we show that

for some > 0,
Blu,u] 2 Slull 3@ — lull?2)  Yu € Hy(). (2.7)

This estimate implies that L is coercive provided that > . The assertion of the theorem
then follows from the Lax-Milgram theorem.

To show (2.7), we first use the ellipticity condition to obtain

/ ¢ U Uy, AT > / |Dul? dz = ||ul?*.
Q Q

To estimate integrals [ {( *+d")uuy,, + u?} dz, we use the following decomposition result:
Lemma 2.1. Let € [1,00) and f € LY(). Then for every € > 0, there exists ff € L>(Q)
and f5(S2) € LY(Q) such that f = ff+ f5 and ||f5]|L @) <e.

Utilizing the decomposition, (2.7) then follows from the following inequalities: (For sim-

plicity, assume that n > 2):

051190l + lgh)do < £l IDulzz ol + ol ol
< oIDuls + (ol + 12 ) gz,

[0l + Iy de < 151 1Duliz el + gl =l
< Cml +lsls lIDulE:
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by the Sobolev embedding. Here 2* = 2n/(n — 2). (When n = 2, an obvious modification is
needed.) O
Note that problem (2.6) can be written as

L u= (L +( — )u= in H*
{I+( - )L)"' =L )" inH
(I+ J)u= in H

where =1/( — ), = (L )~!, isthe embedding from H} to H=',and = (L )~!
Since the embedding H& — H~'is compact and (L )~': H™! — H& is bounded, we see
that  is a compact operator from H& to itself. After applying the Fredholm alternative and

a simple calculation, one then can prove the following;:
Theorem 2.7. Assume the conditions of Theorem 2. . Then the following holds:

1. For every €C, ( + )~':H™YQ) — H}(Q) exists and is bounded if and only if is
not an eigenvalue of , i.e., if and only if ( 4+ )u = 0 has only the trivial solution in
H(Q).

2. If is an eigenvalue of , i.e., there exists u € HY(Q) such that ( + )u=0, then

(a) The dimension of the eigenspace of — with respect to s finite,

(b) ( + )u= is solvable if and only if ( *+ ), where
fu=—(" Ug; + Zu)xl +d ug; + u.

3. We can order all the eigenvalues of by 1, 2,... with

(a) (1)< (2)<..0

24 egularity
For simplicity, we study the regularity of solution to
wi=—( ¢ Ug;)z; = [ in H7Y(Q) (2.8)

Theorem 2.8. Assume is uniformly ellpitic.
(1) If * € L™ then for each f € H=Y(Q), (2.8) together with (boundary condition)

u € HE(Q) admits a unique solution and the solution satisfies

[ull 1) <CIfAl 1o

where C' depends only on the ellipticity constant of
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(2) Assume that u € HY(Q) is a weak solution to (2.8) and m > 1 is a non—negative integer
such that
eC™l(Q), feH™Q)

Then for each V. .CC Q, u € H™ (V) and there exists C = C( * V) such that
lull w20y < U (@) + llull2@)-
(3) Assume that 0Q € C™F2, and that
e 0™HQ), f € H™(Q).

Then the unique solution w € HE(Q) to (2.8) is in H™L(Q) and there exists a constant C' =
C(",Q) such that

lull  +2@) <CIfIl (@)

Homework 2.2. Ezxtend the regularity theorem for  defined in (2.2).

2.5 n stimate
In this section we consider the operator
Lu=—( " uy +d u)e; + WUy, + U (2.9)
We assume the following;:
(1) There exist positive constants such that | 2< © ;, < | [2forall €RY
(2) " eL>®d, ;elL”, €LY
(3) —(d )z; >0 in the distributional sense;
(4) Q is bounded and 99 satisfies the exterior cone conditions.

Definition 2.4. s called a sub (sup) solution to w = if L < (L > ) in the

distribution sense.

Theorem 2. (L*™ estimate). Assume (1) ( ). Let u be such that Lu < f — (fi)s, where
fe L+ and fi € LP for some p > n. Then

11
supu < supu+C{|[fll= + [[flp } 2] "7
Q o9 P

where C' is a constant depending on , ,d , ', ,S, but not on the lower bound on |Q|.

Corollar 2.1 ( eak maximum principle). Assume (1)-( ). Also assume that u < 0.
Then

supu < sup u.
Q o0
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2. The Holder stimate
We consider, for simplicity,
Lu:=—("° U, )z, (2.10)
We assume that

= o= 1A

2. .1 ome Auxillary emmas

Lemma 2.2. Assume that ¢ is a nonnegative, nonincreasing function defined on [0,00), and
satisfies, for some constants >0, a >0 and > 1,

( =k )<Ce’(k) VO<k<
Then ¢( ) =0 for all > d where
d=2 TCa¢pa (0).

Lemma 2.3. Suppose ¢ is defined on | o, 1] with0 < o < 1 and satisfies for some € (0,1),
>0 and B >0,

p()< o)+ (= )"+ B forall o< < < 1.
Then for some C' = C( ),
p()<C{ (- )"+B} V o< < < 1.
Lemma 2.4. Assume that € C%Y(R;R) is conver. Suppose that either (i) u is a weak
solution of Lu =0 or (ii) u is a weak subsolution (i.e., Lu <0) and ¢'( ) <0. Then (u) is a

supersolution.

Lemma 2.5. Suppose is a nonnegative, nondecreasing function defined on [0, o] and satis-
fies, for some constant € (0,1), € (0,1) and >0,

Then there exist positive constants v and C', which depend only on  and  such that

O D+ Dy e
0

; ol
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2. .2 Maximum of u solutions

In the sequel, u = max{u, },u m = min{u,m}, and B is a ball of radius  centerer

at the origin.

Lemma 2.6 (Interior). Assume that u € HY(B ) is a subsolution to (2.1 ). Then for any
p>0and €(0,1), there exists C=C( / , ,p,n) such that

sup(u 0P <C n/ (u 0)P,

Lemma 2.7 (Boun ar ). Assume that u is a subsolution in @ and 0 € 0S). Let =
Supso u. Then for any p > 0, there exists C = C(p,2, / ) such that

SupQ(u Y <C ”(/ Q(u )p+/ 0 p).

2. .3 Minimum of Positive upersolutions

Lemma 2.8 (Interior). Suppose Lu >0 and v >0 in B . Then for any € (0,1),
inf > C(, / n) —n/ P

for some p depending onn, / .

Lemma 2. (Boun ar ). Assume Lu > 0 and u > 0 in §, 9 salisfies the exterior cone
condition, and 0 € 0. Let m = inf  quv. Then for any € (0,1), there exist positive
= (Q, /)andp=p( / ,Q, ) such that

ian(u mP > " (/ Q(v m)p+/ Qm”)

2. .4 The arnack ne uality

Theorem 2.11. Assume that Lu =0 and u > 0 in B . Then for each € (0,1), there exists
a positive constant C = C( / , ) such that

supu < C inf u.

2. .5 The older Estimate

Theorem 2.12 (Interior Hol er Estimate). Assume that Lu = f — f;z in B and for some
p>mn, ft€ LP and f € L"P/("tP) Then there exist positive constant C' = c(, ,n,p) and
a=ao / ,n,p)e(0,1) such that

(a)g%{()Jr

1

D=

(fllp,  + 2l

. )} v o€ (0, ]

where ()= sup w— inf wu is the oscilation of u over B .
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Theorem 2.13 ( lobal Hol er Estimate). Assume that OS2 satisfies the exterior cone
condition and Lu = f — f;l with f € LP™ (0 qnd f; € LP for some p > n. Then there exists
c(, ,p.Q) and o | ,Q,p) € (0,1) such that

Jullouey < € {lllceen + Zill e + 112 o)

Remark 2.2. The estimate extends to general , if we allow the resulting constant C' to also

depend on max{l, }.

2. The stimate

Theorem 2.14 (Interior an  lobal L? Estimate). Let

u=—"* Ug;z; + iumi + u.
Assume that
(i) there exists >0 such that * ; > | |? for all €R"™ and x € §);
(ii) © €C%Q), € L®, and € L%;
(iii) For some p € (1,00), wu € LP(Q).
Then u € Wli’f(Q) and for any ) CC Q,

[ully2piq) < CEO ullpo + llullp.0)- (2.11)

If Q is bounded and 92 € C? and u =0 on 0, then (2.11) holds with § = €.

2. The Schauder stimate

Theorem 2.15 (The Interior an  lobal Schau er estimate). Let a € (0,1) and

u=—" Ugz; + iuwi + u.
Assume that
(i)  is uniformly elliptic;
(i) *, " €CRQ);
(iii) u € C*(Q).
Then u € CEE*() and for any Q CC €,

ullgzsaay < CE) {1l wleaga) + luleo |- (2.12)

If Q is bounded and 0 € C?*** and u = 0 on 9K, then (2.12) holds with 2 = Q.
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Chapter 3

SECOND ORDER EVOLUTION
EQUATIONS

In this chapter, we study evolution equation, of parabolic type
u+ Lu=f (3.1)
and of hyperbolic type
ug + Lu = f (3.2)
where L is a second order elliptic operator, in the divergence form
Lu=—("ug +d u)z; + Uy, + (3.3)
or in the non—divergence form
Lu=—"1 Uy + ium + . (3.4)

We notice that if we write u = (u1,us) := (u,u¢), then the hyperbolic equation (3.2) can

be written as a first order (in time) evolution
W= u (3.5)

where u = (ug, Luy).

Under approriate setting, (3.5) can be regarded as an ODE.

In studying evolution equations, a space time function u(z, ) can be simply viewed as
a funtion from to u( ) := u(-, ) in certain Sobolev space X, say H'(f2). That is, one can
regard an evolution equation as an ODE | and the solution u as a curve (tra ectory) in certain

Banach space.

21
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3.1 Parabolic uations in ivergence orm

We shall study the following initial value problem in the cylinder @ =Q (0, |, where Q is

a bounded domain in R™:

up + Lu = f in
u=>0 in 0 [0, ] (3.6)
u=g inQ { =0}

Here f and g are given functions, and L = L(z, ) is a uniformly elliptic differential operator in

the divergence form
Lu=—("* Up, +d )y, + iumi + u (3.7)

Parallel to that of ellpitic case, for (a.e.) € [0, |, we define a bilinear form BJ ;-] :
H5(Q)  Hy() — R by

B[ ;u,v] :/Q{ b (x, U, Vg + ez, Yug,v + (z, )uv} dx

Likewise, we may regard a solution u = u(z, ) as a mapping — u( ) := u(-, ) from
[0, ] into the function space X = HZ(Q). Thus a solution can be regarded as a tra ectory

in X. Indeed, when L is in the divergence form, it is very convenient to work on the space
u € L2(0, ;H(R)). Similarly, we regard f( ) = f(-, ) as a function in L?(0, ; H=(Q)).

3.1.1 Definiton of Weak solutions
Definition 3.1. Assume that g € L?(Q) and f € L?(0, ; H=1()). We say that a function
uc L2(0, ;HY(Q)) with ' € L*(0, ;H(Q)),
is a weak solution of the initial boundary value problem (3. ) if u(0) = g in L?*(Q) and
u,v + B[ ;u,v] = (f,v)
for each v € H&(Q) and a.e. 0 < <

Here the requirement u(0) = g makes sense since by Theorem 1.18, u € C([0, ]; L*()).

3.1.2 Existence of Weak olutions

The method we employ for proving existence is known as the Galerkin method! which ap-
proximates the Banach X = H& (Q) by finite space dimensional subspace X,,, and pro ect the

evolution equation over L2(0, ;X,,)

1
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Let { x}72, be an orthonormal basis for L?(€2) which is also an orthogonal basis for Hg ().

Consider

where the d¥, () are real-valued functions of . We shall choose coe
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Chapter 4

SOME TECHNIQUES FOR
NONLINEAR PDES







































/]

/]

/-









/]

/]



/]

I

/]

— —
— —

/]

——
——



U )
(— — ) (=)
/] []—




