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ABSTRACT: This paper is concerned with the existence and the maximum prin-
ciple for optimal control problems governed by the periodic Euler-Bernoulli equation
on (0,7)Xx(0,7"). The case of internal controllers supported on w C (0,7) is exam-

ined.
AMS (MOS) Subject Classification. 35B34, 49J20.

1. INTRODUCTION

We study here the optimal control problem

minimize /Q(g(y(x, t) +yo(z,t)) + h(u(z,t))) dedt (1.1)

subject to u € L*(Q), @ = (0,7) x (0,7) and

ytt('rat) + y:mctm:(xat) = m(m)u(x;t) + f(mat)a S (Oaﬂ.)a te Ra
y(z,t) = y(z,t + T), z € (0,7), t €R, (1.2)
y(oat) - yz(oat) - Oa yz:c(ﬂ.at) - yzzz(ﬂ.at) - 07 t € Ra
where m € L>(0,7), m(z) > p>0on w C (0,7), m = 0 in rest. Here g: R — R,
h:R — R =]— 0o, +00] are lower semicontinuous convex functions, w is an open

subset of (0, ).
By solution to state system (1.2) we mean a weak solution, i.e., y € L?(Q) and

/ U(2,8) (0 (2, 8) + Ponan (3, 1)) dudt = / (m(z)u(z, t)+ f (2, ) p(@,t) dodt, (1.3)
Q Q

for all
peX = { pE 04([0’7"] X [O’T]); 90('%’0) = (p(.”E,T) =0, (Pt(maT) = (Pt(m’ )a
©(0,t) = 0,(0,t) =0, Qpa(T,t) = Paua(m,t) =0, V(z,t) € (0,7)x (0,7)}.



Let A: L?(Q) — L*(Q) be the Euler-Bernoulli operator (1.2), i.e.,

Ay = f, for[y, f] € D(A) x R(A)if, andonlyif, (1.4)

/(gptt + (pmm)y dxdt = / feodzdt, Ve X. (1.5)
Q Q

In terms of A a weak solution to (1.2) is a solution to operator equation Ay = mu+f.
Equation (1.2) models the motion of the Euler-Bernoulli beam fixed at # = 0 and
without torque and lateral force at free-end point z = 7 (see Russel [8] and Krabs

[5])-

We shall study some properties of A under the following assumption

N /2m\?
inf { [(k+=) — (22
ol (2) - (F)
We note that for 7' = 2, (H) is fulfilled with the infimum=1/16, while for 7" = 8=
the hypothesis does not hold.

;k,jEZ}>O. (H)

Proposition 1.1. Assume that hypothesis (H) hold. Then the operator A is self-
adjoint, R(A)(the range of A) is closed, N(A)(the null space of A) is finite-dimensional
and At € L(R(A), R(A)). Moreover, A™" is compact on R(A),

A~ fllr2a@) < Clif 2@y, Vf € R(A), (1.6)

and, in addition,

1yllz2@) < Climyllzz(@), Yy € N(A). (1.7)

Proof. We seek for solutions to (1.2) of the form

y(z,t) = Z Yixt;(t)en(z), (1.8)

where ;(t) = 1/ #sinw;t, w; = 2nj/T, and @i, A} are the eigenfunctions, re-

spectively the eigenvalues of g%’ with the boundary conditions (1.2). We have
or(z) = c11e™M® + core™ T + ¢35 cOS AT + Cyp Sin AT
Imposing that the eigenfunctions to be nonconstants, it follows that the eigen-
values {)\; k € Z} are pairs {(\}, A ); k € Z} from intervals |2k + 271, 2k + 3/2].
Moreover, we have ()\i — (2k + 2_1)) N 0 and (/\z — (2k + 3/2)) 0 when |k| — 0.
If
Ay = f, forly, f] € R(A) x R(A),



then

-y G St On) (1.10)

G kel k

where [ = {j,k € Z; w2 # At} and f;; are the Fourier coefficients of f.
By (H) it follows that Alel (R(A),R(A)), ie.,

l¥llz2@ < Clflliz@y VI S € R(A) x R(A), (111)
—1 -1
— . . 4
where C = [|A™!]| = (;;gz{lxt—wﬂ}) - (kggz{\(mé) - }) -

As regards (1.6), we have

2 2
||ym||%2(Q)+||yt||%2(Q):/Q<Z ik 2%(% ) (Z it %)t%) dzdt

J,k€I 7,k€l

A+ w? A4 w?
= > ATy S YR vy, ] € R(A) x R(A)
ot Ok = w)) zi oyl (V= @5)
If A7 > |wj], Af + w? < 2X%, while (A} — w? ) (02 —w,)? (A2 + w;)2 > M. Thus
Xl

2 Dus j) b2 2 U

/\%>|w]| A2 7> w;l

Similarly, A7 > |w;| implies A} — wjz > w . Consequently we get ||y||H2 1) <
C ||f||L2(Q), i.e., R(A) is closed.
Now, if y € N(A), then

)= it (t)er(z), (1.12)

7,k€J

where J = {j,k € Z; w]z = Ai}. Suppose that cardJ = N,. Therefore there are
subsequences denoted again k, j € 7Z such that w]z = A}. Since

1 4 4 1 4
(2+3) —et| < o' = (26+3)

contradicts (H), we deduce that N(.A) is finite-dimensional.
Suppose that (1.7) does not hold. Hence there is {y"}CN(A) such that

< —0

+ ‘ ()x,lﬂ)4 — w]2-

¥ [l22@) =1, Vn €N, (1.13)



|lmy™||z2(9) — 0, whenn — oo. (1.14)

Therefore
ly"llz2) = D (¥)* = 1 (1.15)
JEJ
and
p Z (Y5r) /(pk dx < Z (vix) /m )er(z) dz — 0. (1.16)
JjEJ Jj€J

Since N(\A) is finite-dimensional, fw ¢2(z) dz is uniformly bounded from below by

a positive constant, and so by (1.15)-(1.16) we are led to a contradiction.

Remark 1.1. If in (1.2) we take as boundary conditions
y(oat) = yz(oat) = Oa y(ﬂ',t) = yz(ﬂ-at) = 07 t e Ra

we see that the eigenvalues {\y; k € Z} satisfies ((A\; — (2k — 3)) \, 0, (A — (2k +
1)) /1 0 and Proposition 1.1 still hold.

The closed range theorem implies that L?(Q) = R(A) & N(A) and the solutions to
(1.4) are in the form y' + N(A), with y' € R(A) unique. Note that the spectrum of
A is discrete and we can boundedly invert it on the orthogonal complement of its
null space (as in the case of wave equation, see Rabinowitz [8]).

In Section 2, the existence of optimal controllers and the maximum principle
for (1.1) are obtained. Section 3 is devoted to the existence for the Hamiltonian
system associated to (1.1). An important case is that where m is the characteristic
function of an open set w. This corresponds to the situation of the Euler-Bernoulli
equation with internal controller supported on w C(0,7). The controllability and
stabilizability problem (with initial data) of Euler-Bernoulli beam were approached
in Littman and Markus [6], [7]. The boundary control problem, with initial data
and the control acting as a lateral force was treated in Russel [9].

2. EXISTENCE AND THE MAXIMUM PRINCIPLE

Here, we assume that
(i) g : R = R, h:R — R are lower semicontinuous, convex function and

9(y) > aly + 8, VYyeR, (2.1)
h(u) > y|ul* +6, Vu€R, (2.2)
where o, v > 0 and 3, 6 € R.

Theorem 2.1. Assume that hypothesis (i) hold and there is at least one admissible
pair (y,u). Then, problem (1.1) has at least one solution (y*,u*) € L*(Q)x L*(Q).



The argument is standard (see Barbu [1] and Barbu and Precupanu [4]), but we
outline it for the reader’s convenience. Let (yn,u,) € L*(Q)xL?*(Q) be such that
Ay, = mu, + f and

inf(1.1)=d < /(g(yn + yo) + h(uy)) dedt < d +1/n. (2.3)
Q

By (2.1), (2.2) we see that
[9nllz2(Q) + llunllz2@) < €. (2.4)
Then, on a subsequence again denoted n, we have
Yn = ¥, Uun — u* weaklyinL?*(Q). (2.5)

Recalling that by Proposition 1.1 R(A) is closed, we infer that Ay* = mu* + f.
Since the convex integrand is weakly lower semicontinuous, we get

d= [ oty + ) + ) do (2.0
Q

ie., (y*,u*) is optimal in problem (1.1).

In order to get the maximum principle for problem (1.1) we shall use the following
assumptions
(j) the function g : R — R is convex and continuous.
(jj) h : R — R is convex, lower semicontinuous and

h(u) < aluf* +b, Yu€R, (2.7)
where a > 0, b € R.
Theorem 2.2. In addition to hypothesis (H) assume that (j)-(jj) hold. Then, the

pair (y*,u*) € L*(Q)xL*(Q) is optimal in problem (1.1) if, and only if, there are
p € L*(Q) and w € L*(Q) such that

Dt +p:1;:t:t:t = —-w Oaﬂ-) X (OaT)

p(0,8) = p,(0,t) = 0, Pyu(m,t) = Puw(m,t) =0, VEER (2.8)
p(m,O) = p(m,T), pt(a:,(]) = pt(:c,T), Vz € (0,7‘(’),
w(z,t) € 0g(y*(z,t) + yo(z,t)), ae. (z,t) € Q, (2.9)

u*(z,t) € Oh*(m(z)p(z,t)), ae. (z,t) € Q. (2.10)



Here, 9g : R — 2R Oh* : R — 2R are the subdifferentials of g and h*, respec-
tively, h* is the conjugate function of h.
The solution p € L?(Q) of (2.8) should be considered in the weak sense, i.e.,

Ap = —w.

Proof. It is readily seen that (2.8)-(2.10) are sufficient for optimality. To prove
necessity, we fix an optimal pair (y*,u*) and consider the approximating control
problem

min {fQ(gE(y + vo) + he(u)) dz dt + 271 fQ(|y* — g2 + |u* — ul?) dedt;
(y,u) € L(Q)xL*(Q), Ay = mu+ [},

(2.11)

where g. € C*(R) is the convex regularization on g, i.e.,

|r — s|?

ge(r) = inf {

+ g(s); SER}, Vr € R.

The function h, is similarly defined.

Since by Proposition 1.1 the affine manifold {(y,u) € L*(Q)x L*(Q); Ay = mu+ f}
is closed and the cost functional in (2.11) is strictly convex and coercive, problem
(2.11) has a unique solution (y.,u.) € L*(Q)x L*(Q). We have

/ (gg(yg-i—yo)—i—hg(ug)—l—Q_l|y*—y€|2—|—2_1|u*—u5|2) dr dt < / (9(y"+yo)+h(u™)) dz dt.
Q Q

By a standard device (see [1] and [2]) we have

1im/(|y€ C P [ — wt[2) dzdt = 0 (2.12)
e—0 Q
and
/ (g;(ys + yo)z + (yE — y*)z + h;(ue)u + (ug — u*)u) drdt=0 (2.13)
Q

for all (z,u) € L?*(Q)xL*(Q), such that A2 = mu. In particular, for u = 0, the
latter yields
9t(ye +v0) + - —y* € N(A)' = R(A). (2.14)

Hence, there is p. € L*(Q) such that

Ap. = —g- (e + ) — ¥ + ¥ (2.15)



Substituting the latter into (2.13) we get
/ ((—mpe + ue — u*)u+ hl(u)u)dz dt =0, Yu €Y,
Q

where

Y = {v e L*(Q); mv € R(A)}.

Note that the orthogonal compliment Y+ of Y in L%(Q) is precisely the space
{mv; v € N(A)}. Therefore

mp. + u* — u. = hl(u:) + m7n., a.ein@,
where 7. € N(A). If we denote again by p. the function p. — 7., we get
mp. + u* — u. = h.(u.),a.ein@. (2.16)

Since L*(Q) = R(A) & N(A), we write p. = p} + p?, where p! € R(A), p? € N(A).
Then, by the local boundedness of 9g on R x R and Proposition 1.1, we have

Ipl 20 < C, Ve > 0. (2.17)

On the other hand, (2.16) implies

/ (h:(mp: + u* — u.) + he(ue)) dedt = / (mpe + u* — u.)u. dadt. (2.18)
Q Q

By assumption (jj) and (2.12), the latter yields
|mpe||r2g) < C, Ve > 0. (2.19)
Hence {mp?} is bounded in L?(Q), and by Proposition 1.1 we get
P2l < €, Ve >0, (20)
We may assume that, on a subsequence, again denoted ¢, we have
Y. = ¥, u. — u* inL%(Q),
p. — P weaklyinL?(Q),
a(ye + %) —» w  weaklyinL?(Q).

Since y — 9g(y + yo), 2 — Oh*(z) are maximal monotone (and therefore strongly-
weakly closed in L?(Q)xL%*(Q)), letting ¢ tend to zero in (2.15), (2.18), we get
(2.8)-(2.10) as desired. This completes the proof of Theorem 2.2.

Remark 2.1. Theorems 2.1 and 2.2 remain true in the nonhomogenous case, i.e.,



Yt + Yazaz = m(z)u + f, z e (0,m), t R,
y(z,t) = y(z,t + T), ze(0,7), t R,
y(0,t) = 12(0,t) =0,

Yoo (T, 8) = 9o(t), Yawa(m,t) = —gu(t), t ER,

(1.2))

where go, g1 are T-periodic functions (the torque, respectively the lateral force at

T =m).

3.

PERIODIC HAMILTONIAN SYSTEM ASOCIATED TO A

In this section, we are concerned with the existence for the Hamiltonian system

ytt(x: t) + yzzzz(ma t) € 8ph(y(xa t)a p(l’,t)) + f(xa t) illQ,
ptt('rat) + pz:c:c:n(x; t) € ayh(y(xat)a p(ﬂ:, t)) + g(:l:a t) illQ,

y(,0) = y(x,T), ye(x,0) = ye(z,T), z € (0,m) (3.1)
p(z,0) =p(x,T), pe(z,0) = pi(,T), z € (0,m)

y(0,t) = y,(0,t) = 0, Ypu(7,t) = Yuua(m,t) =0, t eR,

p(0,t) = p.(0,t) = 0, Puu(m,t) = Prua(m,t) =0, t eR,

where h : RXxR — R is a convex continuous function, dh = (9yh,,h) is its
subdifferential, and f, g € L*(Q). The solution (y,p) € L*(Q)xL*(Q) to (3.1)

should be considered in the weak sense, i.e.,

Let f =

Ay € 9,h(y,p) +9g, Ap € 9,h(y,p) + f. (3.1)
fH 4+ 1% g=g"+ ¢*, where f1, g' € R(A), f?, ¢* € N(A).

Here we assume that

(k)

h : Rx — R is convex, continuous and satisfy the growth condition

Yily| +v2lp| + C1 < R(y,p) < v3(|y|* + [p*) + Cz, a.e.in@, (3.2)

where 71, y2,7v3 > 0.

(kk)

12 z=@) <M 19°]lz=(@) < V2>

where v(Q) is the Lebesgue measure of Q.

Theorem 3.1. Assume that (k), (kk) hold and

(e~ (3)

i k,j € Z} > 27;. (3.3)

Then system (3.1) has at least one optimal solution (y,p) € L*(Q)x L*(Q).



Proof. The proofis as in Barbu [3], but it will sketched for the reader’s convenience.
Let h* be the conjugate function of A, i.e.,

h*(v,u) = sup{vp + ug — h(p, q); (p,q) € R x R}. (3.4)
Then (3.1)' can be written as
(y,p) € Oh*(Ap — f, Ay — g), a.e.in@Q, (3.5)
or equivalently
(A u+ & Ao+ 1) € Or* (v — f,u — g), a.e.inQ, (3.6)
where
u,v € R(A), &n€ N(A). (3.7)

Throughout what follows we denote by || - || the usual norm in L*(Q).
We consider the minimization problem

min { /Q (h*(v = f,u— g) — vA" ) dedt; u,v € R(A)} (3.8)

and we shall prove that the solution (y*,u*) to (3.8) satisfies (3.6), (3.7).
Indeed, by (3.2),(3.3) we have

/(h*(v—f,u—g)—vA_lu) dadt > (473)—1(||v||§2@)+||u||§2(Q))_03_/ A u dodt
Q Q

2 6([lullzzi) + Ivllz2g)) — Cs, Vu,v € R(A),

where § > 0. Since h* is convex, lower semicontinuous and A" is compact on R(A),
the latter implies that (3.8) has at least one solution (u*,v*).
Consider now the approximating problem

min {IQ(hj\(v — fou—g) — vA ) dedt + 27 |u — U*H%Z(Q)

i o (3.9)
127 o — 0*2a(0 wv € R(A)}

where h; € C*(R x R) is the convex regularization of h*, i.e.,

1
R (v,u) = inf {ﬁ(h’ — 3> + |u—al?) + h*(3,a); (7,7) € R x R} , A> 0. (3.10)

Recalling that

h3(v = fou—g) = h*((I + 20h")7 (v — f,u—g))
+3x (I +20h) v — fu—g) — (v — fu—g)[,



since h* is bounded from below by an affine function, by (3.2), (3.3) we infer that
(3.9) has a solution (uy,vy) € R(A)xR(A). By a standard device (see Barbu [1]) it

follows that
uy — u*, vy — v*stronglyinL*(Q).

Moreover, (uy,vy) satisfies the first-order optimality system
Vhf\(v/\_fa u/\_g) - (A_lu/\a A_lv)\) ‘|‘(’U,\—’U*, u/\_U’*) = (77)\) 6)\)’ a.e.inQ
M, & € N(A) = R(A)™.
By (3.11) we have
A~ tuy — y = A y*
Aty = p= A1
Then, by (3.12), we have

stronglyinL?(Q)asA — 0.

/(UA+A_1U,\ —uy+v*)(vn—wi — f1) 4+ (Ex+ A7 vy —uy + u*) (uy — wo — ¢*
Q

> /Q (K3 (v — £, un — ) — b (w1 — % wy — g?)) dadt
for all wy, wy € N(A), ||w1]|zee(g) = ||w2l|z=(@) = €. We get
e (Imsll 2y + 3]l 2qy) < /Q B (wn — 12wy — %) dadt + Ca, WA > 0.
On the other hand, by (3.1), (3.2) and (3.4) we infer that

/ Ry (wy — f2,we — ¢%) dzdt < / h*(wy — f* wo — ¢*) dzdt
Q Q

(3.11)

(3.12)

(3.13)

(3.14)

) dzdt

(3.15)

< sup { /Q (s — F)p + (w2 — 2)g — h(p,q)) dedt; (p,q) € LQ(Q)XLQ(Q)}

<Pl (€ + 112 2=@) — 1) + llallzr@) (& + gl =) — 72) — Ch.

Then, for ¢ sufficiently small we have by (k) and (kk) that

/ Ry (wy — f2,wp — ¢*) dzdt < Cs.
Q

(3.16)



Next, by (3.15) and (3.16) it follows that

Imallz2 @) + 1éxllz2 @) < C6, VA > 0.

Since N(A) is finite dimensional, we have that, on a subsequence,

m — 1, & — & stronglyinL?(Q). (3.17)

Then, letting € tend to zero in (3.12), by (3.11), (3.14) and (3.17) we see that (u*, v*)
satisfies (3.6), (3.7) and the proof is complete.
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