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1. Introduction

In this work we study the identification of the nonlinearity g: R — R in the one-
dimensiona periodic wave equation

Vie (X, 1) — Yax (X, 1) + 9(y(X, 1)) > f(x, 1), xe (0,m), tekR,
y(0, 1) =y(m, t) =0, teR, (1.2)
y(X,t 4 2m) = y(x, 1), xe 0,7), teR.

Here f € L*°((0, 7)) xR), f(X,t+27) = f(X,t),VXx € (0, 7),t € R. Themultivalued
mapping g isto be chosen from certain classes of subpotential functions. For the direct
problem, when g is given and (1.1) is solved for y, existence results are well known,
see [3] for example. For the identification or inverse problem we are given a possibly
perturbed observation yg corresponding to the state variable y and we must determine g
in (1.1) such that y(g) best approximates Yo.
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By asolutionto (1.1) we mean aweak solution, i.e., afunctiony: (0,7) x R — R
which is 2 -periodicint and such that y € L?(Q) and

fQ YX, D) (@ (X, 1) — gxx (X, 1)) dx dt
=/Q(f(x,t)—g(y(x,t)))w(x,t)dxdt (1.2

for dl

@ € X = {p € C%(0, 7] x [0, 27]):
9(0,1) = o, 1) =0, 0(X,0) = (X, 27) =0,
ot (X, 0) = ¢ (X, 27),V(X, t) € [0, 7] x [0, 27]}.

Let W: L2(Q) — L2(Q) bethe wave operator, i.e.,
Wy = f for [y, fle DOW) x ROW) if andonly if (1.3)
/ V(g — gxx) dx dt = / fodxdt, Vo € X. (1.4
Q Q

In terms of W the weak solution to (1.1) isthe solution to the operator equation Wy +
ay) > f.

In Proposition 1.1 below we recall for later use some properties of W (see [3]
and [2]).

Proposition 1.1. W is sdlf-adjoint, R()/) (the range of W) is closed, and W1 ¢
L(ROW), ROW)). Moreover, W~ is compact on R(/V) and in addition

W lle < Clifllig,  Yf e ROW),
IW™fllhig < Clifllizg, Y e ROW).

In particular, it follows from Proposition 1.1 that the space L2(Q) admits the or-
thogonal decomposition L?(Q) = ROW) & N (W) and W1 is continuous from R(OV)
to itself, where NOWV) = {y € L%(Q); Wy = 0}.

Theidentification problemisformulated asanonlinear | east-squares problem, which
is approximated and analyzed in the framework of convex analysis. In Section 2 we dis-
cussexistencefor theidentification problem associated with (1.1) and prove convergence
of an approximating scheme. In Section 3 we present an algorithm for the estimation of g
in (1.1), based on anonlinear control formulation of the modified | east-squares approach
of Section 2. A numerical algorithm and numerical results are given in Section 4.

2. An Approximating | dentification Scheme for System (1.3)

Here we study the identification of the mapping g in the class

A={g=3dj: j ek}, 2.1)
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where

K ={j: R — Rwith j convex, continuous and
Bilr P +y1 < j() < Bolf >+ v, Vr € R} (22)
forsome0 < B1 < B2 < ;3'1 and y1 < y». Here dj: R — R denotes the subdifferential
of j.
The identification problem consists in determining, for given yo, afunctiong € A

suchthat y(g) = yo. Of course, such ag may not exist. Theleast-squares approach leads
us to the minimization problem:

min{lly — YollZo0: WY+9(y) 3 f, y€ L%Q), g=19j, j € K} (P)
for given yp € L?(Q).

Using the approach takenin [5] and [1], we approximate (P) by thefollowing family
of minimization problems:

; 2 1 ; ok .
min {1y = Yolltz + ;[ G0 +1°@) — yv) dxdt :
yeL2Q), j ek, vel2Q), Wy+v= f}, P)
wheree > 0 and j* stands for the conjugate function of j defined by
j*(F) = sup{ri — j(r)}.
reR

Themotivationfor thecost functional of problem (P,) comesfromthe conjugacy formula,
j)+ j*F)=rf, if andonly if f € dj(r),

while j(r) 4+ j*(F) >rf foradl (r,f) e R x R.
The existence of solutionsto (P,) is established next.

Theorem 2.1. For every ¢ > O, problem (P,) has at least one solution (Y, v, j¢) €
L2(Q) x L%(Q) x K.

Proof. Let d = inf(P,), and let (Yn, vn, jn) € L?(Q) x L?(Q) x K be such that
Wyn + vy = f and

1. ., 1
d < lIlyn — YollZ2.0) + - /Q(]n(yn) +in(wn) = Yovn) dxdt <d + . (2.3)

Since —3 isthe first negative eigenvalue of W, we have
Wy, y) = —3IWylfq  fordl yeDW), (2.4)
and so by (2.2) and (2.3) C; > 0 exists such that

IYnllLzco) + llvnllzc) < C1 foral n.
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Therefore on a further subsequence we have

Yo=Yy  weaklyinL?*(Q),
Uy = v wesakly in L2(Q).

Note also that by convexity of j, we have

(2.5)

(] < 2Balrl, Iy < (2B Hr] fordl reR,

where [y, (r)] = sup{lw]: w € djn(N}, lyy ()] = sup{lw|: w € 9j;(r)}. Then by the
Arzela—Ascoli lemmathere exists j € K such that

jn(r) = j@r) and jr@r)— j*(r) (2.6)
uniformly on compact subsets of R. By definition of 9], we have
Iiminf/ in(yn) dx dt
n—oo Q
> Iinminf/ jn((L+ 23jn) " ty) dx dt
— OO Q

—limsup | 3jn((L+ 23jn) " tY)((L+ A3jn) 1y — yn) dx dt. (2.7

n— o0 Q

To conclude the proof, we need the following lemma (see [5] and [1]):
Lemma22. Leth € LP(Q),wherel < p < oo and let j,, ] € K with j, —
j uniformly on bounded sets of R. Then limn_ o (1 + 13j,)"th = (1 4+ 13j)~th in
LP(Q), and consequently limn_, o (1 + A3jn,) " th(x) = (1 + 23j)~th(x) a.e.in Q, for
a subsequence {ny} of {n} and for every » > 0.

Now, from (2.7) and Lemma 2.2 it follows that

lim (14 20j0) 7 (y) = A+ 20)7Hy)  inL*Q)

and almost everywherein Q on some subsequence. By Fatou’'s lemmaand (2.7) we get
imint [ o dedt = [ @20y dxat+ o [ (G,
— JQ Q Q

where (9j), = (1/A) (L — A+ A 3j))" Y foral x> 0.
Since lim;_o j (1 + 23j)~ty) = j(y) ae. in Q, another application of Fatou's
lemmato the latter inequality implies

Iiminf/ jn(yn)dxdtz/ j (y)dxdt. (2.8)
n—oo Q Q
A similar argument applied to the subsequences {j} and {v,} gives

Iiminf/ j:(vn)dxdtz/ j*(v) dx dt. (2.9)
* Jq Q

n—
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Now taking limit n — oo in (2.3) and using Proposition 1.1, (2.5), (2.8), and (2.9) we
obtain

1 . .
d=1y—yoll*+ - /Q(J(y) + " (v) — yv) dxdt,
which gives the claim with (Y, ve, jo) = (Y, v, ). O
Theorem 2.3.  Thefamily of solutions {(y., v, j-)}s-0 Of (P.) has at least one cluster

point (¥, v, j) in L?(Q), x L%(Q), x K for ¢ — 0F. For every such cluster point
Wy +9dj(y) > f, (Y, ) isasolution to problem (P) and

SILr(r)L inf(P,) =inf(P). (2.10)
Moreover, if ¥, € L?(Q) denotes the solution to problem (1.1) with g = dj,, then

!Lng) Ve — YollLzq) = inf(P). (2.11)
Proof. For every ¢ > 0 we have

IYe = Yollf2o) + 674 /Q (e(¥e) + J2ve) = Yeve) dxdt < Iy — YollZoq).  (212)

where y; denotesasolutionto (1.1) withg = 9j, j € K.

Thisyields
limsup|ly, — Yollf2(0)
<inf{lly; = Yollfa_q* ¥ € LA(Q). j € K. Wy +3j(y) > ) (213)
and
tim | ey 52w =y ddt =0 (21

By the same arguments as in the proof of Theorem 2.1 there is a subsequence, again
denoted by ¢, and an element (y, 7, ) € L%(Q) x L?(Q) x K such that

Ye =¥ weaklyin L*(Q),
v, —> b weaklyin L2(Q),
je(t)y = j(r)y and jX(r)— j*(r) uniformly on compact sets.

Moreover, we find that
|img)fjf/(1's(ys)+ jo (ve)) dx dt 2/(1_()7)+J_*(5))dth (2.15)
E—> Q Q

and

lim f ygvgdxdtzf o dx dt. (2.16)
e—>0t Q Q
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Then by (2.14)—(2.16) we have
/Q (G + (@) — yo)dxdt <0,

and so
Wy+0aj(y) > f. (2.17)
Hence by (2.13) the latter yields

1Y = YollLzq@) = Inf{lly — YollL2qy ] € K, Wy +0j(y) > f}

and (Y, j) isasolutionto (P). Toverify (2.11), weobservethat dueto Wy+9j.(¥.) > f,
we have

[ e+ i) = 5oy dxt =0 (218
Q

withv, = f — W¥,. Arguing as above, it follows that on a subsequence, again denoted
by &, and for some (¥, ) € L?(Q),, x L%(Q),, we have

Ve — ¥ wesklyinL*(Q),
v, > 0 weaklyin L2(Q).

Moreover, we find that
Wy+v=f

and
fQ () + () — 99) dxdt = 0.

Finaly, by (2.13) with y, := ¥, thelatter yields (2.11) and the proof iscomplete. O

3. The Approximate | dentification Processes Revised

Dueto thefact that | is defined on an unbounded domain and satisfies a convexity con-
straint, problems (P, ) are not amenablefor computer implementation. So wereformulate
(P;) asanonlinear optimal control problem in Hilbert space. The first difficulty can be
avoided by an a priori estimate on the range of functions on which 9j needs to operate.
The convexity condition is replaced by a control constraint.

The parameters will be chosen from the following subset of :

K={j=¢+9: ¢ H}()NH3),a <¢”" <paeinl}, (3.1)

where | = (—23, 28) isaninterval with § > 0 to be determined below, 0 < & < 8 < 3
and go € H?(l) agiven convex function. The interval | is a priori determined by the
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conditiony(x, t) € | foramostall (x,t) € Qandforall solutionsytoWy+3j(y) > f,
wherea < ¢” < B. Infact, we have the following:

Lemma3.1l. Assumethat f € L*°(Q). Thenthereiss = §(a, 8, f) > 0such that for
every cluster point (y, v, j) from Theorem 2.3 we have y € L*°(Q) and

IYX, OllL=(q) < 6. (3.2

Proof. We use some arguments from [4] and [3]. We consider the family of minimiza-
tion problems

: 1. :
mm{lly — Yollf2(0) + B /Q(J*(y) + (jM)*(v) — yv) dxdt :
yel?(Q), jek, vel?(Q), Wy+v= f}, (P)

wheree, A > Oand j* isthe Moreau—Yosida approximation of j. Arguing as above, we
see that thereis (y*, v, j}) such that

10 . _ .
Ily: = Yol + - / (XD + (H*h — yrol) dxdt = inf(P})
Q

and for ¢ — O thereisat least one cluster point (y*, v*, j*), with
WY+ 074" > f (3.3)

and (y*, j*) is a solution to problem (P) for every A > 0. Also for A — 0T there
is (V,j) € L%(Q x L% Q) such that y* — y, j* — j, Wy +dj(y) > f and
1Y = YollZ2q, = inf(P).

Wewrite y* = (y")! + (¥*)? where (y*)! € ROW) and (y*)? € N(OW). Since {y*}
is bounded in L?(Q) we have by Proposition 1.1 that

1Y) e <C1, Ve >0, (34)
Itisreadily seen that

NOW) = {y e LAQ); y(x,t) = q(t + x) — q(t — X);

2
g is2mr-periodic and q(s)ds = 0} . (3.5
0

We may therefore write
I =g t+x) —g t—x, Vb eQ (36)
where g* is 2w -periodic. Thisyields

2
q%t):%f (FH%(X, 1 — X) — (YH2(X, t 4+ X)) dx, vt € (0,27), (3.7)
0
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and therefore
lo* 20,27y < Coa, Vi > 0. (3.8)

Note also that by virtue of (3.5) afunction n € L2(Q) belongsto ROWV) = NOW)* if
and only if

fn(n(x,t —X)—nX,t+x))dx =0 ae. te (0 2n). (3.9
0
Then by (2.17) and (3.3) we have

fo (M (I = %) + (T2, T — X))
— (M (I 4 X) + (T2, t+ X)) dx
=/ (fx,t—x)— f(x,t+x))dx, ae te(0, 2r).
0

Since (j*) is not decreasing, by (3.3) we have

1 T , ,
> /o M (=C1+ (H%(X, t — X)) — (1) (C1 + ()% (X, t + X)) dx
< fllL=), ae. te (0, 2n). (3.10)
Then by (3.5) we see that

Y o
g / (G (=C1+g"(t) — 9"t —2x)) — (J) (C1 — q*(t) + g*(t + 2x))) dx
0
< I flle=q), ae. te (0, 2n).
Findly, since q is 2r-periodic, we have

1 2

ol (M (=C1 +g*(®) — g*(9)) — (7™ (C1 — g*(1) + g*(s))) ds

< I fllL~), ae te(0,2n).

Let M = esssup{g*(t); t € (0, 27)} and E = {s € (0, 2r); q(t) > 2-M}. Hence
1 - , - , _
ymCad M(E)((J") (—C1+q(t) — M) — (G (C1 + 3M — q(t)))

1 - , - , -
+ Em(E)((ﬂ) (=C1+9q®) = M) = (7" (C1 + M —q(1)))
< | fllLeq), ae. te(0,2n),

where m(E) is the measure of the set E. Since (j*)" is continuous, we have
1 - o - N -
— (27 —m(E)((j) (—C1 + 3M) — (7)) (C1 — 3M))
4

1 - , ;
+ Em(E)((ﬁ) (—C1) = (1) C) < I f i~
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and then by (3.1) we deduce that

A || f || L~(q) + 27 (a + B + ¢3)Ca
> (21 —m(E))(a + B + ) GM — Cy). (3.11)

By (3.7) we have
m(E) < C,M 2, VA > 0,

and so (3.11) implies

17 1 - C
47| fllimQ) + 4 Caler + B+ 9g) = (@ + B + ¢p) (nM - ﬁ) '

Sinced(r) = nr — C,/2r is bijective and nondecreasing on R?, the latter yields

M <07 (@r(Cy+ || fllL=q) /(@ + B + ¢§)))- (312

After a similar evaluation for N = essinf{g’(t),t e (0, 27)}, we can define § =
max{M, —N} and the proof is complete. O

Now we consider the penalized problems:
: 2 1 . .
inf 1Y = Yoll{zq) + = [ (I (Y) + [*(v) — yv) dxdt;
€JQ
yeL?(Q),j ek lyx, bl <25 ae (x,t) e Q Wy +v = f}. (P)

Asin the general case of Section 2 we have
Theorem 3.2. Foreveryes > 0prob|em(|5€) hasat least onecluster solution (v, v, j.)
inL2(Q) x L%(Q) x K. Moreover, thefamily {(y. ., v, j.): & > O} hasatleast onecluster
point (¥, v, j) in L2(Q) x L?(Q) x K and each point (Y, 7) isa solution of

inf{lly — Yoll{2.0): J € K.y € L2(Q), Wy +9j(y) > f}.

Problems (P.) can be approached by iterating the following two problems:

SP1. Forfixedy € L?(Q), with |y(x,t)| <25, Wy+v = f ae.in Q, solve
inf{f(j(y)+j*(v))dxdt: j eiﬁ}, (3.13)
Q

where j*(p) = sup{pr — j(r): |r| < 258},for p e R.
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SP2. For fixed j € K, solve

inf {Jz(% v) = Iy = Yollf2q) + 8-1/ () + *(v) — yv) dxdt;
Q

y,v e L3(Q), ly(x, )] <25, Wy+v = f} . (3.14)

Using the same approach as in [5] and [1], problem (3.13) can be equivalently
written as a constrained optimal control problem in L?(Q), namely

inf { /Q (@(y) + (@ + g0 (v)) dxdlt :
o' =vinl,pe H}), ¥ e L2(1),a < ¢ gﬁae.inl}. (3.15)
If we denote by ®o: HJ(l) — R thefunction

Do(p) = /Q(tp(y) + (¢ + ¢o)*(v)) dxdt,
then (3.15) reducesto

inf{®o(¢); " = v inl. ¥ € L(1).¢ € Hy(),a < ¥ < B} (3.16)
Thefunction ®q is continuous and convex on Hol(l ). Next we define ®: L2(1) — R by

Do), if ¢ =y inlwith geHN), o<y <8,
DY) = .

400, otherwise.
It is known that the subdifferential of ® isgiven by (see[5])

3PW) = Nu(¥) — p, (3.17)

where Ny () is the normal coneto U = {y € L%(1);a < ¥ < Baeinl} and
p € H3(l) isthe solution to

_n = inl
{ P/ =p14+p2 in (3.18)

p =0 onal,
with M1, U2 € H_1(|) defined by
(k) = f k(y) dx dt,
Q

1o (k) = _/ K(j’ + N»)~2(v) dx dit (3.19)
Q
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forall k € H}(1), where

()W) it () tw)| < 28,
'+ N)rw) = {28 it (j) ) > 28,
—28 it (j) ) < —25,

and j = ¢ + go.
Since problem (3.16) can be written as

inf{®y): ¥ € LA},
weinfer by (3.17) that a solution y» must satisfy

Y=« if p<O,
v =8 if p>0, (3.20)
VRS CH)) if p=0

where p satisfy (3.18).
Asregards SP2, by variational argumentsit followsthat the solution (y, v) to (3.14)
satisfies

/ (2e(y — Yo) + j'(y) — v)zdxdt + / (j¥() —y)wdxdt =0 (3.21)
Q Q

forall (z, w) € L%(Q) x L?(Q) suchthat Wz + w = 0. Inparticular, for w = 0, (3.21)
yields

26(y — Yo) + j'(y) —v € N*(W) = ROW).
Hence, thereisq € L?(Q) such that

Wq = 2e(y — Yo) + j'(y) — v. (3.22)

By substituting the latter in (3.21), we get
[a+i"@ - ywdxdt=0.  vueRow)
Q

i.e, =g+ j’@w) —ye ROW)L = NOW).Let n € NOV). If we denote again by q the
function g + 7, we get

v=j'(q+Yy), ae (x,t)e Q. (3.23)

Then, taking into account (3.22) and (3.23), we infer that the solution of (3.14) must
satisfy the maximum principle

Wq = 2e(y —Yo) + J'(y) — v,
v=j"(q+y), (3.24)
Wy+v="f.
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4. A Numerical Algorithm and Numerical Experiments

In this section we present a conceptual algorithm of gradient type, in order to calculate
the approximating cluster point (y, 7, ) € L%(Q) x L%(Q) x K, using the iterative
processes SP1 and SP2 established in the above section (see Theorem 3.2).

Firstly, we construct the discrete problems corresponding to SP1 and SP2. For this
we divide the time-interval [0, 2] into M equal parts

O=ty<ti < ---<ty=2r
with hy = 27 /M, and the space-interval [0, 7] into N equal parts
O=Xgo<Xg<- - -<XN=T

with hy = /N. For theinterval | = [—2§, 26] we consider the grid

{%E—Z(S}, £=0,2L,

withhg =28/L. _
Denote by v, v, fg, and g, the approximate matrix for the unknowns y(x, t),
v(x, 1), f(x,t),andq(x, t), respectively, that is

Yie = Y(Xic, ).
v, = v(X, 1), S
f_foy, K=ON i=0W
i = 4%, t),

The unknowns (p, ¥, ¢) € HF(1) x L2(1) x Hg(I) are approximated by the vectors
(P) gz V)| gz (#)_gor Where

p' = pths —28), ¢*=y(h3—28), ¢ =g(th3—25), ¢=02L.
For numerical experiments we choose o = Osuchthat j = ¢ € K, i.e,

K={j=¢ ¢eHi) x HX1), a <¢" <Baeinl}.

To approximate the strictly convex functions j € K we follow the same process as in
[5] and [1]. So, let {EL}2-7* be abasis to approximate elements in K given by
s?/2+ a;s+ by, if selsi1,S41].

L(g) —
Ee® = {0 otherwise,

wheres, = (25/L)¢ — 25, ¢ = 0, 2L. Every element E}- could be computed analytically
asasolutionto
AE}L =€,
Ef(—28) = EF(28) =0,
where
o _ 1 for se[(25/L)(¢—1) —28,(28/L)(¢+ 1) — 24],
¢ 0 otherwise.
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Thus, for numerical computations we consider elements j- € K to approximate ele-

ments j € K, where

2L-1
Kb = {JL =Y jtEfa<jf<p =120 —_1.}
=1

Wenotethat thefunctions E}, ¢ = 1, 2L — 1, areconvex. Sotheconditione < j- < 8,

¢=1,2L — 1, guaranteesthat j- € K.

Next, we give the discretized forms of problems SP1 and SP2. On the interval |,

relation (3.18) becomes

[—/ p”(s)k(s) ds:/ k(y) dx dt —/ K((j" + N 71(v)) dxdt,
I Q Q
p(—28) = p(28) = 0.

So, on every subinterval [s,—1, Se+1], £ = 1, 2L — 1, we consider

as+b if sels-1,5],

k =
«® {cs+d it sels, sl

such that

Ser1

Ke(St1) = ke(S41) =0 and / k(s)ds = 1.
S

-1

Then, using a standard implicit scheme, (4.1) can be approximated as follows:
—p“t+2p" — pt = higuke(s) + palke(s)),  €=12L-1,
where, for suitable weights &, > 0,

Ml(kE(S))Z/le(Y(X,t))dth
Y@y +bE. it yielswsd,
i,k

B DR Y- R SRVACY R )
ik

Ha(ke(S)) = — /Q k(' + N ~L(w(x, 1)) dx dt

D@+, it o elso sl
i,k
Do +dE. it o) e[s. sl
i,k
with
wi, it |w| < 28,
6p=1-25 if  wj <25,
28 it wl > 26,
i 2L L
i - a
w;(zw, i=0. M. k=0, N.

2L .
> i=o leL

4.1)

4.2)

(4.3)

(4.4)
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From (3.20) we derive that
o if p‘<0,
yt=18 if p‘>0, ¢=02L. (4.5)

Ve (@, B) if p‘=o0.

Using again a standard implicit scheme, the equation ¢” =  in (3.15) can be approxi-
mated by

Ap = dy. (4.6)
whereg = (¢ )zT To0-1  dh = h3(y )eT T2l 1and
-2 1 0 .-.- 0 0 O
i -21 .-.- 0 0 O
A= : : : : :
0 0 O 1 -2 1
0 0 O o 1 2

Now, for fixed y and v, (3.24), takes the discretized form (we aso used a standard
implicit scheme to approximate g;; and Qxx)

Bg = d», 4.7)
where Bisthe (N — 1)M x (N — 1) M matrix given by

BIKIK| =c7, k=1 (N—DM;
BIKIk+N -1 =B[k+N—1][k] =cs, k=1, (N—D(M — 1);
BIKI[(M —1)(N — 1) + k] = B[(M — 1)(N — 1) + K][K] = cs,

k=1, N—-2;
Blk+ 1+ (N — D)i][k+ (N — 1)i] = B[k + (N — D)i][k+ 1 + (N — 1)i]
——c i=0M-1 k=LN-=2
with
C L G L C7 = 2(Cs — Cs)
5= 15> 6 — 5> 7 = - )
h? h3

d2[| (N _ 1) + 1] _ zg(yl+1 Ol+l) + ] (y|+l) |+l + CGy(I)+l,
Gofi (N — 1) + N — 1] = 2e(y\Y — ﬁﬁ5+1wwh—mwﬁ+%mﬂ
fi(N = 1) + K =2y =y + oy — oY, k=2 N-2

whileq = (ql'()i=0,—,\,|qk=l’,\‘—7l is the unknown matrix.
Relation (3.24), leads to the discrete form

w=j'@G+y), i=0M, k=0N. (48)
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Finally, making use of (4.8), (3.24)3 is discretized asfollows:

By = ds, (4.9)
where

doi (N — 1) + 1] = f1** — o™ + coyp™,
dfi(N — 1) + N — 1] = "™ — vy + Gy,
Bli(N-D+K =fit -y, for i=0,M -1, k=2 N-2

and y = (Y}); _grw k=1 IS the unknown matrix.

To calculate the approximate solution in problem ( P.) we use the following numer-
ical agorithm of gradient type (i tk denotes the iteration number):

Sep 0: Initializations.

Setitk = 1;

Choosew, B € (0, 2) and § > O;

Choose Yep (X, t) and jep(s), (X,t) € Q, se |;

Compute j 'L (s)) = jexp(Sy), foral s, € {(28/L)k — 28, k =0, 2L};

Compute
e =y t),  i=0M-1 k=L N-1,
y(i)tk,i — yi\ﬁk’i — O, i = O, M,
yll(tk,M — yil(tk,o7 k — 1’ N,
ritk: o _ o
Compute ' = jitkt (") i =0, M, k=0, N;
if itk = 1 then compute f} = Wyep(Xk. ) + v, i =0, M, j =0, N;
Sep 1. Solve SP1.
Let ¢j > O beaprescribed precision;
ifitk=1then
Compute Jo(y', v'™);
Test: if J(y'K, ') < ¢j then STOP,
Compute p = (pf)z:T_l solving (4.2);
Compute ¢ = (W)Z:m from (4.5);
Establish anew j (denoted /1) solving (4.6);
Sep 2: Solve SP2.
Let 0 < dd < 3 be prescribed;
Step 2.1.
Compute > = 1 — dd;
Compute j %" by the following formula:
ot s = AN s + A - Vit (s), =T 20T (4.10)
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Compute g = (™), g7 k=3 SOIVing (4.7) where | is substituted by

Sitk,L
]\;vork s . . .
Compute v, "' from (4.8) with jy%c in place of |;
Compute yitk+1 — (y;(tk-HLI)i=0,M—1,k:l,N—1 olvi ng (4.9);
Compute '
thk+1,i |f |y|i(tk+l,i| < 28,
yrt = L _os if oyt <25, i=0,M—1,
25 if oy s 25, k=L N-1

Compute y ™+ by the following formula

Yook = MNepX t) + A=y i =0M, k=0N;

Compute Jp(y K+t yitktly from (3.14);

work

Test: JZ(y\I/\Eng(]-? Uitk+l) < \]Z(yitk, Uitk)?

YES — thereisadecrease; mark it and Go to Step 2.1;
NO — Goto Step 2.2.

Step 2.2.
Let itkmax > 0 be a prescribed number of iterations;
Test: isthere a decrease? ‘
YES — Compute valj2 = | Jp(yitkt? yitktly _ gy(yitk yitky),
Test: if (valj2 < ¢j) then STOPR.
itk =itk + 1,
Test: itk < itkmax? _ o
YES — Retain the best values for jyue and Yy
in jitkt and y'', respectively;
Gotoritk.
NO — STOPR.

Goto Step 2.3.

Step 2.3.
Computedd = dd/2;
Let ed > 0 be aprescribed precision;
Test: dd < ed?
YES — STOP.
NO — Goto Step 2.1.

The value A from (4.10) is chosen from the following sequence (see aso [6]):
1-dd,1-2xdd,...,0. (4.12)

Since we have a finite number of options for 4 we choose 4 to be the value from the
sequence (4.11) which minimizes Jy(y, v) for al J\% " in (4.10).
For numerical tests we choose

a=01 pB=074 §=05 M=L=8 N=6, itkmax=>5,
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Figurel

e =0.00001, &j =0.0001, ed =0.001,
Yep(X, 1) = sinx - sint, t €[0,2r], xe€][0,n] (seeFigurel),

2L-1
Jep(s) = Z jr Ef with
=1
.L_a—{—ﬂ
it = teL -0,
¢ -
ae=28<1—t), ¢=12L -1,
£+1 -1
by =262 —— —1)(—=-1),
=2 (1) ()
i .28 . _
y0'k=y'k+f, i=0,M, k=0,N.

The optimal value for J, is obtained in three iterations, with the precision ¢j. The
numerical solution for y is given in Figure 2, while the numerical solutions for j are
givenin Figure 3.

Figure2. Thenumerica solution of y.
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i(¥)
01
jiy) initial
— = jly) at itk=2
e 1(v) at tk=3
0z
Figure3. Thenumerical solution of j(y).
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