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1. Introduction

In this work we study the identification of the nonlinearity g: R → R in the one-
dimensional periodic wave equation




ytt (x, t)− yxx (x, t)+ g(y(x, t)) � f (x, t), x ∈ (0, π), t ∈ R,

y(0, t) = y(π, t) = 0, t ∈ R,

y(x, t + 2π) = y(x, t), x ∈ (0, π), t ∈ R.

(1.1)

Here f ∈ L∞((0, π)×R), f (x, t +2π) = f (x, t), ∀x ∈ (0, π), t ∈ R. The multivalued
mapping g is to be chosen from certain classes of subpotential functions. For the direct
problem, when g is given and (1.1) is solved for y, existence results are well known,
see [3] for example. For the identification or inverse problem we are given a possibly
perturbed observation y0 corresponding to the state variable y and we must determine g
in (1.1) such that y(g) best approximates y0.
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By a solution to (1.1) we mean a weak solution, i.e., a function y: (0, π)× R → R

which is 2π -periodic in t and such that y ∈ L2(Q) and∫
Q

y(x, t)(ϕt t (x, t)− ϕxx (x, t)) dx dt

=
∫

Q
( f (x, t)− g(y(x, t)))ϕ(x, t) dx dt (1.2)

for all

ϕ ∈ X = {ϕ ∈ C2([0, π ] × [0, 2π ]);
ϕ(0, t) = ϕ(π, t) = 0, ϕ(x, 0) = ϕ(x, 2π) = 0,

ϕt (x, 0) = ϕt (x, 2π),∀(x, t) ∈ [0, π ] × [0, 2π ]}.
Let W: L2(Q) → L2(Q) be the wave operator, i.e.,

W y = f for [y, f ] ∈ D(W)× R(W) if and only if (1.3)∫
Q

y(ϕt t − ϕxx ) dx dt =
∫

Q
f ϕ dx dt, ∀ϕ ∈ X. (1.4)

In terms of W the weak solution to (1.1) is the solution to the operator equation W y +
g(y) � f .

In Proposition 1.1 below we recall for later use some properties of W (see [3]
and [2]).

Proposition 1.1. W is self-adjoint, R(W) (the range of W) is closed, and W−1 ∈
L(R(W), R(W)). Moreover, W−1 is compact on R(W) and in addition

‖W−1 f ‖L∞(Q) ≤ C‖ f ‖L1(Q), ∀ f ∈ R(W),

‖W−1 f ‖H 1(Q) ≤ C‖ f ‖L2(Q), ∀ f ∈ R(W).

In particular, it follows from Proposition 1.1 that the space L2(Q) admits the or-
thogonal decomposition L2(Q) = R(W)⊕ N (W) and W−1 is continuous from R(W)

to itself, where N (W) = {y ∈ L2(Q);W y = 0}.
The identification problem is formulated as a nonlinear least-squares problem, which

is approximated and analyzed in the framework of convex analysis. In Section 2 we dis-
cuss existence for the identification problem associated with (1.1) and prove convergence
of an approximating scheme. In Section 3 we present an algorithm for the estimation of g
in (1.1), based on a nonlinear control formulation of the modified least-squares approach
of Section 2. A numerical algorithm and numerical results are given in Section 4.

2. An Approximating Identification Scheme for System (1.3)

Here we study the identification of the mapping g in the class

A = {g = ∂ j : j ∈ K}, (2.1)
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where

K = { j : R → R with j convex, continuous and

β1|r |2 + γ1 ≤ j (r) ≤ β2|r |2 + γ2, ∀r ∈ R} (2.2)

for some 0 < β1 < β2 <
3
4 and γ1 ≤ γ2. Here ∂ j : R → R denotes the subdifferential

of j .
The identification problem consists in determining, for given y0, a function g ∈ A

such that y(g) = y0. Of course, such a g may not exist. The least-squares approach leads
us to the minimization problem:

min{‖y − y0‖2
L2(Q): W y + g(y) � f, y ∈ L2(Q), g = ∂ j, j ∈ K} (P)

for given y0 ∈ L2(Q).
Using the approach taken in [5] and [1], we approximate (P) by the following family

of minimization problems:

min

{
‖y − y0‖2

L2(Q) +
1

ε

∫
Q
( j (y)+ j∗(v)− yv) dx dt :

y ∈ L2(Q), j ∈ K, v ∈ L2(Q), W y + v = f

}
, (Pε)

where ε > 0 and j∗ stands for the conjugate function of j defined by

j∗(r̃) = sup
r∈R

{rr̃ − j (r)}.

The motivation for the cost functional of problem (Pε) comes from the conjugacy formula,

j (r)+ j∗(r̃) = rr̃ , if and only if r̃ ∈ ∂ j (r),

while j (r)+ j∗(r̃) ≥ rr̃ for all (r, r̃) ∈ R × R.
The existence of solutions to (Pε) is established next.

Theorem 2.1. For every ε > 0, problem (Pε) has at least one solution (yε, vε, jε) ∈
L2(Q)× L2(Q)× K.

Proof. Let d = inf(Pε), and let (yn, vn, jn) ∈ L2(Q) × L2(Q) × K be such that
W yn + vn = f and

d ≤ ‖yn − y0‖2
L2(Q) +

1

ε

∫
Q
( jn(yn)+ j∗

n (vn)− ynvn) dx dt ≤ d + 1

n
. (2.3)

Since −3 is the first negative eigenvalue of W , we have

(W y, y) ≥ − 1
3‖W y‖2

L2(Q) for all y ∈ D(W), (2.4)

and so by (2.2) and (2.3) C1 > 0 exists such that

‖yn‖L2(Q) + ‖vn‖L2(Q) ≤ C1 for all n.
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Therefore on a further subsequence we have{
yn → y weakly in L2(Q),

vn → v weakly in L2(Q).
(2.5)

Note also that by convexity of jn we have

|γn(r)| ≤ 2β2|r |, |γ ∗
n (r)| ≤ (2β2)

−1|r | for all r ∈ R,

where |γn(r)| = sup{|w|: w ∈ ∂ jn(r)}, |γ ∗
n (r)| = sup{|w|: w ∈ ∂ j∗

n (r)}. Then by the
Arzela–Ascoli lemma there exists j ∈ K such that

jn(r) → j (r) and j∗
n (r) → j∗(r) (2.6)

uniformly on compact subsets of R. By definition of ∂ jn we have

lim inf
n→∞

∫
Q

jn(yn) dx dt

≥ lim inf
n→∞

∫
Q

jn((1 + λ∂ jn)
−1 y) dx dt

− lim sup
n→∞

∫
Q
∂ jn((1 + λ∂ jn)

−1 y)((1 + λ∂ jn)
−1 y − yn) dx dt. (2.7)

To conclude the proof, we need the following lemma (see [5] and [1]):

Lemma 2.2. Let h ∈ L p(Q), where 1 ≤ p ≤ ∞ and let jn, j ∈ K with jn →
j uniformly on bounded sets of R. Then limn→∞(1 + λ∂ jn)−1h = (1 + λ∂ j)−1h in
L p(Q), and consequently limn→∞(1 + λ∂ jnk )

−1h(x) = (1 + λ∂ j)−1h(x) a.e. in Q, for
a subsequence {nk} of {n} and for every λ > 0.

Now, from (2.7) and Lemma 2.2 it follows that

lim
n→∞(1 + λ∂ jn)

−1(y) = (1 + λ∂ j)−1(y) in L2(Q)

and almost everywhere in Q on some subsequence. By Fatou’s lemma and (2.7) we get

lim inf
n→∞

∫
Q

jn(yn) dx dt ≥
∫

Q
j ((1 + λ∂ j)−1 y) dx dt + λ

∫
Q

|(∂ j)λ(y)|2dx dt,

where (∂ j)λ = (1/λ)(1 − (1 + λ ∂ j)−1) for all λ > 0.
Since limλ→0 j ((1 + λ∂ j)−1 y) = j (y) a.e. in Q, another application of Fatou’s

lemma to the latter inequality implies

lim inf
n→∞

∫
Q

jn(yn) dx dt ≥
∫

Q
j (y) dx dt. (2.8)

A similar argument applied to the subsequences { j∗
n } and {vn} gives

lim inf
n→∞

∫
Q

j∗
n (vn) dx dt ≥

∫
Q

j∗(v) dx dt. (2.9)
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Now taking limit n → ∞ in (2.3) and using Proposition 1.1, (2.5), (2.8), and (2.9) we
obtain

d = ‖y − y0‖2 + 1

ε

∫
Q
( j (y)+ j∗(v)− yv) dx dt,

which gives the claim with (yε, vε, jε) = (y, v, j).

Theorem 2.3. The family of solutions {(yε, vε, jε)}ε>0 of (Pε) has at least one cluster
point (ȳ, v̄, ̄ ) in L2(Q)w × L2(Q)w × K for ε → 0+. For every such cluster point
W ȳ + ∂̄ (ȳ) � f, (ȳ, ̄ ) is a solution to problem (P) and

lim
ε→0+

inf(Pε) = inf(P). (2.10)

Moreover, if ỹε ∈ L2(Q) denotes the solution to problem (1.1) with g = ∂ jε, then

lim
ε→0

‖ỹε − y0‖L2(Q) = inf(P). (2.11)

Proof. For every ε > 0 we have

‖yε − y0‖2
L2(Q) + ε−1

∫
Q
( jε(yε)+ j∗

ε vε)− yεvε) dx dt ≤ ‖yj − y0‖2
L2(Q), (2.12)

where yj denotes a solution to (1.1) with g = ∂ j , j ∈ K.
This yields

lim sup
ε→0+

‖yε − y0‖2
L2(Q)

≤ inf{‖yj − y0‖2
L2=(Q): y ∈ L2(Q), j ∈ K, W y + ∂ j (y) � f } (2.13)

and

lim
ε→0+

∫
Q
( jε(yε)+ j∗

ε (vε)− yεvε) dx dt = 0. (2.14)

By the same arguments as in the proof of Theorem 2.1 there is a subsequence, again
denoted by ε, and an element (ȳ, v̄, ̄ ) ∈ L2(Q)× L2(Q)× K such that

yε → ȳ weakly in L2(Q),

vε → v̄ weakly in L2(Q),

jε(r) → ̄ (r) and j∗
ε (r) → ̄ ∗(r) uniformly on compact sets.

Moreover, we find that

lim inf
ε→0+

∫
Q
( jε(yε)+ j∗

ε (vε)) dx dt ≥
∫

Q
(̄ (ȳ)+ ̄ ∗(v̄)) dx dt (2.15)

and

lim
ε→0+

∫
Q

yεvε dx dt =
∫

Q
ȳ v̄ dx dt. (2.16)
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Then by (2.14)–(2.16) we have

∫
Q
(̄ (ȳ)+ ̄ ∗(v̄)− ȳ v̄) dx dt ≤ 0,

and so

W ȳ + ∂̄ (ȳ) � f. (2.17)

Hence by (2.13) the latter yields

‖ȳ − y0‖L2(Q) = inf{‖y − y0‖L2(Q); j ∈ K, W y + ∂ j (y) � f }

and (ȳ, ̄ ) is a solution to (P). To verify (2.11), we observe that due toW ỹ+∂ jε(ỹε) � f ,
we have∫

Q
( jε(ỹε)+ j∗

ε (vε)− ỹεvε) dx dt = 0 (2.18)

with vε = f −W ỹε. Arguing as above, it follows that on a subsequence, again denoted
by ε, and for some (ỹ, ṽ) ∈ L2(Q)w × L2(Q)w we have

ỹε → ỹ weakly in L2(Q),

vε → ṽ weakly in L2(Q).

Moreover, we find that

W ỹ + ṽ = f

and ∫
Q
(̄ (ỹ)+ ̄ ∗(ṽ)− ỹṽ) dx dt = 0.

Finally, by (2.13) with yε := ỹε the latter yields (2.11) and the proof is complete.

3. The Approximate Identification Processes Revised

Due to the fact that j is defined on an unbounded domain and satisfies a convexity con-
straint, problems (Pε) are not amenable for computer implementation. So we reformulate
(Pε) as a nonlinear optimal control problem in Hilbert space. The first difficulty can be
avoided by an a priori estimate on the range of functions on which ∂ j needs to operate.
The convexity condition is replaced by a control constraint.

The parameters will be chosen from the following subset of K:

K̃ = { j = ϕ + ϕ0: ϕ ∈ H 1
0 (I ) ∩ H 2(I ), α ≤ ϕ′′ ≤ β a.e. in I }, (3.1)

where I = (−2δ, 2δ) is an interval with δ > 0 to be determined below, 0 < α < β < 3
2

and ϕ0 ∈ H 2(I ) a given convex function. The interval I is a priori determined by the
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condition y(x, t) ∈ I for almost all (x, t) ∈ Q and for all solutions y toW y+∂ j (y) � f ,
where α ≤ ϕ′′ ≤ β. In fact, we have the following:

Lemma 3.1. Assume that f ∈ L∞(Q). Then there is δ = δ(α, β, f ) > 0 such that for
every cluster point (ȳ, v̄, ̄ ) from Theorem 2.3 we have ȳ ∈ L∞(Q) and

‖ȳ(x, t)‖L∞(Q) ≤ δ. (3.2)

Proof. We use some arguments from [4] and [3]. We consider the family of minimiza-
tion problems

min

{
‖y − y0‖2

L2(Q) +
1

ε

∫
Q
( jλ(y)+ ( jλ)∗(v)− yv) dx dt :

y ∈ L2(Q), j ∈ K, v ∈ L2(Q), W y + v = f

}
, (Pλ

ε )

where ε, λ > 0 and jλ is the Moreau–Yosida approximation of j . Arguing as above, we
see that there is (yλε , v

λ
ε , jλε ) such that

‖yλε − y0‖ + 1

ε

∫
Q
( jλε (y

λ
ε )+ ( jλε )

∗(vλε )− yλε v
λ
ε ) dx dt = inf(Pλ

ε )

and for ε → 0+ there is at least one cluster point (ȳλ, v̄λ, ̄ λ), with

W ȳλ + ∂̄ λ(ȳλ) � f (3.3)

and (ȳλ, ̄ λ) is a solution to problem (P) for every λ > 0. Also for λ → 0+ there
is (ȳ, ̄ ) ∈ L2(Q × L2(Q) such that ȳλ → ȳ, ̄ λ → ̄ , W ȳ + ∂̄ (ȳ) � f and
‖ȳ − y0‖2

L2(Q) = inf(P).

We write ȳλ = (ȳλ)1 + (ȳλ)2 where (ȳλ)1 ∈ R(W) and (ȳλ)2 ∈ N (W). Since {ȳλ}
is bounded in L2(Q) we have by Proposition 1.1 that

‖(ȳλ)1‖L∞(Q) ≤ C1, ∀ε > 0. (3.4)

It is readily seen that

N (W) =
{

y ∈ L2(Q); y(x, t) = q(t + x)− q(t − x);

q is 2π -periodic and
∫ 2π

0
q(s) ds = 0

}
. (3.5)

We may therefore write

(ȳλ)2(x, t) = qλ(t + x)− qλ(t − x), ∀(x, t) ∈ Q, (3.6)

where qλ is 2π -periodic. This yields

qλ(t) = 1

2π

∫ 2π

0
((ȳλ)2(x, t − x)− (ȳλ)2(x, t + x)) dx, ∀t ∈ (0, 2π), (3.7)
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and therefore

‖qλ‖L2(0,2π) ≤ C2, ∀λ > 0. (3.8)

Note also that by virtue of (3.5) a function η ∈ L2(Q) belongs to R(W) = N (W)⊥ if
and only if∫ π

0
(η(x, t − x)− η(x, t + x)) dx = 0 a.e. t ∈ (0, 2π). (3.9)

Then by (2.17) and (3.3) we have∫ π

0
((̄ λ)

′
((ȳλ)1(x, t − x)+ (ȳλ)2(x, t − x))

− (̄ λ)
′
((ȳλ)1(x, t + x)+ (ȳλ)2(x, t + x))) dx

=
∫ π

0
( f (x, t − x)− f (x, t + x)) dx, a.e. t ∈ (0, 2π).

Since (̄ λ)
′
is not decreasing, by (3.3) we have

1

2π

∫ π

0
(̄ λ)

′
(−C1 + (ȳλ)2(x, t − x))− (̄ λ)

′
(C1 + (ȳλ)2(x, t + x)) dx

≤ ‖ f ‖L∞(Q), a.e. t ∈ (0, 2π). (3.10)

Then by (3.5) we see that

1

2π

∫ π

0
((̄ λ)

′
(−C1 + qλ(t)− qλ(t − 2x))− (̄ λ)

′
(C1 − qλ(t)+ qλ(t + 2x))) dx

≤ ‖ f ‖L∞(Q), a.e. t ∈ (0, 2π).

Finally, since q is 2π -periodic, we have

1

4π

∫ 2π

0
((̄ λ)

′
(−C1 + qλ(t)− qλ(s))− (̄ λ)

′
(C1 − qλ(t)+ qλ(s))) ds

≤ ‖ f ‖L∞(Q), a.e. t ∈ (0, 2π).

Let M̄ = ess sup{qλ(t); t ∈ (0, 2π)} and Ē = {s ∈ (0, 2π); q(t) > 2−1 M̄}. Hence

1

4π
(2π − m(Ē))((̄ λ)

′
(−C1 + q(t)− 1

2 M̄)− (̄ λ)
′
(C1 + 1

2 M̄ − q(t)))

+ 1

4π
m(Ē)((̄ λ)

′
(−C1 + q(t)− M̄)− (̄ λ)

′
(C1 + M̄ − q(t)))

≤ ‖ f ‖L∞(Q), a.e. t ∈ (0, 2π),

where m(E) is the measure of the set E . Since (̄ λ)
′
is continuous, we have

1

4π
(2π − m(Ē))((̄ λ)

′
(−C1 + 1

2 M̄)− (̄ λ)
′
(C1 − 1

2 M̄))

+ 1

4π
m(Ē)((̄ λ)

′
(−C1)− (̄ λ)

′
(C1)) ≤ ‖ f ‖L∞(Q)
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and then by (3.1) we deduce that

4π‖ f ‖L∞(Q) + 2π(α + β + ϕ′′
0 )C1

≥ (2π − m(Ē))(α + β + ϕ′′
0 )(

1
2 M̄ − C1). (3.11)

By (3.7) we have

m(Ē) ≤ C2 M̄−2, ∀λ > 0,

and so (3.11) implies

4π‖ f ‖L∞(Q) + 4πC1(α + β + ϕ′′
0 ) ≥ (α + β + ϕ′′

0 )

(
π M̄ − C2

2M̄

)
.

Since θ(r) = πr − C2/2r is bijective and nondecreasing on R
∗
+, the latter yields

M̄ ≤ θ−1(4π(C1 + ‖ f ‖L∞(Q)/(α + β + ϕ′′
0 ))). (3.12)

After a similar evaluation for N = ess inf{qλ(t), t ∈ (0, 2π)}, we can define δ =
max{M,−N } and the proof is complete.

Now we consider the penalized problems:

inf

{
‖y − y0‖2

L2(Q) +
1

ε

∫
Q
( j (y)+ j∗(v)− yv) dx dt;

y ∈ L2(Q), j ∈ K̃, |y(x, t)| ≤ 2δ a.e. (x, t) ∈ Q,W y + v = f

}
. (P̃ε)

As in the general case of Section 2 we have

Theorem 3.2. For every ε > 0 problem (P̃ε)has at least one cluster solution (yε, vε, jε)
in L2(Q)×L2(Q)×K̃. Moreover, the family {(yε, vε, jε): ε > 0} has at least one cluster
point (ȳ, v̄, ̄ ) in L2(Q)× L2(Q)× K̃ and each point (ȳ, ̄ ) is a solution of

inf{‖y − y0‖2
L2(Q); j ∈ K̃, y ∈ L2(Q),W y + ∂ j (y) � f }.

Problems (P̃ε) can be approached by iterating the following two problems:

SP1. For fixed y ∈ L2(Q), with |y(x, t)| ≤ 2δ, W y + v = f a.e. in Q, solve

inf

{∫
Q
( j (y)+ j∗(v)) dx dt : j ∈ K̃

}
, (3.13)

where j∗(p) = sup{pr − j (r): |r | ≤ 2δ}, for p ∈ R.
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SP2. For fixed j ∈ K̃, solve

inf

{
J2(y, v) = ‖y − y0‖2

L2(Q) + ε−1
∫

Q
( j (y)+ j∗(v)− yv) dx dt;

y, v ∈ L2(Q), |y(x, t)| ≤ 2δ, W y + v = f

}
. (3.14)

Using the same approach as in [5] and [1], problem (3.13) can be equivalently
written as a constrained optimal control problem in L2(Q), namely

inf

{∫
Q
(ϕ(y)+ (ϕ + ϕ0)

∗(v)) dx dt :

ϕ′′ = ψ in I, ϕ ∈ H 1
0 (I ), ψ ∈ L2(I ), α ≤ ψ ≤ β a.e. in I

}
. (3.15)

If we denote by �0: H 1
0 (I ) → R the function

�0(ϕ) =
∫

Q
(ϕ(y)+ (ϕ + ϕ0)

∗(v)) dx dt,

then (3.15) reduces to

inf{�0(ϕ);ϕ′′ = ψ in I, ψ ∈ L2(I ), ϕ ∈ H 1
0 (I ), α ≤ ψ ≤ β}. (3.16)

The function�0 is continuous and convex on H 1
0 (I ). Next we define�: L2(I ) → R̄ by

�(ψ) =
{
�0(ϕ), if ϕ′′ = ψ in I with ϕ ∈ H 1

0 (I ), α ≤ ψ ≤ β,

+∞, otherwise.

It is known that the subdifferential of � is given by (see [5])

∂�(ψ) = NU (ψ)− p, (3.17)

where NU (ψ) is the normal cone to U = {ψ ∈ L2(I );α ≤ ψ ≤ β a.e. in I } and
p ∈ H 1

0 (I ) is the solution to

{−p′′ = µ1 + µ2 in I

p = 0 on ∂ I,
(3.18)

with µ1, µ2 ∈ H−1(I ) defined by

µ1(k) =
∫

Q
k(y) dx dt,

µ2(k) = −
∫

Q
k( j ′ + NI )

−1(v) dx dt (3.19)
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for all k ∈ H 1
0 (I ), where

( j ′ + NI )
−1(v) =



( j ′)−1(v) if |( j ′)−1(v)| < 2δ,

2δ if ( j ′)−1(v) ≥ 2δ,

−2δ if ( j ′)−1(v) ≤ −2δ,

and j = ϕ + ϕ0.
Since problem (3.16) can be written as

inf{�(ψ): ψ ∈ L2(I )},
we infer by (3.17) that a solution ψ must satisfy


ψ = α if p < 0,
ψ = β if p > 0,
ψ ∈ (α, β) if p = 0,

(3.20)

where p satisfy (3.18).
As regards SP2, by variational arguments it follows that the solution (y, v) to (3.14)

satisfies∫
Q
(2ε(y − y0)+ j ′(y)− v)z dx dt +

∫
Q
( j∗′(v)− y)w dx dt = 0 (3.21)

for all (z, w) ∈ L2(Q)× L2(Q) such that Wz +w = 0. In particular, for w = 0, (3.21)
yields

2ε(y − y0)+ j ′(y)− v ∈ N⊥(W) = R(W).

Hence, there is q ∈ L2(Q) such that

Wq = 2ε(y − y0)+ j ′(y)− v. (3.22)

By substituting the latter in (3.21), we get∫
Q
(−q + j∗′(v)− y)w dx dt = 0, ∀w ∈ R(W),

i.e., −q + j∗′(v)− y ∈ R(W)⊥ = N (W). Let η ∈ N (W). If we denote again by q the
function q + η, we get

v = j ′(q + y), a.e. (x, t) ∈ Q. (3.23)

Then, taking into account (3.22) and (3.23), we infer that the solution of (3.14) must
satisfy the maximum principle


Wq = 2ε(y − y0)+ j ′(y)− v,

v = j ′(q + y),

W y + v = f.

(3.24)
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4. A Numerical Algorithm and Numerical Experiments

In this section we present a conceptual algorithm of gradient type, in order to calculate
the approximating cluster point (ȳ, v̄, ̄ ) ∈ L2(Q) × L2(Q) × K̃, using the iterative
processes SP1 and SP2 established in the above section (see Theorem 3.2).

Firstly, we construct the discrete problems corresponding to SP1 and SP2. For this
we divide the time-interval [0, 2π ] into M equal parts

0 = t0 < t1 < · · · < tM = 2π

with h1 = 2π/M , and the space-interval [0, π ] into N equal parts

0 = x0 < x1 < · · · < xN = π

with h2 = π/N . For the interval I = [−2δ, 2δ] we consider the grid{
2δ

L
�− 2δ

}
, � = 0, 2L,

with h3 = 2δ/L .
Denote by yi

k, v
i
k, f i

k , and qi
k the approximate matrix for the unknowns y(x, t),

v(x, t), f (x, t), and q(x, t), respectively, that is


yi
k = y(xk, ti ),

vi
k = v(xk, ti ),

f i
k = f (xk, ti ),

qi
k = q(xk, ti ),

k = 0, N , i = 0,M .

The unknowns (p, ψ, ϕ) ∈ H 1
0 (I ) × L2(I ) × H 1

0 (I ) are approximated by the vectors
(p�)T

�=0,2L
, (ψ)T

�=0,2L
, (ϕ�)T

�=0,2L
, where

p� = p(�h3 − 2δ), ψ� = ψ(lh3 − 2δ), ϕ� = ϕ(�h3 − 2δ), � = 0, 2L .

For numerical experiments we choose ϕ0 = 0 such that j = ϕ ∈ K̃, i.e.,

K̃ = { j = ϕ, ϕ ∈ H 1
0 (I )× H 2(I ), α ≤ ϕ′′ ≤ β a.e. in I }.

To approximate the strictly convex functions j ∈ K̃ we follow the same process as in
[5] and [1]. So, let {E L

� }2L−1
�=1 be a basis to approximate elements in K̃ given by

E L
� (s) =

{
s2/2 + a�s + b�, if s ∈ [s�−1, s�+1],

0 otherwise,

where s� = (2δ/L)�−2δ, � = 0, 2L . Every element E L
� could be computed analytically

as a solution to{
�E L

� = eL
� ,

E L
� (−2δ) = E L

� (2δ) = 0,

where

eL
� =

{
1 for s ∈ [(2δ/L)(�− 1)− 2δ, (2δ/L)(�+ 1)− 2δ],

0 otherwise.
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Thus, for numerical computations we consider elements j L ∈ K L to approximate ele-
ments j ∈ K̃, where

K L =
{

j L =
2L−1∑
�=1

j L
� E L

� , α ≤ j L
� ≤ β, � = 1, 2L − 1.

}

We note that the functions E L
� , � = 1, 2L − 1, are convex. So the condition α ≤ j L

� ≤ β,
� = 1, 2L − 1, guarantees that j L ∈ K̃.

Next, we give the discretized forms of problems SP1 and SP2. On the interval I ,
relation (3.18) becomes

−
∫

I
p′′(s)k(s) ds =

∫
Q

k(y) dx dt −
∫

Q
k(( j ′ + NI )

−1(v)) dx dt,

p(−2δ) = p(2δ) = 0.
(4.1)

So, on every subinterval [s�−1, s�+1], � = 1, 2L − 1, we consider

k�(s) =
{

as + b if s ∈ [s�−1, s�],

cs + d if s ∈ [s�, s�+1],

such that

k�(s�−1) = k�(s�+1) = 0 and
∫ s�+1

s�−1

k�(s) ds = 1.

Then, using a standard implicit scheme, (4.1) can be approximated as follows:

−p�−1 + 2p� − p�+1 = h2
3(µ1(k�(s�))+ µ2(k�(s�))), � = 1, 2L − 1, (4.2)

where, for suitable weights ξ i
k > 0,

µ1(k�(s)) =
∫

Q
k�(y(x, t)) dx dt (4.3)

≈




∑
i,k

(ayi
k + b)ξ i

k , if yi
k ∈ [s�−1, s�],∑

i,k

(cyi
k + d)ξ i

k , if yi
k ∈ [s�, s�+1],

µ2(k�(s)) = −
∫

Q
k�(( j ′ + NI )

−1(v(x, t))) dx dt (4.4)

≈




∑
i,k

(aθ i
k + b)ξ i

k , if θ i
k ∈ [s�−1, s�],∑

i,k

(cθ i
k + d)ξ i

k , if θ i
k ∈ [s�, s�+1],

with

θ i
k =




wi
k if |wi

k | < 2δ,

−2δ if wi
k ≤ −2δ,

2δ if wi
k ≥ 2δ,

wi
k = vi

k − ∑2L
�=0 j L

� a�∑2L
�=0 j L

�

, i = 0,M, k = 0, N .
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From (3.20) we derive that

ψ� =



α if p� < 0,

β if p� > 0,

ψ� ∈ (α, β) if p� = 0.
� = 0, 2L . (4.5)

Using again a standard implicit scheme, the equation ϕ′′ = ψ in (3.15) can be approxi-
mated by

Aϕ = d1, (4.6)

where ϕ = (ϕ�)T
�=1,2L−1

, d1 = h2
3(ψ

�)T
�=1,2L−1

and

A =




−2 1 0 · · · 0 0 0
1 −2 1 · · · 0 0 0
...

...
...

...
...

...
...

0 0 0 · · · 1 −2 1
0 0 0 · · · 0 1 2


 .

Now, for fixed y and v, (3.24)1 takes the discretized form (we also used a standard
implicit scheme to approximate qtt and qxx )

Bq = d2, (4.7)

where B is the (N − 1)M × (N − 1)M matrix given by

B[k][k] = c7, k = 1, (N − 1)M;
B[k][k + N − 1] = B[k + N − 1][k] = c5, k = 1, (N − 1)(M − 1);
B[k][(M − 1)(N − 1)+ k] = B[(M − 1)(N − 1)+ k][k] = c5,

k = 1, N − 2;
B[k + 1 + (N − 1)i][k + (N − 1)i] = B[k + (N − 1)i][k + 1 + (N − 1)i]

= −c6, i = 0,M − 1, k = 1, N − 2,

with

c5 = 1

h2
1

, c6 = 1

h2
2

, c7 = 2(c6 − c5),

and, for i = 0, 1, . . . ,M − 1,


d2[i(N − 1)+ 1] = 2ε(yi+1
1 − y0,i+1

1 )+ j ′(yi+1
1 )− vi+1

1 + c6 yi+1
0 ,

d2[i(N − 1)+ N − 1] = 2ε(yi+1
N−1 − y0,i+1

N−1 )+ j ′(yi+1
N−1)− vi+1

N−1 + c6 yi+1
N ,

d2[i(N − 1)+ k] = 2ε(yi+1
k − y0,i+1

k )+ j ′(yi+1
k )− vi+1

k , k = 2, N − 2,

while q = (qi
k)i=0,M,k=1,N−1 is the unknown matrix.

Relation (3.24)2 leads to the discrete form

vi
k = j ′(qi

k + yi
k), i = 0,M, k = 0, N . (4.8)
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Finally, making use of (4.8), (3.24)3 is discretized as follows:

By = d3, (4.9)

where


d3[i(N − 1)+ 1] = f i+1
1 − vi+1

1 + c6 yi+1
0 ,

d3[i(N − 1)+ N − 1] = f i+1
N−1 − vi+1

N−1 + c6 yi+1
N ,

d3[i(N − 1)+ k] = f i+1
k − vi+1

k , for i = 0,M − 1, k = 2, N − 2,

and y = (yi
k)i=0,M,k=1,N−1 is the unknown matrix.

To calculate the approximate solution in problem (P̃ε) we use the following numer-
ical algorithm of gradient type (i tk denotes the iteration number):

Step 0: Initializations.
Set itk = 1;
Choose α, β ∈ (0, 3

2 ) and δ > 0;
Choose yexp(x, t) and jexp(s), (x, t) ∈ Q, s ∈ I ;
Compute j i tk,L(s�) = jexp(s�), for all s� ∈ {(2δ/L)κ − 2δ, κ = 0, 2L};
Compute


yitk,i
k = y0(xk, ti ), i = 0,M − 1, k = 1, N − 1,

yitk,i
0 = yitk,i

N = 0, i = 0,M,

yitk,M
k = yitk,0

k , k = 1, N ;
ritk:
Compute vi tk,i

k = j i tk,L(yitk,i
k ), i = 0,M, k = 0, N ;

if itk = 1 then compute f i
k = W yexp(xk, ti )+ v

i tk,i
k , i = 0,M, j = 0, N ;

Step 1: Solve SP1.
Let ε j > 0 be a prescribed precision;
if itk = 1 then

Compute J2(yitk, vi tk);
Test: if J2(yitk, vi tk) < ε j then STOP;

Compute p = (p�)T
�=1,2L−1

solving (4.2);

Compute ψ = (ψ�)T
�=1,2L−1

from (4.5);

Establish a new j (denoted j i tk,L
new ) solving (4.6);

Step 2: Solve SP2.
Let 0 < dd ≤ 1

2 be prescribed;
Step 2.1.
Compute λ = 1 − dd;
Compute j i tk,L

work by the following formula:

j i tk+1,L
work (s�) = λ j i tk,L(s�)+ (1 − λ) j i tk,L

new (s�), � = 1, 2L − 1; (4.10)
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Compute qitk = (qitk,i
k )i=0,M−1,k=1,N−1 solving (4.7) where j is substituted by

j i tk,L
work ;

Compute vi tk+1,i
k from (4.8) with j i tk,L

work in place of j;
Compute yitk+1 = (yitk+1,i

k )i=0,M−1,k=1,N−1 solving (4.9);
Compute

yitk+1,i
k =




yitk+1,i
k if |yitk+1,i

k | < 2δ,

−2δ if yitk+1,i
k < −2δ, i = 0,M − 1,

2δ if yitk+1,i
k > 2δ, k = 1, N − 1;

Compute yitk+1
work by the following formula:

yitk+1,i
work,k = λyexp(xk, ti )+ (1 − λ)yitk+1,i

k , i = 0,M, k = 0, N ;
Compute J2(y

itk+1
work , v

i tk+1) from (3.14);
Test: J2(y

itk+1
work , v

i tk+1) < J2(yitk, vi tk)?
YES → there is a decrease; mark it and Go to Step 2.1;
NO → Go to Step 2.2.

Step 2.2.
Let itkmax > 0 be a prescribed number of iterations;
Test: is there a decrease?

YES → Compute val j2 = |J2(y
itk+1
work , v

i tk+1)− J2(yitk, vi tk)|;
Test: if (val j2 < ε j) then STOP.
itk = itk + 1;
Test: itk ≤ itkmax?

YES → Retain the best values for j i tk,L
work and yitk,i

work,k

in j i tk,L and yitk,i
k , respectively;

Go to ritk.
NO → STOP.

Go to Step 2.3.

Step 2.3.
Compute dd = dd/2;
Let εd > 0 be a prescribed precision;
Test: dd < εd?

YES → STOP.
NO → Go to Step 2.1.

The value λ from (4.10) is chosen from the following sequence (see also [6]):

1 − dd, 1 − 2 ∗ dd, . . . , 0. (4.11)

Since we have a finite number of options for λ we choose λi tk to be the value from the
sequence (4.11) which minimizes J2(y, v) for all J itk+1,L

work in (4.10).
For numerical tests we choose

α = 0.1, β = 0.74, δ = 0.5, M = L = 8, N = 6, itkmax = 5,
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Figure 1

ε = 0.00001, ε j = 0.0001, εd = 0.001,

yexp(x, t) = sin x · sin t, t ∈ [0, 2π ], x ∈ [0, π ] (see Figure 1),

jexp(s) =
2L−1∑
�=1

j L
� E L

� with




j L
� = α + β

2L2
�(2L − �),

a� = 2δ

(
1 − �

L

)
, � = 1, 2L − 1,

b� = 2δ2

(
�+ 1

L
− 1

) (
�− 1

L
− 1

)
,

y0i
k = yi

k + 2δ

L
, i = 0,M, k = 0, N .

The optimal value for J2 is obtained in three iterations, with the precision ε j. The
numerical solution for y is given in Figure 2, while the numerical solutions for j are
given in Figure 3.

Figure 2. The numerical solution of y.
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Figure 3. The numerical solution of j (y).
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