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1 Introduction

Let Q be an open bounded subset in RY (N > 2) of class C?# for some 3 > 0
and Q@ =Q x (0,7), 2 =T x (0,7), I is the boundary of Q, T > 0.
We consider a control system described by the following parabolic equation

0
oy - (1.1)
8TLA +9(3at7y77}) - 0 on 27

y('7t0) =Y in Q7

where A is a second-order differential operator defined by

N
Ay(x) = =Y Dy(ai;(z)Dyy(x))

ij=1
with coefficients a;; belonging to C*#(£2) and satisfying the conditions

a;j(z) = aj;(x)  for every i,j € {1,...,N},
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N
molé]” < Y ay()¢;6 < Mg

ij=1

for all z € Q and all ¢ € RY, with 0 < mo < M (D; denotes the partial
derivative with respect to x;).
Let (9y/0na)(s,t) = >, ; aij(s)Dj y(s,t)ni(s) denote the normal derivative
of y associated with A, and n = (nq, ..., ny) is the outward unit normal to T'.
In the present paper we will investigate the following optimal control problem

inf {/ L(z,y(T))dz| (y,v) € L*(Q) x L°(2), (y,v) satisfies (1.1)}. (P)
Q
With the above control problem we associate a value function

V(to,y0) = inf {/ L(z,y(T; to, yo,v))dz | y is a solution to (1.1), v € LU(E)}
Q

(1.2)
letting (to, yo) range over [0,T] x Y, with Y = L°°(Q) N H(Q).

Our main aim in this article is twofold: we wish first to characterize the
value function by a appropriate Hamilton Jacobi Bellman equation (in viscosity
sense), second to derive optimality conditions from the knowledge of the value
function.

This problem has been considered in the early literature in the case of smooth
value function [1] and for distributed control problems, namely the control does
not act only on the boundary but on the set Q (cf [2], [3], [13], [14]). Since the
control acts on the system through a boundary condition, one cannot apply the
existing results of characterization of the value function by viscosity solutions
of Hamilton Jacobi equations ([4], [5], [7], [8], [9], [12]) but one has to provide
a new proof. We derive necessary and sufficient optimality conditions using the
-Lipschitz- value function. Note again that because this Mayer control problem
has a boundary control, our technique slightly differ from those employed in [2]
and [4].

Let us explain how our paper is organized. In the first section we state our
assumptions and recall some basic estimations on the control dynamics. The
second section is devoted to study the value function: we prove a dynamic
programming principle and we obtain the Lipschitz regularity and the semi-
concavity of the value-function. Section 3 establishes a characterization of the
value function in terms of the unique solution (in viscosity sense) of an Hamil-
ton Jacobi Bellman equation. The last section is intended to prove necessary
conditions of optimality; sufficient conditions are also obtained.

2 Preliminaries

We denote by ¢, 0 positive numbers satisfying

N
q>3+1 and o> N +1.

We make the following assumptions:



(A1) Foreveryy € R, f(+,y) is continuous on Q. For almost every (z,t) € Q,
f(x,t,-) is of class C' on R. The following estimates hold:

[f(2.8,0)] < My(w,1),  |fy(@,t,y)—fy (.t 2)] < M@, O)n(lyDn(|z)w (ly—21),

Co < fylz,t,y) < Mz, t)n(ly)),  |fi(= t,y)] < Ma(z)n(t)n(lyl),
where M; belongs to L4(Q), n is a nondecreasing function from R to R, and
Co € R.

(A2) For every (y,v) € R?, g(-,y,v) is continuous on ¥. For almost every
(s,t) € ¥ and every v € R, g(s,t,-,v) is of class C! on R. For almost ev-
ery (s,t) € 3, g(s,t,-) and ¢'(s,t,-) are continuous on R x R. The following
estimates hold:

|g(s,t,0,v)| < MQ(Svt) Co < g;(satvyav) < (MQ(S’t) + m1|v|)n(|y|)a

gy, (858, y,0) = gy (5,1, 2,0)| < Ma(s, )n(ly))n(|2))w(|y — z]),

where My belongs to L7(X), m1 > 0, and Cp and 7 are as in (Al).
(A3) For every y € R, L(-,y) is measurable on €. For almost every = € £,
L(z,-) is of class C! on R. The following estimates are verified:

Ly, (2, 9)| < Man(|yl), Ly (2,y) = Ly (@, 2)| < Man(lyDn(z)w(ly — =[),

where M3 € R4, nis asin (Al) and w is an increasing continuous function from
R* to RT such that w(0) = 0.

We recall the following results (see [13]) on the existence, uniqueness and
regularity of the state variable.

Proposition 2.1 Under assumptions (Al) and (A2), if v € L°(2) and yo €
L>=(Q), then (1.1) admits a unique weak solution y, in W(0,T)N L>(Q). This

solution belongs to C(Q. 1) and satisfies the estimates

9ol @) + 1yoll =) < C1 (I9(,0,0)|| o sy + lyolle) +1)

(2.1)
lyolleqg. .y < C2e) (g 0,v)l[Le(s) + Ilvoll2(e) + 1)

where C1 = C1(T,Q, N, q,0,Cp) and Ca(e) = C2(e,T,Q, N, q,0,Cy). Moreover,
the mapping v — vy, is continuous from L°(X) into L>=(Q).

Here W (0,T) = {y € L*(0, T; H'(Q)) | £ € L*(0,T; H'(Q))} and C(Q. 1) =

{y € L*(Q) | y is continuous on Q x [¢, T]}.

Proposition 2.2 For every k > 0 and every € > 0, there exist Cs =
Cs5(T,Q,N,q,0,Co, k), Cy = C4(T,Q, N,q,0,Co, k, &), and a > 0 such that, for
every (v,y0) € L7(X) x C(R2) satisfying ||v||re (=) + llvollz~(@) < k, the weak
solution y, of (1.1) corresponding to (v,yo) is Hélder continuous on [, T] x
and obeys

lyellc) < Cs, HyUHC""%(QX[E,T]) < Ca.

Moreover, if yo is Hélder continuous on 2, then vy, is Hélder continuous on Q.



3 Value function
In this section we establish some basic property of the value function.

Proposition 3.1 V is continuous in [0,T] x L>®(Q2) and bounded on bounded
subsets of [0,T] x L>=(2). Moreover, yo — V(t,yo) is Lipschitz on all bounded
subsets of L>°(Q), uniformly in ¢t € [0,T]. Furthermore, for every v € L(X)
the function V (-, y(-; o, yo,v)) is nondecreasing in [to, T| and the dynamic pro-
gramming principle hold

V(to,yo) = inf {V (t, y(t:t0,y0,)) | v € L7(D)} for allt € [to, 7). (3.1
Finally, t — V (t,y(t; to, yo,v)) is constant if and only if v is optimal for problem
(P).

Proof. These basic properties are well known in the Hilbert space case (see [1])
and can be proved by similar arguments in the present context. We will sketch
the proof for reader’s convenience.

Let denote by rB, r > 0, the closed ball in L>°(€2) with radius r and center at
0. We note first that from (2.1) there exists K, > 0 such that

ly(t;to, &, v)| < K, V¢ €rB, Vit € [to, T,

and for all controls v € L7(X). Furthermore, there exists a constant C, > 0
such that

1y (t; to, &1, v) — y(ts to, §2,0) || Lo (@) < Crl[ér — &2l Lo (), (3.2)

V&1,82 € rB, Vt € [to, T] and for all controls v € L7(X). Indeed y(t;to, &1,v) —
y(t; to, &2, v) is also a solution to the following equation

0
a—i—i—Az—i—az:OinQ,
ﬁ—l—bvz:Oomz7
Ona

Z(to) =& — & in Q,
where a(z,t) = fol fo(@t,y2 + 0(y1 — y2))d0 > Co, by(s,t) = 01 gy (s, t,y2 +
0(y1 — y2),v)df > Cy and the estimate yields from Proposition 2.1.
Let 0 <tg <t; <T and let o € L7 ([to, T] x 0N2) be defined by
0(0) = vo for to < 0 < tq; =] on [t1,T]

where vg is an element of L7([to,t1] x 02) and v is optimal in (P|y, 77) with
the initial datum y(¢1) = yo. Then we have

V(t07y0) _V(tlayo) S / L(muy(T7t07y076))d:p_/L(x7y(T7t17y07UT))dx
Q Q

S M?)n(KT)/ |y(T;t17y(tl;t07y076)7vr) - y(T7tl7y07vT)|d(E
Q

< Man(K, )m(Q)Crlly(ti; to, yo, ¥) — yollL=(o)



and the t-continuity of V' yields from Proposition 2.1.

Now consider yo,y1 two initial data for (P) and, for a fixed € > 0, a control
ve such that

/ L(‘Ta y(Tv tOvyla UE))dl’ < V(t0791> +e.
Q

We have

Lz, y(T: to, yo, v.))da — / L, y(T to, g1, v.))da +

V(to,yo) = V(to,y1) < / i

Q

< Myn(K,) / (T o, 0, 00) — y(Ts to, g, ve)|de + <
Q

< Man(Kr)Crm(Q)[lyo — yill L) + ¢

so V/(¢,-) is Lipschitz continuous, uniformly in ¢ € [to, T
Now we fix v € L°(X) and prove that V(-,y(-,to,yo,v)) is nondecreasing
in [to,T]. These yields from the fact that {u € L7(X); uy, , = v} C{u€

L7(%); wy,, ,,, = v} for tg <ty <tz < T, and the definition (1.2).

V(tlvy(tl;t07y05v)) = lnf/ L(I,y(T;thy(tl;to,yo,U),U))dﬂ:
Q

u

< lnf/ L(:c,y(T;tQ,y(tQ;tO,yo,v),u))dz = V(tQay(tQ;t07y05v))'
Q

u

Let prove first that

Vit < inf V(¢ y(t;t
(ano) _UE}‘I}’(E) ( 3y( ) anOav))
and consider an arbitrary control v € L?(X). Then for V(t,y(¢; ¢, yo,v)) there
exists an control e-optimal, v¢ € L?(3), such that

V(ta y(t7 th Yo, U)) +e Z / L(x7 ZJE(T7 t7 y(t7 th Yo, ’U), UE))dx
Q

where y° is the trajectory starting at y(¢; to, yo, v), associated to the control v¢.

We define now for V (g, yo) a control ¢ in the following manner

- (s, 0)  iftg <6<,
o(s,0) = { v5(s,0) ift<O<T

for all s € 99. If § denote the trajectory associated to @, we have

L(%Q(T;to,yo,f)))dm:/L(%ys(T;ty(t;to,yo,v),vs))dx-
Q

V(to,y0) < /

Q

Hence
V(t()v yo) <e+ V(t7 y(tv tOv Yo, ’U))

and we conclude by letting ¢ tend to 0 and taking the infimum with respect to
v, which is arbitrary in L7(%).



For the opposed inequality we consider an control v®, e-optimal for V (¢, yo),
and denote by y° the associated trajectory. We have then

V(t07y0)+52/L(x7y€(T;t07y07U8))dx:/L(‘raya(T;tJya(t;t07y07va)7va))dx
Q Q

> V(t7y€(t;t05y07vs)) > inf V(tvy(tv t05y07v))'
veLo(X)
We get the second inequality by letting ¢ — 0 and therefore the desired (3.1).

To prove the final assertion let denote by (y*, v*) the optimal pair for problem
(P). Then by (3.1) and (1.2) we have

V(t()v yo) = 'uEiLri'f(E) {V(t7 y(tv th Yo, ’U))} < V(t7 y*(ta th Yo, ’U*))

= inf /L(z,y(T;ty*(t;to,yo,v*),vh ))dx
Q

veL (%) t,T]

S/L(‘Tay*(T;tvy*(t;t07y05v*)7v*|[tT] ))dz:/L(z,y*(T,tO,yO,v*))dz
Q ’ Q
= V(to,yo) for all t € [O,T}

and therefore V (-, y*(-; to, yo,v*)) is constant. Conversely, let T be a control
such that ¢t — V (¢, §(¢; to, o0, 7)) is constant, i.e.,

V(ta y(tv to, Yo, 5)) = V(th yO)v vt € [Oa T]
Using the definition of the value function and the boundary condition for V' we

get

v

inf {/Q L(»’va(T;to,yovv))dx} = V(to,y0) = V(T,9(T;t0, Y0, 0))

= / L(z,y(T))dx
Q

and therefore 7 = v*. O

We recall next some generalizations of the notion of gradient for nonsmooth
functions (see [2], [10] for more details). Let K be an open subset of Y and
¢ : K — R. For any yg € K, the superdifferential D" (yg) is defined as follows

lim sup o(y) —e(yo) — Jo (¥ — yo) < 0} '
Y—Yo |y - y0|

D¥ (o) = {p eYy*

If ¢ is Fréchet differentiable at yo, then Dt p(yg) is a singleton and coincides
with the gradient Vi (yo).

We denote by D*p(yo) the set of all p € Y* for which there exists a sequence
{Yn}nen of points in Y such that

(i) yn converges to yo as n — oo,
(ii) ¢ is Fréchet differentiable at y,, for all n € N,
(i) Ve(y,) weakly-* converges to p as n — .



Let K C Y be convex and ¢ : K — R. We say that ¢ is semiconcave if there
exists a function

Vr<R,s<S, w(rs) <w(R,S),

w:Ry xRy —- Ry satisfying { Vr >0 lim w(r, s) = 0
- ) S‘}O 9 )

such that, for every r > 0, A € [0,1], and (1,(> € K NrB,

Ap(Cr) + (1= N)e(C2) = e(AG + (1 = A)¢2) < A1 = N[ = Glw(r, [G = G)-

(For instance, by (A1)-(A3), we have that f(z,t,-),9(s,t,-), and L(z,-) are
semiconcave.)

Superdifferentials of semiconcave functions enjoy the following regularity
property. If ¢ is semiconcave and Lipschitz in yg + rB for some r > 0 then

D*¥ (o) =0 D*p(yo),

where o denotes the closed convex hull.
Next we prove a semiconcavity result for the value function V.

Theorem 3.1 Assume (A1)-(A3). Then V(t,-) is semiconcave for all t €
[0,T].

Proof. Fix r > 0, ty € [0,T], and y},y¢ € rB. Now let A € (0,1) and define
yx = Aya + (1 — A\)y. Fix e > 0 and consider a control v, such that

/ L(‘Ta y(Tv tOvy)\a UE))dl’ < V(t07y>\) +e.
Q

Set 7,(-) = y(;to, y§, ve), i = 1,2. Then using (A3) we get

AV (to,y3) + (1 = MV (to, yo) — V (to, y»)

< )\/QL(xgz(T))dx—&-(l—A)/

L(z,51(T))dx — / L(z,y(T;to, yx,ve))dx + €
Q

Q

< [ AN - 5 (D) wl(T) - 320
Q
+ [ (L@ NRAT)+ (1= VT (T) = Lo y(Ts o, v:)) o 2

< / AL = N[Bo(T) = 51 (T (5a(T) — 52 (T) dr + €

+Man(K) |Aga(T) + (1= N (T) = y(T to, ya, ve) |-
It remains to estimate the last term in the above inequality. Set
Ua(t) = Aa(t) + (1 = Nz (t) — y(t:to, ya, ve)-
As previously we have that ¥, satisfies the equation
0z

a + Az +az = f(x,t,)qu + (1 - A)yl) - )\f(l’,t, g2) - (1 - A)f(I,t,gl) in Q7

0z ~
nz +bz = g(S,t,AyQ =+ (1 - A)glva) - )\9(8,15752,’05) - (1 - )\)g(sﬂt7ylvv€) on 27
A
E('ﬂfo) =0in Q,



where @(w,t) = [ f1(x,t,y(t: to, yx, ve)+O(NGo (H)+(1=N)71 (£) =y(t; to, ya, ve))) d6>Co,
and b(s, t) = [ ¢!, (5,1, y(t: to, y, ve) HONT () +(1=N)G1 (£)—y(t: to, ya, v:))) d9>Co.
Therefore

[7xllc@ (Hf( AUy + (1= Ng) = Af(82) — (L =N fC 7))

g ATz + (1= N, v2) = Agle, B2, ve) = (1= Ngl, 7, v6) s )

<AL = NCrllys = 43l Loe e (M(@Q) T+ m(S)Y ) (K ) (Crllgs — 55 [l Lo ()
which completes the proof. (|

4 Hamilton-Jacobi-Bellman Equation

We define the Hamiltonian function for the Mayer problem (P) by

H(t,y,p) = min /fxtypdx—/ZaU DjyD;p dx

veLo(T")
[ gl talo))nls) ds}
oN

for all (t,y,p) € [to,T] xY x Y.

Theorem 4.1 The value function V' is the viscosity solution to the Hamilton-
Jacobi-Bellman equation

ov ov

ot (4.2)
V(T.y) = /Q L, y(T))d.
We recall (see [9]) that V € C((0,T) x Y) is a viscosity subsolution of (4.2) on
[0,T) x Y if and only if for every ¢ € C((0,T) x Y)

o¢ o¢

= >

50 H(t,y ay) >0

at each local maximum point (¢,y) € (0,T) X Y of V— ¢ at which ¢ is differen-
tiable. Similarly, V' is a viscosity supersolution of (4.2) when

0¢ 0¢

— +H(t,y ay)go

ot

at each local minimum point (¢,y) € (0,T) X Y of V— ¢ at which ¢ is differen-
tiable. Finally, V' is a viscosity solution if it is both a viscosity subsolution and
a viscosity supersolution.

Proof. Let (to,y0) be a local maximum point of V— ¢ and assume without loss
of generality that V (¢, y0) = ¢(t0, y0), i.€

V(to + h,y(to + h)) < d(to + h,y(to + h)).



By the Dynamic Programming Principle (3.1) with a constant control v(-,t) =
v(-) € L7 (0N) we have

V(to,yo) < V(to + h,y(to + h))
and therefore
0 < ¢(to + h,y(to + h)) — ¢(to, yo).
Hence

0< SPtto,sn) h+ | Fto,10) wlta + ) u(t0)) d + ol

Dividing by h and letting h — 0 we get
to+h

99 : 99
< — — -
0 < 7 (to, yo) + lim — . H(to, y(t), By (to, yo))dt

so V is a viscosity supersolution of (4.2).
Assume now that (¢, yo) is a local minimum point of V— ¢ . If (y*,v*) is
the optimal pair for problem (P), then again by Proposition 3.1 we have

V(to, yo) = V(to + h, y(to + h))
which implies
P(to + h,y(to + h)) — ¢(to, yo) < 0.

Since ¢ is differentiable we conclude that

0¢ . 0o
0> a(t07y0)+%%<—(t07y0), W

y*(to+h) —yo
dy

and therefore V is a viscosity supersolution of (4.2). O

Let assume through the last part of Section 4 that g(t,z,y,v) = C(z)y — v,
C(z) > 0. We define the unbounded operator A in L?(Q) by

D(A) = {y € H*(Q); % +C(z)y = O}

Ay == 0;(ai0) + v,

4,9
and the lifting map M : L?(9Q) — L?(2) by
Zaj(aijaiy) =y in Q
= i’-j
M ﬁ—l—C(m) = v on I
Ona y= '
Then we may rewrite the equation (1.1) as

{ y'(t) + Ay + F(t,y) = AMo(t)
y(to) = yo



where
F(t,y) = f(t,y) — v
We note that the right-hand side of the above equation is not well defined, since
the range of M is not contained in D(A). Therefore we shall proceed as in
[5]-[7] and use the fact that M has a regularizing effect. Indeed, M : L?(9Q2) —
H3/2(Q), which may be expressed in abstract form using the fractional powers
of A. Actually
. H? ifo<f<?

D(A”) = {yEHQ(Q)' ﬂ—l—C(z)y:O} if 2 <0<1.

' Ona

By classical results M : L?(0€)) — D(A®) for all a € (0,3/4). Consequently
equation (1.1) can be written as
{ Y + Ay + Fly) = A7Mgo
y(to) = vo,

where 3 € (3/4,1] and Mg = A =P M.
Now the value function satisfies the Hamilton Jacobi Bellman equation
ov

V(T,y) = /Q Lz, y(T))dx

where
Tf(t,ym):inf{— f(t,y)p—/ C((f)ypda—/aijaiyaijr/MﬁvAﬁp}.
v Q o0 Q Q

We give now a comparison result.

Theorem 4.2 Assume that (A1)-(A3) hold true. Let UWU be respectively a
viscosity subsolution, and a viscosity supersolution of (4.2). Let

Ut y), =Ut,y) < C(1+ [lyllL2(@)

and moreover

1T

lim <U(t, y) — /Q L(z, y(T))dx>+ —=0

lim ( U(t,y) — [ L(z,y(T))dx =0
i (e.0) ~ [ Dioy(r)ic)
uniformly on bounded subsets of Y. Then U < U.

Proof. Given o > 0, define
o o

It is easy to see that U, and U, satisfy respectively

U, (t,y) 7
AUy (t,y) >
o Ity DU (ty) 2 7

U(T9) = [ Lwy(T)e — 5

10



and

8u0 (tv y)
ot

lu@wr:AL@w@mn+%.

For €,9,~v > 0 we define the function

g
(4.4)

1 _
‘I’(t797y,2,57577) = Ua(tuy) _ua(eaz) - 2_5 <‘A l(y - Z)ay - Z>
) t—0
—§(||y||%2(9) + 207 20) — 2y

V(t,y),(0,2) € (to,T) x L?(2). Because of the continuity assumptions on
U,U and the fact that A~! is compact, the function above is weakly sequen-
tially upper-semicontinuous and so it attains a global maximum at some points
(t,0,7,%), where 0 < ,0 and 7, Z are bounded independently of ¢ for a fixed 6.
Moreover we have (as for instance in [4],[11],[12])

lim sup lim sup lim sup 0([| 7|72 () + 121 72()) = 0, (4.5)

5—0 e—0 ~y—0

A—1/2 g _ 2 2
lim sup lim sup | ( )||L2(Q) =0 for fixed 0, (4.6)
e—0 ~—0 2e
and I
t—0
lim sup ( ) =0 for fixed 4, e. (4.7)
v—0

To see this we set

mq (87 67 7) = sup (I)(t7 97% zZ, €&, 67 7)

Y,z

1 _
ma(g,d) = sup {Ua(tay) - Uy (0,2) — 2_€HA 2y - 2F2 0

Y,z

1)
5y + 1) |

0

ma(8) = sup {Ua(t:5) = Un (0.2) = 313y + 41200} -
Y,z

We note that we have

lir%ml(s, 3,7) = ma(e,9), lir% ma(e,d) = ms(d), (%ir% ms(d) = m.
Y= e— N
Now
o . = _ 1 i
m1(€, 53 7) = (I)(t707ya 276757 ’7) = Ud(ta y) - ua’(ev Z) - %LA 1/2(y - Z)|%2(Q)

(t-9)°
2y

o, -
—5(IFl22 () + IZl1Z20)

11



and for 9,y fixed

1, . _ — - _ 1, _
m1(57537)+E|A 1(y_z)|%2(52):Uo(tvy)_ua(evz)_gvl 1/2(9—2)@2(9)

5. _ (T —0)?
—§(I|ylliz(sz) +IZl122 () — 5y S mi(2e,6,7).
Thus 1
EIA”@ —7)@2(9) < mi(2e,6,7) —ma(e,4,7).

This gives (4.5). Similarly we have
0, _ . N B
mi (e, 0,7)+ 5 ([l +1Zl172@) = Us(1,9) = Us (0, 2) = 5 A2 (1-2) 2

O (112 =12 (t-0) g
=5 (Wle@ + I2lEa0)) = 57 < e 50)

which gives

0 (_ _ 0
= (171320 + IEll32(q) ) < male,5.7) —mae,,9)

from which we obtain (4.6). Finally we have

t—06 - - _ 1 e _
m1(e,6,7) + P Us(1,7) — Us(0,%) — %M V2 (g - Z)|%2(Q)

3 (11 + 17) ~ E525 < ma(e0,29),
then i
> <mq(e,d,v) —mi(e,d,7)
and (4.7).

If U is not less than or equal to U it then follows from the above that for small
o and §, and for T sufficiently close to T we have ¢,0 < Ty if v and ¢ are
sufficiently small. Now define the following functions

- _ 1 1 — — 5 2 =12 (t_e)z
olt:9) =Uo (B2)+ 5 (A7 =2y = 2) b g (Il +17Eae )+
and

N TV . \_ (-0
0(0.2) = Upl19) = 5 (A7 @ = 2.7~ 2)= (I030) + 120 5

Since (,7) € argmax (U, — ¢) and (0,%) € argmin (U, — ¢), we can conclude
that
Dy@(zvy)a Dzﬂ/’(gag) € D(‘Ae)a Vo € [07 1)

Therefore recalling that U, is a viscosity subsolution of (4.3) we obtain

o _t—0 _ -
ﬁ S T +:}C(t,y7Dqu-(t,y))



Similarly, recalling that U, is a viscosity supersolution of (4.4) we have

t—0 - _ o
R + H(0, z,D,U,(0,%)) < ~ 73
Combining these two inequalities we find

—¥>ww2Du@aww@@mm@m

_ /Q F(d,%) (éAl(y—a ) é 52)

-an/ MgvAP (lA_l(y —Z)— 52) (1 y—Z)+ 5y)
v oJo 3 3
O _ . g (1,1
+ [ Ay gfl (§—2)+ 9y | —inf | MgvA EA (§—2)+dy
Q v Ja

A "g—2) (F(t,y)—F0,2) +6 / (JF(t,9) + zF (0, 2))

/ “Alg—2)A " (1—2)+ (5/ 9)7 + A(2)Z)
—inf/ MgvAP (EA_l(y— Z) +(5y) +inf/ MgvAP (éA‘l(y —Z) - 5z> .
v Jo v Ja
The first term writes

/ft 12 (P9 -F0.2) =+ [ A7 G-2)(1C5) 5~ 10.2)+2)

€ Ja

A )@—a+§/

AN G2 (FED) — FE2) + F(E2)~ 10.2))
Q

2 1 U

Lz((l)+g/Q'A (y—Z)X
x (£ @+ (L= V2@ = 2) + [T+ (1= N8,2)(T - 0)) (T - 0)

1 2
> Z A71/2 =z
€ ‘ (y ?) L2(Q)

><KSJ&@A@+@—»a2w—aﬁL@+(Agﬂ@rul—maaﬁw—mﬁwj.

The second term gives

[ arGa =5 [ a(ren-5) = =3 [ #+0 [ 950+ 6 000)

> = 6[13ll72(0) — dll2ll 2
while the third one yields

Q

IRV
= - |a2m -2

1 _ _ L
- g”A V2| 1A - 2) | 120) %

=0 o Mg, AP (4 2) = — 6§ . AP Mg, (§+ 2) > —0C (19l 2y + 12l 2(0))-

So finally we get

20 1. o _ _
—77 2 ||y—ZI|L2(Q) o V2= 2|7 = s(lgll* + 1211
This inequality yields a contradiction if we let £ — 0 and § — 0. O
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5 Optimality Conditions

5.1 Necessary Conditions for Optimality

In order to derive the optimality conditions for problem (P), we introduce the
function

H(Sv ta Y, ’U,p) = _pg(57 tv Y, 1})
for all (s,t,y,v,p) € 9Q x [0,T] x R3.
Theorem 5.1 If (A1)-(A3) holds true and (y*,v*) is an optimal trajectory-

control pair for problem (P), then there exists p* € W(0,T)NCy(Q\ (2 x {T}))
satisfying the equation

dp* .
—% + Ap* + f(x,t,y")p* =0 in Q,
a *
af:A + gy (s, t,y", 0" )p" =0 on X,

p*(T) = L;(x,y*(T)) in Q,
(5.1)
and such that

H(s,t,y*(s,t),v"(s,t),p"(s,¢)) = Uer?fifr(lz) H(s,t,y*(s,t),v,p"(s,8))  (5.2)

for a.e. (s,t) € £. Moreover, we have
p*(t) € DyV(ty™ (1), Vte€ [to,T] (5.3)

and there exists a subset L C [to, T, of full measure, such that, for allt € L,
(= H(t 5", 0" ), —p" (1)) € D*V (1,5 (). (5.4)

Proof. The equality (5.2) is a well-known result (see for instance [14]-[15] ).
Let (y*,v*) be a solution of (P) and let p* be its associated adjoint state. To
show (5.3), fix y1 € Y and ¢ € [to,T]. If y(r) denote y(7;t,y1,v*) for all
t <7 <T,then by (1.1) we have

0
E(y—y*) + Ay —y") + flx,7y) — flz,7,y") =0 in Qx[t,T7,

0
(y - y*) +g(S,T,y,U*) - g(SaTa y*av*) =0 on 9 x [t7T]a
(9TLA

(y—y")(t) =y1 —y*(¢) in Q.

Multiplying this equation by p*, the solution of (5.1), integrating over @Q; =
Q x [t,T] and applying the Green formula, we get subsequently that

/| Oy (D)u(T) — v (D)) = [ - 000

+/ p*((y—y*)g;—(g(y,v*)—g(y*,v*)))dsdr+/ P ((y—y") fo—(f(y)—f(y*)))ddr.
p

t
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We have
V(t,y1) = V(t,y*)— <p“,y1 —y*(t) >

lim sup
y1—y* (t) ly1 — y*(t)]
8[4 0 * * * * *
— (2, 9" (]) (y(T3 t,y1,v%)) — y(Ts b,y (), 0"))do— < p*,y1 — y*(t) >
< limsup =& 9y
y1—y* (1) ly1 — y*(t)]

(where y? denote y* + 0(y — y*), for all § € (0,1))

/Qp*(T) (y(T5t,y1,0%) —y(Tst,y* (t),v"))dw — / p*(t)(y1 — v (t))dx

< limsup Y

y1—y* (1) ly1 — y*(t)]

oL oL N " ” "
[ (Gt @) = o (@) (Tst.0,07) = (st 0,07

+ limsup 22 Y Y "

y1—y*(t) |yl ) (t)|

> msup ~————~+ p AT Y\, y1,v -y (LY , U
y1—y*(t) |y1 - y* (t)| + Y

—(fly(rst,yr,v") — Fly* (it 47 (¢), v*))))dxdT
+ [ (et v @y 0.0
_(g(y(T;t’yhU*)vv*) - g(y*(T;t7y*(t),U*),U*)))d‘ng}

i [y (T) = y* (D) |y(Ts t,y1,0%)) — y(Tit,y* (), v*)|da
+ lim sup
Y-y () ly1 — y*(t)]

— lmsup — { / PO -y )

y1—y*(t) ly1 — y*(t)]

X (/01 f;(:c,t,ye(T))dH — /01 f;(:c,t,yg(T))dC)d:ch
+ o -ven( [ o007l / gy 7)) ) |

< Jimsup — {/tp*(r)(y(T) —y () x

y1—y*(t) lyr — y*(t)]
< ([ anao s Dty Detl0 = Outr) — v () hac ) daar
= [ r @ -y )

<(/ 1 / " Mo, Oy D (60 — O a(r) — v (v ) dsar |
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C(M;y, M.
< limsup (M, M)

y1—-y* (1) lyr =y (®) { Q: Ip*[ [y(7) —y* (D) w(|y(r) — y* (7)) dzdr

+ [ Pl y(r) =y (M)l w(ly(r) - y*(T)I)dsdT}

PP

M, M.
< limsup M
oy (1) [y —y*(t)]

[ ) -y @)l - y*<7>|>dsd7}

PP

IP* [ o (@) {/ y(7) = y* (D) w(ly(r) — y* (7)) dwdr

t

2 imsup SO M)
y1—y*(t) |y1 - y*(t)|
and (5.3) follows.
Finally, we prove (5.4). We denote by L the set of Lebesgue points of y*'(+)
and recall that £ has a full measure in [tg,T]. Let ¢ € (to,T)NL. Fixr € (to,T)
and y € Y. As previously we have

lyr — v ()L @w(Cllyr — y* (t)[| L= (22))

0
E(y—y*) +Aly -y )+ flx,7y) — fla,7,y") =0 in Qx (r,T),

0
(y - y*) + g(SaTay7U*) - g(SaTa y*vv*) =0 on 90 x (Tr T)7
(9TLA

=y ) =y —y(r) nQ
Thus multiplying by p* and integrating over  x (r,T) we get

p (T)(y(Tsr) —y* (T t))dx =
Q

P* (1) (g1 —y*(r))dz + / Fip*(y — y*)dadr
Q Qr

—/ (f(y)=f(y"))p*dzdr+ Ap*(y—y*)d:vdT—/Q A(y—y")p*drdr. (5.5)

" Qr
Therefore
Jim sup {V(n yi) = V(ty ()  —HEy" (@),p ) (r =)+ <p* (), 1 —y*(t) >}
vi—y* (t)r—t LT =t + [y —y*(0)] Ir—t]+ [y — y*(t)]
= limsup { 1 X
yi—y (), r—t LT =t + |y1 — y*(t)]

X /Q L;(I’, y* (T7 t, y*(t)7 U*)7 y(T7 Y1, ’U*))) (y(T7 Y1, ’U*)_y* (T7 t, y*(t)7 ’U*))d(E

/Q (L4, (2,y°(T)) — L (z,y"(T))) (y(T; 7, 9y1,0%) = y* (T t,y*(t),v*)) da
[r —t] + |y1 — y*(t)]

Ry @), p () =)+ <p (), —y*(#) > }
[r =t + |y1 — y*(t)]

+
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(where y?(T) = y*(T; t, y* (), v*) + 0(y(T; 7, y1,0*) —y* (T £, y* (), v*)); we also
use that y*(T';t, y*(t),v*) = y*(T;r,y*(r),v*) )

P (T)(y(T;r,y1,0") — y* (T t,y* (1), v*) ) da

lr—t| + y1 — y*(1)]

(A3),(5.1)

—Hty (@), p" () (r —t)+ <p* (), y1 —y*(t) > }
=t + [y — y*(2)]
and using (5.5) we get
(fip* =y = (F) = F")p" ) dadr
= limsup

y1—y*(t), r—t |T - t| + |y1 - y*(t)|

T

/E (QLP*(y —y*) = (9(y,v*) — g(y", v*))p*)dsdT
LI

r =]+ |y — y*(t)]

O e [0y gy e
T T = ) [T F ]

/ (7" (r) — p"(8)) (31 — 9" () do + / P* (1) (4" () — v* () da
Q Q
Ir—t| + |y1 — y* (1))

= limsup
y1—-y* (), r—t

H(t, v (1), p* () (r — 1)
T+ ) }

/Q () (v (t) — 5 () da
EEr EammeT

< limsup / Ip*(r) — p*(t)|dz +
Q

y1—y*(t), r—t

H(E, v (1), p (1)) (r — 1)
T ) }

| r—t y'(t) - ')
< limsup (p*m My (), 57(0) ) da = 0.
iy (), rot [T =t + |y =y (8)] Jo r—t

5.2 Sufficient Conditions for Optimality

Theorem 5.2 Assume (A1) — (A3) and consider a trajectory-control pair (y,v)
for the system (1.1). If there is p(t) such that

(=Mt y(0).p®),p() € DT V(L y(1)) (5.6)

for a.e. t € [to, T], then u is optimal for problem (P). In particular, v is optimal
if for a.e. t € [to,T] there is p(t) satisfying (5.2) and (5.4).
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Proof. Consider the function ¢(t) = V(¢,y(t)), which is continuous and
nondecreasing in [to, 7] by Proposition 3.1. We will show that ¢ is also nonin-
creasing and the conclusion will follow.

We obtain
Jim sup V({t+hyt +i};)) —Vty®) _ “up { V(t+h,yt +}};)) —V(t,yt)
h—0 h—0
- (st p0) + (p L0 <
Consequently,
ey G =60
h—0 h

for a.e. t € [0,T].
Next we claim that 1) is absolutely continuous on [to, T].
Recalling (3.1), there exists v; such that

0< V(97y(9)) - V(t>y(t)) < V(9= y(e)) - V(9>y(9a tvy(t)7vt)) +0—1

for all to <t < 8 < T. Now set y: = y(-;t,y(t),v;) and note that, in view of
Proposition 2.2,
lye(0)] oo () < C2

for some constant Cy > 0 and all ty <t < 8 <T. Moreover, by Proposition 2.2
there exists C3 > 0 such that

V(0,y(0)) = V(0,y:(0))] < Cslly(0) — ye(O)ll 2
for all tg <t < 0 < T. Therefore, again by Proposition 2.1 we get
0
0.< ¥(6) - w(t) < Cally6) ~ (O 20y + o1 < [ €+ D).
t

Indeed, we have

0
a(y —y) Al —ye) + f(z,t,y) — flo,t,ye) =0in Q x (¢,T),

0
p) (y_yt) +g(57tay7v) _g(sat7ytavt) =0onTI x (t7T)7
na

(y—y)(t) =01in Q

and as above, by multiplying with y — y; and integrating over X (t,6) we get

1 6
10O = 0O < [ [ =Pl (o o

6
+/ / |y_yt|2|9;(5777y£=7})|d5d7'
t on

0
_/ / (9(5777%,”) _g(sa7-7ytavt))(y_yt)d8d7— S C(Q7m17M17M2)(9_t)
t o0

and the proof is complete. 0
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