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Abstract. The problem of estimation of parameters of a dynamical system from discrete data can be formulated
as the problem of inverting the map from the parameters of the system to points along a correspond-
ing trajectory. In this work, we focus on linear systems and derive necessary and sufficient conditions
for single trajectory data to yield a matrix of parameters with specific dynamical properties. To ad-
dress the key issue of robustness, we establish conditions that ensure that the desired properties of
the solution to the inverse problem are maintained on an open neighborhood of the given data. We
then build from these results to find bounds on the uncertainty in the data that can be tolerated
without a change in the nature of the inverse problem. In particular, both analytical and numeri-
cal estimates are derived for the largest allowable uncertainty in the data for which the qualitative
features of the inverse problem solution, such as uniqueness or attractor properties, persist. We also
derive the conditions and bounds for the nonexistence of a real parameter matrix corresponding to
the given data, which can be utilized in modeling practice to prescribe a level of uncertainty under
which the linear model can be rejected as a representation of the data.
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1. Introduction. A fundamental problem in modeling temporally evolving systems is the
determination of model parameter values from experimental observations collected at specific
time points. Since models can be viewed as forward mappings from sets of parameter values
to time-dependent states of model variables, the problem of parameter estimation is often
referred to as an inverse problem. Although parameter estimation has received significant
attention in the literature, certain fundamental questions about the inverse problem still
remain open. Solving the inverse problem becomes even more challenging in the presence
of uncertainty in experimental measurements, as may arise due to measurement errors and
fluctuations in system components. The overall goal of this work is to derive estimates of the
degree of uncertainty in data to which properties of the inverse problem, such as existence

*Received by the editors February 22, 2016; accepted for publication (in revised form) February 8, 2017; published
electronically June 27, 2017.
http://www.siam.org/journals/juq/5/M106246.html
Funding: This work was partially supported by National Science Foundation award EMSW21-RTG 0739261.
The second author’s work was partially supported by NSF awards DMS-1312508 and DMS-1612193. The third
author's work was partially supported by National Institutes of Health award GM105728-01A1.
TDepartment of Mathematics, University of Pittsburgh, Pittsburgh, PA 15260. Current address: Department of
Mathematics, Temple University, Philadelphia, PA 19122 (stanhope@temple.edu).
{Department of Mathematics, University of Pittsburgh, Pittsburgh, PA 15260 (jonrubin@pitt.edu, swigon@
pitt.edu).

572

Copyright © by STAM and ASA. Unauthorized reproduction of this article is prohibited.


http://www.siam.org/journals/juq/5/M106246.html
mailto:stanhope@temple.edu
mailto:jonrubin@pitt.edu
mailto:swigon@pitt.edu
mailto:swigon@pitt.edu

Downloaded 09/07/17 to 136.142.124.195. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal /ojsa.php

ROBUSTNESS OF SOLUTIONS OF THE INVERSE PROBLEM 573

and uniqueness of solutions, are robust.

We start by addressing fundamental issues of existence and uniqueness of solutions to the
inverse problem based on a discrete collection of linearly independent data points assumed to
be known without uncertainty, before turning to the uncertain case. We focus our analysis
on linear models, which are prevalent in the study of many important applications includ-
ing pharmacokinetics, gene regulation, linear response theory for mechanical and electronic
systems, continuous time Markov chain probabilistic models, and near-equilibrium responses
of nonlinear systems [5, 12, 9, 2, 16]. In addition to their applicability, linear systems are
convenient because in the linear case, there is an explicit structure of the associated forward
solution map that can be exploited. Furthermore, we mostly consider data points that are
equally spaced in time, as may be obtained from experiments with regimented data collection
schedules and for which it may be possible to explicitly solve for the linear system parameter
matrix. Despite these advantages, the inverse problem is nontrivial because the solution to a
linear dynamical system depends nonlinearly on its parameters.

Specifically, in section 2, we begin by considering data with no uncertainty, where classical
results on matrix logarithms yield necessary and sufficient conditions for the data to specify a
unique parameter matrix A that solves the inverse problem. Contrary to our expectations, we
find that the existence of model parameters corresponding to given data is guaranteed only for
a restricted subset of potential data sets and that there is only a limited region in data space
that yields a unique set of parameters. Subsequently, we explore how uncertainty in the data
impacts the existence and uniqueness of A. In section 3, we provide conditions that ensure
that existence or uniqueness of the inverse problem solution is guaranteed to hold in an open
neighborhood of data. These steps prepare us for section 4, where we present the main results
of the paper, consisting of analytical and numerical estimates of the maximum uncertainty
in the data under which the properties of the inverse problem are certain to be preserved.
Examples for two-dimensional systems are shown in section 5, where we first define regions
in data space for which the solution to the inverse problem has various properties and then
illustrate bounds on the maximal permissible uncertainty for those properties. In section 6,
we explore an example of a larger-dimensional system by applying our results to a model of
gene regulation. In section 7, we briefly remark on the case of nonequally spaced data points,
and we address the cases of differing amounts of data in section 8. Finally, we conclude with
a discussion in section 9, which includes some comments on open directions and related work
in the past literature.

2. Definitions and preliminaries. As in [17], we consider a model defined as a finite-
dimensional linear dynamical system, which we denote as

z(0) = b.
In (2.1), z(t) € R™ is the state of the system at time ¢, the system parameters are the entries of
the coefficient matrix A € R®*™, and b € R” is the initial condition. For clarity of exposition
we will refer to the entire matrix A as the parameter A. We shall define the parameter space
P as the set of all parameters A and initial conditions b.
For a fixed A, system (2.1) has a well-defined solution, or trajectory, given by x(¢; A, b) =
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®(t)b, where ®(t) = e is the principal matrix solution. The data representing the system
are a set of observations of the trajectory values. We assume that data for all of the state
variables are available, and we denote by D the data space consisting of a set of (n + 1)-tuples
d = (zg, 1,2, ...,x,) of points z; € R"; i.e., each such d will be referred to as a data set, and
each z; as a data point. Sampling the trajectory z(t; A,b) at equally spaced times (without
loss of generality At = 1) yields an element of D, namely a data set composed of the specific
data points z; = z(j; A,b) e R", j =0,1,...,n; nonuniformly spaced data are discussed in
section 7. We use solution map to refer to the map F' : P — D from parameter space to data
space, where P and D < R™ (1) defined as F(A,b) = (xo,x1, 2, ...,x,) for this choice of
{z;} sampled from z(t; A,b). The inverse problem is then the problem of inverting the map
F to find F~1(d) (i.e., to find A,b such that F(A,b) = d) for a given data set d. From the
definition of x;, we find that b = xg, and thus, we focus on the problem of determining the
parameter A. If the data set d is obtained from experimental measurements or some other
outside source, then this problem may or may not have a solution.

We set out to derive necessary and sufficient conditions that a data set d € D must satisfy
so that there exists a unique real matrix A for which the dynamical system (2.1) produces
data d. These conditions define a subset of the data space on which the inverse map F~!
is well defined. Given a uniformly spaced data set d € D, one can attempt to solve the
inverse problem as follows: Denote by Xy and X; the n x n matrices [zg]| ... |z,—1] and
[z1] ... |xn], respectively. The principal matrix solution provides a relation between the data
points; letting ® := ®(1) = e, we have xjy1 = ®x;, which implies that X; = ®X( and hence
o = X1 X, 1 All that remains is to find A as the matrix logarithm of ®. Thus, from an
operational standpoint, the map F~! is a composition of two nonlinear maps: (i) the map
G : D — R™" defined by G(d) = ®, which is defined (and continuous) at all points d such that
xg, ..., Tp—1 are linearly independent (i.e., wherever X ! exists), and (ii) the matrix logarithm
map, denoted here as L : R**™ — R™*" and defined as A = L(e?). Hence, F~' = [Lo G, I],
where L o G operates on d to produce A and the identity I operates on xy to produce b. In
view of the above, F~1 is well defined if (i) X is invertible, (ii) the matrix logarithm of ®
exists, and (iii) the matrix logarithm of ® is unique. The case when condition (i) fails was
studied extensively in our earlier work [17]; in that case the system (2.1) generating the data
d either does not exist or is not identifiable. Conditions (ii) and (iii) can be addressed with
the help of two theorems by Culver [8], which characterize the existence and uniqueness of a
real matrix logarithm.

Theorem 2.1 (Culver). Let ® be a real square matriz. Then there exists a real solution A
to the equation ® = e if and only if ® is nonsingular and each Jordan block of ® belonging
to a negative real eigenvalue occurs an even number of times.

Theorem 2.2 (Culver). Let ® be a real square matriz. Then there exists a unique real
solution A to the equation ® = e? if and only if all of the eigenvalues of ® are positive real
and no Jordan block of ® appears more than once.

We note that even when a matrix logarithm exists, there are still issues with how to
compute it. Numerical methods for computing the logarithm of a matrix are discussed in
[10, 6, 1].
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3. Existence and uniqueness of the inverse in n dimensions. As will become clear
shortly, Theorems 2.1 and 2.2 identify matrices ® that are not robust in the sense that they
form a set of zero measure. Since we aim to discuss the properties of inverse problem solutions
for uncertain data, such as data that are perturbed due to noise, it makes sense to determine
conditions that ensure that a given matrix ® is inside an open set of matrices with particular
existence or uniqueness properties.

3.1. Inverse problems on open sets. We now state and prove three corollaries of The-
orems 2.1 and 2.2 that are useful for considering uncertain data and, as it turns out, avoid
the conditions on Jordan blocks that can become overly cumbersome for practical use in n
dimensions. The first corollary characterizes open sets of matrices that have real logarithms,
the second corollary characterizes open sets of matrices that have unique real logarithms, and
the third corollary characterizes open sets of matrices that do not have real logarithms.

Corollary 3.1 (to Theorem 2.1). Let ®* be an n x n real matriz. The following statements
are equivalent:
(a) There exists an open set U < R™™™ containing ®* such that for any ® € U the equation
® = e has an n x n real solution A.
(b) ®* has only positive real or complex eigenvalues.

Proof. Suppose that ®* € R™*™ has only positive real or complex eigenvalues. Then con-
dition (a) follows immediately by Theorem 2.1 and the continuous dependence of eigenvalues
on matrix entries.

For the converse, suppose that ®* € R™*" has a real matrix logarithm, i.e., ®* = e4,
where A is n x n real matrix. By Theorem 2.1, either ®* satisfies (b), or ®* has at least one
negative eigenvalue and the corresponding Jordan block occurs an even number of times. We
now show that the second alternative contradicts the existence of the open set U. To this end,

let ®* = QJQ !, where

Ji| 0
(3.1) J=1| 0]J2

is a Jordan canonical form of ®* with J; a Jordan block corresponding to a negative eigen-

value. Let B = QKQ ™', where
al |0
o [

with a € R and I the identity matrix of the same size as J;. Then for every sufficiently small
nonzero a, P* + B has a negative eigenvalue for which the corresponding Jordan block occurs

exactly once and hence there is no real A such that ®* + B = e”. |

Corollary 3.2 (to Theorem 2.2). Let ®* be an n x n real matriz. The following statements
are equivalent:
(a) There exists an open set U < R™*™ containing ®* such that for any ® in U the equation
® = e has a unique n x n real solution A.
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(b) ®* has n distinct positive real eigenvalues.

Proof. The proof is similar to the previous one. Condition (b) implies condition (a) based
on Theorem 2.2 and continuity of eigenvalues. For the converse, suppose that &* € R"*"
has a unique real matrix logarithm, i.e., there is a unique A € R™" such that ®* = e,
and ®* is in the interior of an open set of such matrices. By Theorem 2.2, ®* has positive
real eigenvalues, and no Jordan block appears more than once. There can be more than one
Jordan block for the same eigenvalue, but those Jordan blocks must be of different sizes. We
can write ®* = QJQ~!, where J is the Jordan canonical form of ®* as defined in (3.1) and
J; are ordered in size from largest to smallest such that no two J; are the same.

Suppose now that the largest Jordan block, Ji, is not a 1 x 1 matrix. Let ps(¢) be the
characteristic polynomial of J, i.e., p;(t) = H?:l(Ai — )%, where \; are all real positive, & is
the number of Jordan blocks, d; is the dimension of block i, and d; > 2. Let B = QKQ !,
where K is an n x n matrix with all zero entries except K19 = a, K91 = —a. Then, for every
a >0, J = J + K has entries jlg =1+a, j21 = —a, which implies that J has characteristic
polynomial

k
pit) = [\ =t +a(l+a)] (M — )" 2] [ — )%
=2

with two complex roots. It follows that ®* + B = e does not have a unique real solution
A for a > 0, which contradicts the assumption that A is unique for each ® in an open set
containing ®*. Thus, all Jordan blocks J; are of size 1, and furthermore, since no two J; can
be the same, ®* has n distinct eigenvalues. |

Statements similar to Corollaries 3.1 and 3.2 can be made to establish the existence of
open sets of matrices with other properties. An example follows.

Corollary 3.3 (to Theorem 2.1). Let ®* be an n x n real matriz. The following statements
are equivalent:
(a) There exists an open set U < R™™ containing ®* such that for each ® € U the
equation ® = e does not have an n x n real solution A.
(b) ®* has at least one negative eigenvalue of odd multiplicity.

Proof. Suppose that ®* € R™*™ has at least one negative eigenvalue of odd multiplicity.
Then, there is at least one Jordan block associated to it that occurs an odd number of times,
and hence, by Theorem 2.1, there is no A € R™*™ such that ®* = e. Moreover, there exists
an open neighborhood of ®* for which there remains at least one negative eigenvalue of odd
multiplicity.'

For the converse, suppose that there exists an open set U < R™*" containing ®* such that
for each ® € U the equation ® = e does not have an n x n real solution A. Since ®* = e4
has no real solution, by Theorem 2.1, ®* is singular, or there is a negative eigenvalue of ®*
which belongs to a Jordan block that appears an odd number of times, or both are true.

! A perturbation may split any negative eigenvalue of odd multiplicity into a collection of distinct negative
eigenvalues and/or complex pairs, with the sum of all multiplicities equal to that of the original eigenvalue. At
least one multiplicity in that sum must be odd for the result to be odd.
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If ®* is singular with no Jordan block associated to a negative eigenvalue occurring an
odd number of times, then in every neighborhood of ®* there exists a ® which is nonsingular
with the same condition on Jordan blocks, and ® = e? will have a real solution A. This
contradicts the existence of U.

Thus, there is at least one negative eigenvalue of ®* for which a Jordan block repeats an
odd number of times. Denote these negative eigenvalues by Ay, ..., A\, 7 = 1. Let my, be the
multiplicity of \;.

Suppose that all m), are even. Let ®* = QJQ ™!, where J is the Jordan canonical form
of ®* as defined in (3.1), let Jf‘l, Jé\l, cee J,i‘l denote all of the Jordan blocks associated to Ay
(the blocks may have the same size), and denote by J; the block-diagonal matrix composed
of M, T, R

For i =1,...,k define I/ViAl to be a block-diagonal matrix of the same dimension as Jf‘l
composed of repeated blocks K, where
0 a
=50

for some a > 0. If the dimension of JZ-)‘1 is even and equal to 2s, then I/Vf‘l is composed of
exactly s blocks K, the characteristic polynomial of Jf‘1 + VVi)‘1 is p(t) = [(A —t)2+a(l+a)]?,
and since a > 0, JZ-)‘1 + VVZ-Al has only complex eigenvalues.

If the dimension of Ji)‘1 is odd and equal to 2s + 1, then I/ViAl contains s blocks K and a
zero block of size one, the characteristic polynomial of J + W is p(t) = [(\ — ) + a(1 +
a)]*(A1 —t), and since a > 0, Ji)‘1 + Wfl has s complex conjugate pairs of eigenvalues and one
real negative eigenvalue \i.

Define the my, x my, matrix,

WM
C) =
WM
Since my, is even, the number of odd sized blocks is even; therefore for every a > 0, the
matrix Ji + C7 has an even number of size one Jordan blocks corresponding to eigenvalue Ay,

and all other eigenvalues of J; + C] are complex.
By repeating this process for Ag, ..., A, we can construct the matrix

Cy

C,
10

Let B = QFQ~!. Then it follows that for every a > 0, all negative eigenvalues of ®* 4+ B
will have Jordan blocks that repeat an even number of times. If ®* is nonsingular, then
d* + B = e has real solution A for every a > 0. If ®* is singular, then ®* + B + al = e has
real solution A for every a > 0 sufficiently small. In either case, this implication contradicts
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the existence of the open set U. Thus it must be that some m,), is odd, and therefore, ®* has
at least one negative eigenvalue of odd multiplicity. |

For a given d such that the associated matrix ® has n distinct positive eigenvalues, Corol-
lary 3.1 (3.2, or 3.3, respectively) gives an open set U < R™*™ on which the matrix logarithm
exists (exists and is unique, or does not exist, respectively). By the continuity of G at d,
G~ Y(U) (the preimage of U) is an open set in D containing d such that every data set in
G~Y(U) is generated by a real A (a unique real A, or no real A, respectively). Consequently,
we can now summarize the existence and uniqueness results on open sets.

Theorem 3.4. Suppose that the data d = (xg,x1,x2) are such that Xy is invertible and
= XX, has

(a) only positive real or complez eigenvalues,

(b) distinct positive real eigenvalues, or

(c) at least one negative eigenvalue of odd multiplicity.
Then there is an open set U < D containing d such that for every d* € U, the problem
F(A,b) = d* has, respectively,

(a) a real solution,

(b) a unique real solution, or

(¢) no real solution.

4. Analysis of uncertainty in the determination and characterization of the inverse.
Realistic data are never exact but are subject to uncertainty caused by measurement error,
fluctuation in experimental conditions, or variability in experimental subjects. A natural
question arises as to how large an uncertainty in the data can be tolerated without altering
the properties of the solution to the inverse problem. Several scenarios are of interest, such
as the following:

e The data imply that the inverse system has a stable node. What is the largest un-
certainty in the data that ensures the maintained stability of the equilibrium for the
inverse system? What is the largest uncertainty that maintains the node property?

e The data imply that the inverse system has oscillations (damped or undamped). What
is the largest uncertainty that maintains the oscillatory property of the system?

e The inverse does not exist for given data. What is the largest uncertainty for which
we can still rule out the linear model?

The theory developed in section 3 implies that all of the above criteria can be formulated as
conditions on the eigenvalues of the perturbed fundamental matrix. For example, a system
with a stable node still has a stable node under perturbation if and only if the eigenvalues of
the perturbed fundamental matrix remain real, positive, distinct, and smaller than 1. Thus,
in principle, we could construct direct algebraic constraints on the data similar to those given
in the supplemental material (M106246_supplement.pdf [local/web 3.70MB]) to define regions
of the data space in which data correspond to systems with specific dynamical properties;
however, these quickly become prohibitively complex as the problem dimension increases. We
will therefore focus instead on the scenario where a specific data set d is given, and derive
two types of bounds on the maximal perturbation of d for which a particular property of the
system is conserved: lower bounds ¢, such that a property associated with d is guaranteed to
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hold for all d with ||cZ —d|| < €, and upper bounds €, such that there is guaranteed to exist
a d with ||d — d|| = €, such that the property does not hold at d.

Note that any affine transformation of the data preserves the eigenvalue structure and
hence the existence, uniqueness, and stability of the system with respect to the inverse prob-
lem. Thus, the data can be varied in a coordinated fashion to an arbitrary extent without
affecting qualitative properties of the inverse. Here, however, we focus on finding limits on
uncorrelated perturbations of the data. Let

e

C(d,e) =

c(zi, €),

=0

where ¢(z, €) is a hypercube in R™ with center z € R™ and side length 2, i.e., where ¢(z,¢€) =
{Z € R"|maxi<j<n|Zj — 2j| < €} for z; denoting the components of the vector z. The definition
of the neighborhood C(d, €) is chosen so that the parameter e controls the maximum pertur-
bation Azg, Az, ..., Az, in any component of the data g, z1, . .., 2n; i.e., d € C(d,e) if and
only if max; j|(Ax;);| < €, where |(Az;);| = (Z;); — (x;);. Neighborhood C(d, €) of the data
set d € D will be called permissible for some qualitative property of the inverse of d (such as
existence, uniqueness, stability, and so on) if and only if that qualitative property is shared by
inverses of all data sets d € C (d,€). The value € > 0 is called the mazimal permissible uncer-
tainty for some qualitative property of the inverse of d if and only if C(d, €) is a permissible
neighborhood of d for that property and C(d, €) is not a permissible neighborhood for that
property for all € > e.

We begin with an analytical and numerical description of the maximal permissible un-
certainty for existence and uniqueness of the inverse F~1(d) of d. The extension to other
properties will be described in section 4.4. We derive both lower and upper analytical bounds
on maximal permissible uncertainty, describe a numerical procedure for computing the bounds,
and then compare the estimates with direct numerical results for several examples.

4.1. Analytical lower bound. Consider a fixed data set d = (zg,z1,%2,...,2Zy) € D such
that the associated matrix ® = X1 X5 = [z1] ... |#a][20] - .. | 2n—1]"" has n distinct posi-
tive eigenvalues. Thus, [A4,b] = F~1(d) is unique and there is a neighborhood of d for which
uniqueness persists. For any perturbed data set d= (Zo, Z1, %2,y ..., 2Tpn) € Dwith &; = z;+Axy,
define the perturbed data matrices Xo = Xo + AXg = [zo]| ... |Tn-1] + [Azo] ... [Azp_1]

and X; = X1 + AXy (analogously). Let b = X1X0_1 be the fundamental matrix of the
perturbed data.

Let ey be the maximal permissible uncertainty in the data d to ensure the existence of a
unique inverse. By definition, for any perturbation of the data with max; ;|(Az;);| < ey the
matrix ® has a unique logarithm A, and for any ¢ > ¢ there exists a perturbation of the data
with ey < max; ;|(Az;);] < € such that ® does not have a unique logarithm.

A lower bound ¢, on €, can be obtained by the following result, where ||| denotes a matrix
norm that is either the maximum row sum norm |[|-||, or the maximum column sum norm

II|l1, defined as

n n
4]l = max » ail, 1Al = max > ai;|-
j=1 =1

I<isn I<n
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Theorem 4.1. Let d € D be such that ® has n distinct positive eigenvalues A1, ..., A,. Let
my = %mini;ﬁj‘)\i —Ajl, me = mini<i<n{Ni} > 0, and 6y = min{my, ma}. If € > 0 is such that
€ < ¢y := f(dy,d), where
_ 1)

n (0 + 1+ A IS=HIIXy S

® = SAS™!, and A = diag()\y,.. .y An), then for any d e C(d,e), ® has n distinct positive
eigenvalues, and hence the equation e? = ® has a unique solution A.

(4.1) f(9,d)

The proof of Theorem 4.1 utilizes several preliminary results that we now present. The
first result and its proof make use of Theorems 6.1.1 (Gershgorin disc theorem) and 6.3.2 in
[13] and the proofs presented therein.

Lemma 4.2. Let ® € R"*" be diagonalizable with ® = SAS™! and A = diag(\i, ..., \n).
Let E € R™™. If X is an eigenvalue of ® + E, then A € D, where

D=|]JD, Di={zeC:|z—\| < | ST ES|}.
=1

Furthermore, if \; are all distinct and the discs D; are pairwise disjoint, then each D; contains
exactly one eigenvalue of ® + E.

Proof. By similarity, ® + E has the same eigenvalues as A + S~!ES. Denote by €;; the
elements of S~'ES. Then, by the Gershgorin disc theorem, the eigenvalues of A + S~'ES are
contained in the union of the discs

Qi = {ze(C: |z — (N + €3)] < Z‘éij}'
j=1
J#i

Clearly, each disc (); is contained in the disc

P, = {ze@: |z — A\i| < Z|éij|}'
j=1

Furthermore, in view of
n n
- ~ -1
Z\eij\ < 1122%2 €| = 157 ES||eo,
j=1 7j=1

each disc P; is contained in the disc
Di={zeC:|z—\| < ||IST'ES|x}

Thus, if A is an eigenvalue of ® + F, then A€ Q; € P, < D, for some i, and therefore \ € D.
The argument for the norm ||-||; is constructed in a similar fashion by replacing row sums
with column sums in the relations above.

If \; are all distinct and the sets D; are pairwise disjoint, then the discs (); are pairwise
disjoint, and the Gershgorin disc theorem implies that there is exactly one eigenvalue of ® + F
in each @); and hence each D;. [ |

Copyright © by STAM and ASA. Unauthorized reproduction of this article is prohibited.



Downloaded 09/07/17 to 136.142.124.195. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal /ojsa.php

ROBUSTNESS OF SOLUTIONS OF THE INVERSE PROBLEM 581

Lemma 4.3. Suppose the eigenvalues A\i,...,\, of ® are real, positive, and distinct. Let
® = SAS~! with A = diag(\1,...,\n), and let my = %min#ﬂ)\i — Aj|, m2 = minj<i<n{Ni},
and § = min{my, ma}. If ||[STES|| < 4, then the eigenvalues of ® + E are real, positive, and
distinct.

Proof. Suppose the eigenvalues Ay, ..., A, of ® are real, positive, and distinct. Then & is
diagonalizable as ® = SAS™! with A = diag(\1,...,A\,). Let R; be the disc

Ri={zeC:|z— \N| <mi},

and let D; be defined as in the statement of Lemma 4.2. Since ||[ST'ES| < § < my, it
follows that D; < R;. The sets R; are pairwise disjoint by the definition of mi, so the
sets D; are pairwise disjoint, and by Lemma 4.2, each D, contains exactly one eigenvalue
of ® + E. The center of D; is \; € R, so if D; were to contain a complex eigenvalue of
® + F, it would also contain its conjugate, which is a contradiction. Thus, the eigenvalues
of ® + E are real and distinct. Furthermore, the inequality ||[S~'ES| < § < my implies that
D; c{zeC:|z—\| <ma} < {z € C:Re(z) > 0}, and hence the eigenvalues of ® + E are
all positive. |

Thus, to guarantee that the eigenvalues 5\1, e Ay of ® = & + E are real, positive, and
distinct, it suffices to choose the perturbation matrix E such that ||[ST'ES|| < §. Theorem 4.1
provides a lower bound on the largest allowable perturbation of the data points such that this
condition holds.

Proof of Theorem 4.1. Letﬂ € C(d,€), and let ® be the associated fundamental matrix as
previously defined. Let E = X1X0_1 — XlXo_l. Applying the definitions of Xy, X7, and the
relation X; = ® X and multiplying on the right by (Xo + AXj) yields

E(X(] + AX()) = (Xl + AXl) - (I)(X(] + AX()).

Next, we distribute the E on the left-hand side, rearrange, multiply both sides by X!, and
use the definition of ® to obtain

E=(AX] — ®AX() X, — EAXo X!
and hence
STIES = STHAX) — ®AX) X, 'S — STIESSTTAX X 1S

By taking the norm of both sides of the last equation, using the matrix norm property on
the right-hand side, and reordering the terms, we can find the following bound on ||S~!ES||,
provided that ||[ST!AX X, 19| < 1:

|S~H(AX] — PAXY) X, S|
1—|STTAXo Xy 'S
After introducing ||ST!AX] := max{||ST*AXy||,|ST'AX;||} and using the decomposition

® = SAS~!, we obtain the following bound on |S~'ES|| in terms of ||S~'!AX]| (provided
that ||STIAX]|| X, LS| < 1):

ISTIES]| <

IS~TAX|(1+ AIDIX "SI

(4.2) ISTES|| < n
1—||S1AX||1X5 S|
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Now, let
5U ~ 1
q=——+1, € =nlS™ e,
(1 + (AL
and let € be defined as in the statement of the theorem. It follows from e < ¢, that € < 91

qll Xy S
or, equivalently, 2S1- é[ X5 S||. The condition d € C(d, ¢) implies that |(Az;);| < € for all
ie{l,...,n}, j€{0,...,n}, and so |STLAX] < [|S7Y|[JAX]|| < é (which holds for both |||
and ||-||e). Thus,

1
(4.3) p <1—|IS7tAX]| X, 1]

Substitution of (4.3) into inequality (4.2) can be used to conclude that ||[S~'ES| < éy. By
Lemma 4.3, ® has n distinct positive eigenvalues. |

In the special case where the first n data points xg,...,x,_1 are fixed, we can obtain a
tighter bound on the size of Az,. We look for the 1argest uncertainty € of the final data
point z, so that for any &, € c¢(xy,€), d = (xoy. .-, Tn—1,Ty) gives an associated d with n
distinct positive eigenvalues. Fixing the first n data points implies that AXy = 0 and hence
E=AX1X,"

Theorem 4.4. Let d € D be such that ® has n distinct positive eigenvalues A1, ..., A,. Let
my = %min#ﬂ)\z’ —Ajl, me = mini<i<pn{Ni} > 0, and 6y = min{my, ma}. If € > 0 is such that

dy dy
€ < max - — , - — ,
15~ ool Xg Sl nllS=HI [ XSl

then for any d = (205 - -+ Tn—1,Tp), where T, € c(xp,€), the associated matriz ® has n distinct
positive eigenvalues and hence the equation e = ® has a unique solution A.

Proof. Given fixed xg,...,x,—1 and T, € ¢(zy, €), we have ||AX |l = ||[[0---0 Azy,]|le0 =
maxi<j<n|(Az,) ;| < € and [[AX |1 < ne. If | X5 1S |0 < n|| X5 S]1, then

IST ESlo0 < 15T AX ool X ' Slleo < €l S Hleol| Xg " Slleo < B
In the opposite case,
ISTHES|| < ISTIAX 1] Xg Sy < nel STHILIXG St < b

In both cases, by Lemma 4.3, ® = & + E has n distinct positive eigenvalues. |

4.2. Analytical upper bound. To construct an upper bound on €;, we need only provide
a technique for constructing a perturbation Az, Ay, ..., Az, for which the corresponding
matrix ® does not have n distinct real positive elgenvalues Naively, for any specified diagonal
form A of ®, we can choose an arbitrary set of eigenvectors S, compute d = SAS~!, choose
the first data point Zg, compute the remaining data points as Ty = Pk Zg, and compute the
error € = max; j|(Az;);|. This procedure can be used to provide a valid upper bound on
€y, but the resulting bound will be too large to be useful. Instead, we suggest the following
approach.
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Let ® be the matrix similar to ® that has the form of a companion matrix, i.e.,

00 ... 0 1

1 ... 0 Y2

d—pepp1-|101 ... 0 y3
| 00 ... 1 yu |

One can think of ® as the fundamental matrix for a trajectory for which the data set d
is composed of the vectors of the standard basis of R", together with the data vector y =
(Y1, 92, - yn) T iee., P = G(d) for d = (e1,€2,€3,...,6n,y). The matrix P defines the affine
transformation that takes the data d into the standard (normalized) data cz, ie., P:R" > R",
where Px; = ej1, Px, = y. This impli&as that P = XO_1 and & = X()_1X1'2

The vector y (the last column of @) is uniquely determined by the eigenvalues of ®.
Likewise, we can specify § of the companion matrix ® = (Xo)~!®X, by prescribing the
eigenvalues of ®. The vector § satisfies the relation

7= (Xo) Y, = (Xo + AXo) Han + Axy),

which, using =, = Xgy, implies a formula for the perturbation of x,, in terms of ¢ and the
perturbation of all other data points:

(4.4) Az = AXoy + Xo(¥ — ).

This formula provides a linear constraint on the perturbation of the data in terms of the
imposed eigenvalue properties (as represented by vector 3) that does not require the knowledge
of the eigenvector matrix S. Let C(d,¢€) be the smallest neighborhood of d that contains a
data set d corresponding to a companion matrix defined by . In view of (4.4), the problem of
finding € can be reformulated as a linear programming problem of minimizing e while satisfying
the constraints

n—1

(4.5) w; = Z (ij)igj_H — (Al’n)“ 1<i< n,
7=0

(4.6) —e < (Azy); <, 1<i<n, 0<j<n,

where w = Xo(y — 7). Note that the constraints (4.5) and inequalities (4.6) separate into
n distinct problems for each individual i. For each ¢, the domain defined by inequalities
(4.6) is a hypercube, and the constraint in (4.5) is a hyperplane in AX. The smallest ¢;
corresponds to the situation in which the surface of the hypercube (but not its interior) and
the hyperplane will have one or more points in common. One such point will occur at a vertex

2The supplemental material (M106246_supplement.pdf [local/web 3.70MB]) includes a discussion on how
the companion matrix formulation can also be used to define a region of data on which the inverse map F~!
is well defined.
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of the hypercube due to its geometry. At this vertex, [(Axz;);| = €;, and hence (4.5) reduces to

n—1
wi = € (Z (05)ilj+1 — (571)2') :

j=0

where |(6;);| = [(Axj)i/e;| = 1. It follows that

where the equality is attained (and hence ¢; is minimized) at the vertex for which (d;); =
sgn(yj+1w;) and (0,,); = —sgnw;. Now that we found the minimum e; for each i, we can define
the solution of the linear programming problem (4.5)—(4.6) as € = max; €;:

maxi<i<n|Wi| [ Xo(y — 9o

4.7 € = — = —
(4.7 ol + 1 T+ 1

Equation (4.7) provides an upper bound &, on ¢ for any appropriate choice of g; this approach
does not provide an explicit formula for the minimizer of the linear programming problem,
however.

If one desires an analytical upper bound together with an explicit formula for the pertur-
bations Az; that realize this bound, one can use the inequality
(4.8) ev < min max {[|Az;lloo} < minmax{[|AXoll, [|AXog + Xo(g —y)lI},
where the matrix norm ||| can be either ||| or ||-|1. Two crude estimates of (4.8) can
be obtained by putting AXy = 0, which implies ¢, < || Xo(g — y)||, or by choosing AXy
such that AXog + Xo(7 — y) = 0 (for example, as AXg = Xo(y — §)77/||7|2), which yields
ev < | Xo(y — 9)77||/||9]/3. A more refined approximation is then provided by the following
convex interpolation of the two crude estimates: AXy = awj’, with 0 < a < ||7]/;2, and
w = Xo(y — ¢). An optimum in (4.8) is reached when

[AXoll = |AXo7 + Xo(7 — y)ll,

which implies
~T ~
allwg” || = [lwll(1 - oflg]3)

and hence
_ [Jw]]

g+ Hlllllgl13
An upper bound on ¢, (distinct from (4.7)) is therefore provided by the quantity

w9) o 1Yol = DIIXoly - 95"l
%ol — D11+ 1 Xoly — D713

The upper bound estimates given above, whether they are obtained as a solution of the
linear programming problem (4.7) or using (4.9), depend on the choice of g, i.e., the choice of
eigenvalues of the perturbed matrix ®. One can refine these bounds by further optimization
over all appropriate values of those eigenvalues.
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4.3. Numerical bound. In addition to finding analytical upper and lower bounds on the
uncertainty of the data using the techniques described above, one can also take a numerical
approach to estimating ey. For simplicity in representing the set C(d, €) graphically, we will
focus our discussion on the case of a two-dimensional system; however, the approach can be
extended to n dimensions.

Fix d = (zg,z1,72) € (R?)3. To estimate e, we will discretize the surface of C(d,€) and
examine whether each grid point yields a unique inverse. By gradually increasing ¢ we can
find the bound as the largest value of € for which a grid point fails to give a unique inverse. In
practice, we surround each data point x; with a collection M, of points equally spaced along
the edge of a square with center point x; and side length 2e (see Figure 1). Depending on the
desired precision, we choose M; to consist of 8, 16, or 32 grid points. Then, we pair any point
po € My with any points p; € My and py € Mo to define the matrix ® = [py | p2][po | p1]~".
In accordance with Theorem 2.2, the eigenvalues of ® will determine whether the solution to
® = e is unique.

Coordinate 2

J
° €

Coordinate 1

Figure 1. Grid M; surrounding a sample data point.

4.4. Analytical bounds for additional properties. Using the results we have obtained so
far, we can derive upper and lower bounds on the uncertainty in data that preserves additional
qualitative properties of the solution to the inverse problem, as long as these properties can
be defined as conditions on the eigenvalues of the matrix ®. For example, let d € D be such
that ® has n distinct real eigenvalues A1, ..., A, satisfying 0 < A\; <1, j = 1,...,n. Then,
the associated matrix A (with ® = e4) has n distinct negative eigenvalues, and hence the
equilibrium is a stable node. Let egy define the maximal permissible uncertainty in the data
d under which the equilibrium remains a stable node. A lower bound on egy can be obtained
using the same argument as in Theorem 4.1, except with the bound on maximum perturbation
of eigenvalues, dy, replaced by the quantity dgy that guarantees that the perturbed eigenvalues
remain real, distinct, and between 0 and 1. Below we present, without proofs, analytical lower
bound statements analogous to Theorem 4.1 for the cases of a stable node and a stable system,
as well as for the case in which we require no solution to exist. We leave it to the reader to
derive upper bounds using the line of reasoning presented in section 4.2.

Theorem 4.5. Let d € D be such that ® has n distinct positive eigenvalues A1, ..., A,
satisfying 0 < A\j < 1,7 = 1,...,n. Let m;y = %min#j\)\i — Aj|, me = minigj<n{N;},
m3 = minigj<n{l — Aj}, and dsx = min{ma, ma, m3}. If € > 0 is such that € < €5y = f(dsn, d)

with f defined as in (4.1), then for any d € C(d,€), ® has n distinct positive eigenvalues Aj
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with 0 < ;\j <1, j=1,...,n, and hence the equation e = ® has a unique matrix solution A
for which the origin of (2.1) is a stable node.

To guarantee stability of the equilibrium with respect to all inverse problem solutions
without demanding uniqueness of a solution, we require that d € D be such that the eigenvalues
of ® are not real negative and satisfy 0 < |\;| <1, j =1,...,n. Then, the associated matrix
A (with ® = e?) has (possibly complex) eigenvalues with negative real part, and thus the
equilibrium at the origin is stable. Let e5 define the maximal permissible uncertainty in the
data d such that the equilibrium remains stable. A lower bound on €y is obtained in the
following result.

Theorem 4.6. Let d € D be such that the eigenvalues of ® are not real negative and satisfy
0<|N\|<1,j=1,....n. Let mi = minigj<n{l — |N;|}, ma = minj|\;| for all j such that
Re()j) > 0, mg = min;|Im(\;)| for all j such that Re(\;) < 0, and és = min{m, ma, ms}.
If € > 0 is such that € < e, = f(ds,d) with f defined as in (4.1), then for any d € C(d,€),

the eigenvalues of ® satisfy 0 < |IA\j| <1, 5 =1,...,n, and are not real negative. Hence the

equation e* = ® has a solution A, and every such solution has all eigenvalues with negative
real part.

Finally, it is interesting to consider the case of nonexistence of an inverse. In particular,
given data d for which a real inverse A does not exist, i.e., data that do not represent the
trajectory of any real linear system, what is the greatest amount of uncertainty for which
nonexistence of a real solution persists, and hence a linear model should not be considered as
a possible mechanism underlying the observed uncertain data? Let d € D be such that ® has
at least one negative real eigenvalue of odd multiplicity, which implies that there is no real
matrix A such that ® = e?. Let epyg define the maximal permissible uncertainty in the data
d under which the inverse problem will be guaranteed to remain without a real solution. A
lower bound on epyg is obtained in the following result.

Theorem 4.7. Let d € D be such that ® has at least one negative real eigenvalue of odd
multiplicity. Let the collection of such eigenvalues be denoted by A1, ..., g, where \p is the
closest to zero. Let my = maxi<i<k(mingj.) %]Aj —A\il), ma = |Ag|, and dpxe = min{my, mo}.
If € > 0 is such that € < ey = f(Opne, d) with f defined as in (4.1), then for any d € C(d, €),
® has at least one negative eigenvalue of odd multiplicity, and hence the equation e* = ® has
no real solution.

5. Examples for two-dimensional systems. In the case of two-dimensional linear systems,
one can represent several of the previous results in a more explicit fashion and extend the
stability results to encompass various classifications of the equilibrium. We present these
extensions here, along with several numerical examples that can be conveniently depicted in
the phase plane.

5.1. Regions of existence and uniqueness of the inverse. The criteria in Theorems
2.1 and 2.2 are based on the Jordan structure of ®, which for real 2 x 2 matrices can only
take a few different forms and hence can be analyzed completely. Utilizing the relationship
between the eigenvalues of a matrix and its trace and determinant, the criteria for existence
and uniqueness of the matrix logarithm of ® can be fully characterized by conditions on the
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trace and determinant of ® which, in turn, can be expressed as conditions on the data from
which @ is constructed. For notational simplicity, let D = det ® and T = tr ®.
The analysis is based on the following straightforward corollaries of Culver’s theorems.

Corollary 5.1. Let ® € R?*2. There exists A € R?*? such that ® = e? if and only if D # 0
and any of the following holds:

(a) D>0,T >0, and T?> > 4D,

(b) T? < 4D,

(¢c) ® = NI, with A < 0.

Corollary 5.2. Let ® € R2*2. There exists a unique A € R**2 such that ® = e if and only
if T >0,T?>4D > 0, and ® # M for all X € R.

In two dimensions, the matrix ® is constructed from the uniformly spaced data d =
(xg,x1,22) € D, as & = XlX(;l. The determinant and trace of ® are then given by D =
det X1/det Xg and T = det[xg|z2]/ det Xy. The conditions defined in Corollaries 5.1 and 5.2
thus define regions in six-dimensional data space in which the inverse A exists or exists and
is unique.

Once we know that a real matrix A exists, additional conditions on the data may be found
that define certain important properties of the system. The classification of the equilibrium
point at the origin is easily determined by eigenvalues of A (as found in any standard textbook
on theory of systems of linear ODEs) and hence can also be transformed into conditions on
T and D.

Theorem 5.3. The equilibrium point x = 0 of system (2.1) with matriz A € R?*? js
(a) a stable node if T >0, T?>>4D >0, and1>D >T —1;

(b) an unstable node if T >0 and T? > 4D > 4(T — 1);

(¢) asaddle if T—1>D > 0;

(d) a stable spiral if T?> < 4D < 4;

(e) an unstable spiral if T?> < 4D and D > 1;

(f) a center if D =1 and T? < 4.

Figure 2(a) graphically summarizes the results of Corollaries 5.1 and 5.2 and Theorem
5.3 in the T, D plane. The region where A is unique contains all of the systems where the
equilibrium point is a saddle or node (marked in blue), and the region corresponding to a
nonunique A contains all of the systems where the equilibrium point is a spiral or a center
(marked in black). The label DNE indicates that in this region, the matrix logarithm results
in complex matrices A, whereas we are only interested in data resulting from systems with
real parameters (A € R?2*2). (Note that the diagram differs from that presented in standard
textbooks for 2 x 2 linear systems because here T" and D refer to the trace and determinant
of ® = e and not the trace and determinant of A.)

Just like Corollaries 5.1 and 5.2, Theorem 5.3 defines regions in six-dimensional data space
in which the inverse solution has various stability properties. By fixing two of the data points,
one can visualize two-dimensional cross sections of these regions defined by conditions on the
third data point. Figure 2(b) shows the outcomes associated with different regions where x5
can be located, given example locations of zg and x;.
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Figure 2. (a) Properties of the inverse problem solution depicted in terms of conditions on D = det ® and
T = tr ®. Uniqueness of the solution to the inverse problem holds in the regions labeled in blue, and existence
holds in the regions labeled in black. (b) Conditions on the position of xa to give various properties when o
and x1 are fized. In both figures, solid lines form boundaries between regions; dashed lines do not.

5.2. Bounds on maximal permissible uncertainty. In this section we will illustrate the
dependence of the maximal permissible uncertainty on the data and the property being main-
tained.

Ezample 5.4 (differences between analytical bounds and numerical estimates of maximal per-
missible uncertainty). Let d = (zo,x1,22) = ((10,2)7, (6.065, —4.44)", (7, —10)T), which are
points that are equally spaced in time on a trajectory of the system (2.1) with

4 —0.6724 —0.7201
| —0.8610 —0.0244|"

Since ® = e has two distinct positive eigenvalues, A is the unique matrix that yields
the data d. For this data set, the direct numerical estimate of the maximum permissible
uncertainty for uniqueness is €; = 1.075. The analytical lower bounds on €, are substantially
smaller than the numerical bound, namely ¢© = 0.083 and €. = 0.149 (where € is found by
applying the norm ||-||sx and €l by using the norm ||-||; in Theorem 4.1).

The analytical upper bound depends on the choice of eigenvalues for the perturbed ma-
trix . Using (4.9) and choosing a perturbed matrix with one zero eigenvalue and the second
eigenvalue equal to the average of eigenvalues of ® yields the upper bound €, = 1.245. Opti-
mization over the value of the second eigenvalue yields a better estimate €; = 1.078, which is
essentially identical to the numerical upper bound. Choosing a perturbed matrix with identi-
cal eigenvalues equal to the average of eigenvalues of ® leads to €y = 1.841, and optimization
over the position of the double eigenvalue gives the upper bound €, = 1.570. Using the linear
programming estimate of (4.7) gives the same bounds as the zero eigenvalue choice of per-
turbation. Choosing a perturbed matrix with identical eigenvalues equal to the average of
eigenvalues of ® and solving (4.9) yields €; = 1.224, and optimization over the position of the
double eigenvalue gives €, = 1.140. A summary of the optimal bounds is given in the second
column of Table 1.
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Table 1
Best estimates of ex, X € {SN, U, S, DNE}, for Ezample 5.5.

Property (X) Stable node (SN)  Unique (U) Stable (S) Nonexistence (DNE)
T2 (3.68, —3.46) (7,-10)  (3.1,—5.5) (3,6)
éx numerical estimate 0.216 1.075 0.519 3.055
€x by Theorem 4.1 0.059 0.149 0.207 0.609
& by (4.7) 0.217% 1.078" 0.519* 3.059%
e by (4.9) 0.251* 1.078" 0.665* 3.6831

*Al = AQ, T)\1 = O, 1A2 = 17 #)\2 — 00.
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Figure 3. (a) Regions where particular properties hold when xo and x1 are fized, based on Theorem 5.3.
Various x2 are selected, and estimates of the mazimal permissible uncertainty ex are then computed. (b) Squares
depict the numerically obtained bounds on the uncertainty allowed to preserve stable node (red), stability (cyan),
uniqueness (blue), and nonexistence (green) properties. Coordinates of x2 and numerical values of the bounds
are listed in Table 1.

Ezample 5.5 (dependence of maximal permissible uncertainty on z2). As in Example 5.4,
let 79 = (10,2)T, 21 = (6.065, —4.44)T. Theorem 5.3 defines regions in R? that specify the
nature of the equilibrium based on the location of the last data point xo. The boundaries of
the regions are shown in Figure 3(a). We select a sample point x5 from each labeled region,
and in each case, we compute various estimates of the maximal permissible uncertainty e
to preserve the corresponding property. We depict each uncertainty by outlining in Figure
3(b) the square-shaped sets c(zg, €), c(z1,€), and c(x2, €) in the phase plane R?, which can be
interpreted as follows: Given any %o € c(xo,€), 1 € c(x1,€), and T € c(x9,€), the matrix A
that yields the data d = (Zo,Z1,Z2) has the appropriate property. Table 1 summarizes the
location of 9, the property being preserved, and the best estimate of € in each case. As can
be seen in Figure 3, it appears that the proximity of x5 to the boundary of the region in which
the desired property holds impacts the size of the resulting e.
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Figure 4. (a) Numerical estimates €y = ésn (red) and €s (cyan) for data depicted. (b) Stable node trajectory
(red) that passes through the data d at equally spaced time points, and stable spiral trajectory (blue) through
perturbed data d = (zo,21, (3.1, —4.3)T), where d € C(d, &) but d ¢ C(d, &).

Ezample 5.6 (dependence of maximal permissible uncertainty on the choice of solution prop-

erty). Consider the data set d with xo,z; as in Examples 5.4 and 5.5 and with fixed xo =
(3.6, —4.3)T, corresponding to a dynamical system with a stable node at the origin. The
maximal permissible uncertainty of the data depends on which property we require to be pre-
served. In this case we can choose among uniqueness, the stable node property, and stability.
If we want to guarantee a unique solution to the inverse problem, we find that é; = 0.072.
This is quite small due to the proximity of zs to the border of the stable spiral region where
A is nonunique, as seen in Figure 4(a). Note that c¢(x, €y) does not extend all the way out
to the boundary of the stable spiral region, because these boundary lines are derived with
xo and z1 fixed, but we allow uncertainty in all three data points. For preservation of the
stable node property, we observe that in this case €y = €y; however, this relation does not
hold universally. It would not be true, for example, if xo were located within the stable node
region but closer to the saddle region where A is unique. If we want to ensure that the data
lie on a trajectory that converges to the origin (i.e., preserve the stability of the system), we
find that the maximal permissible uncertainty is é; = 0.647, which is significantly larger than
€y. Thus we can guarantee stability for larger uncertainty in the data than what is needed to
preserve the uniqueness of solutions. Figure 4(a) depicts the data in the phase plane and the
numerically computed maximal permissible uncertainties for the uniqueness, stable node, and
stability properties. Within the set C'(d, €), any choice of data will lie on a stable trajectory;
however, the uniqueness of the inverse problem may not be preserved. In Figure 4(b) we
illustrate two different data sets contained in C(d, &): one data set on a stable node trajec-
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tory (red), corresponding to a unique A, and a second data set belonging to a stable spiral
trajectory (blue), where A is not unique.

6. Application to a model of gene regulation. Holter et al. [12] use linear dynamical
models to describe the time evolution of gene expression levels in various biological systems.
They first deduce characteristic modes of the gene expression data using the singular value
decomposition and then derive a discrete time transition matrix to model the time evolution of
the system. One system they present describes the dynamics of six groups of genes involved in
sporulation. The original measurements of expression levels of 1116 genes, collected in irregu-
lar intervals over a period of 12 hours, were ordered to obtain similar expression patterns and
divided into six groups to reflect the time of first induction or repression [7]. The translation
matrix N reported in [12] describes the transition between levels C(t) and C(t + At), where
At = 1.

For the purpose of illustrating the implications of our results on the interpretation of
the sporulation model of Holter et al. [12], we have transformed the irregularly spaced data
into equally spaced data (with an interval of 2 hours) and performed uncertainty analysis.
The transformed data are shown in Figure 5, and the trajectories of the model are shown in
Figure 6, upper left panel (unstable spiral).

Normalized expression level

4L . . . . . .
0 2 4 6 8 10 12

t (hrs)

Figure 5. Data for the sporulation gene dynamics model of [12]. Error bars indicate the upper bound on
mazimum permissible uncertainty for spiral behavior. Data points are connected by dotted lines to guide the eye.

The matrix A corresponding to the dynamical system has eigenvalues —0.1840 + 0.51174,
0.0500 + 0.4420¢, 0.0264 + 0.1954¢ and hence has a four-dimensional unstable manifold with
spiral dynamics and a two-dimensional stable manifold with spiral dynamics. We have used
the methods presented in this work to characterize the maximum permissible uncertainty that
preserves either the unstable spiral behavior of the model, the spiral property of the model,
or the existence of the inverse, labeled as €yysp, €sr, O €5, respectively. The results are shown
in Table 2. The upper bound estimates are not sharp since they have not been optimized over
all possible choices of 3.
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Figure 6. Trajectories of models obtained by perturbing the last data point of the sporulation gene dynamics
model and computing the corresponding parameter matriz A. The five unperturbed data points (identical in each
panel) are marked with circles. The perturbed data point is labeled with a star; these points differ across panels
and lead to different properties of the inverse problem solution, including nonexistence of a real parameter
matriz for the data in the lower right panel. Within each panel, each color represents a different variable
of the system, while the same variables share the same color across panels. See the supplemental material
(M106246_supplement.pdf [local/web 3.70MB]) for an expanded view of the trajectories.

Table 2
Best estimates of ex for sporulation model.

Property (X) Unstable spiral (UnSp)  Spiral (Sp)  Existence (E)
€x numerical estimate 9.5 x 107* 0.0017 0.0015
€x by Theorem 4.1 2.52 x 107° 1.53x107* 131 x10°*
ex by (4.7) 0.0037 0.0301 0.0111
ex by (4.9) 0.0145 0.0654 0.0329

The uncertainty ey, is, not surprisingly, rather small, since the unstable eigenvalues of A
are close to zero, and any perturbation of the data that results in those eigenvalues crossing
the imaginary axis will stabilize the system. Surprisingly, €s. is also small, as indicated by
the error bars in Figure 5. Once the upper bound is reached, there exist data for which the
corresponding matrix has eigenvalues with positive real part and no imaginary component.
Finally, ez appears to be larger than ey, but potentially smaller than eg,, which indicates that
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the loss of existence of a real inverse can be induced by a smaller perturbation than can the loss
of oscillatory behavior. The effects of selected perturbations of the data on the trajectory of
the system can be seen in Figure 6. Note that when the equilibrium is a stable node, although
the trajectories appear to diverge, they do approach 0 after an excursion to no more than
350 on the vertical axis (see Figure 3.1 of the supplemental material M106246_supplement.pdf
[local/web 3.70MB]).

7. Remark on nonuniform spacing of data. In the results presented so far we have
assumed that the data available about the system (2.1) are spaced uniformly in time, i.e.,
that d contains the data points xg, 1, z2,...,z, € R", where z; = z(j; A,b) = eA7p. In this
section we shall make a few remarks on how the results can be extended to the case in which
data are spaced nonuniformly, with the restriction that the sampling times are still integer
multiples of some At, assumed without loss of generality to be equal to 1. Such situations
occur frequently for medical data, which are usually collected more frequently during the early
course of a disease and less frequently during recovery.

The following lemma relates the eigenvalues of ® = e to the data d = (Zjo, Tjyr Tjnys - -y T, )-

Lemma 7.1. Assume that for i = 0,...,n, x; = ®Jib, where j; are integers such that
0=jo<ji1<-<jn Let Xo=[zj]|... |25, ,], and assume that Xy is invertible and ® is
nonsingular. Let y = Xo_lxjn be a vector with entries y1,¥yo,...,yn. Then X\ is an eigenvalue

of ® only if \ is a root of the polynomial
(7.1) Ny Mn=l g NI gy = 0.

Proof. Since y = Xo_l;rjn, it follows that x;, = Xoy, i.e.,

n—1
(7.2) OInb = 3 Y1 DD,
=0

The assumption that Xy is invertible is equivalent to the statement that the vectors {z;; ?:_01

are not confined to a proper subspace of R", and hence, if z;, = PJib = eib, b is not confined
to a proper ®-invariant subspace of R™. Thus b, when decomposed in the basis of ordinary
and generalized eigenvectors of ®, has a nonzero component along the ordinary or generalized
eigenvector for every eigenvalue of ®. Let v be the eigenvector corresponding to the eigenvalue
A of @. If b has a nonzero component along v, then (7.2) implies that

n—1

Ny = Z Yiri N,
i=0

which proves the statement. If the component of b along v is zero, but b has a nonzero
component along u such that (A — AI)*~1u # 0 and (A — AI)*u = 0, then (7.2) implies that

n—1
NInthy, = Z Yir1 N,
i=0
which for nonzero A reduces to the previous case. |
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Lemma 7.1 can be employed in solving the inverse problem as follows: First, the vector y
is computed from the data d = (zj,, zj,, Zj,, - .., Zj,). Second, all roots of the polynomial (7.1)
are found using numerical techniques. Third, a combination of n distinct roots is chosen from
the collection of roots. Fourth, the companion matrix ® of @ is formed from the chosen roots,
and a set of vectors z;,,7 = 0,1,...,n—11is computed by taking zy = e; and zj, , = @ji“_jl’zﬁ.
Finally, the matrix @ is found as ® = P~'®P, where P is the (unique) n X n matrix such
that Pz, = zj, fori=0,1,...,n— 1.

The procedure outlined above can find any matrix ® that is robust, in the sense of Corol-
laries (3.1)—(3.3). The condition that Xy be invertible (i.e., b not be confined to a proper
d-invariant subspace) is essential for identifiability of A, as we have already observed in [17]
for the special case of j; = ¢. If the indices j; differ by more than 1, then the polynomial (7.1)
has more roots than the matrix ® has eigenvalues. Arbitrary combinations of such roots will
lead to different alternative matrices ® and hence to nonuniqueness of solutions of the inverse
problem. By an appropriate choice of the roots that make up the eigenvalues of ®, one may
be able to control the properties of the matrix ® and, in turn, the existence, uniqueness, and
stability properties of the parameter matrix A of the system (2.1).

8. Remark on data size. Since in this paper we are primarily concerned with the invert-
ibility of the solution map, we have naturally assumed that the parameter and data spaces
are of the same dimension. This is a limitation from a practical point of view since in realistic
scenarios the relation between the number of parameters and the size of the data may not be
under control. We will briefly address here three such scenarios.

Scenario 1: If the number of time points at which data are collected is smaller than
n+ 1, then dim(D) < dim(P), and it is clear that the parameter matrix cannot be completely
determined from the data. Surprisingly, just one missing time point results in a complete
loss of information about the eigenvalues of the solution matrix ®. This follows from the
companion formulation ® = Xy 1 X, introduced in section 4.2. Since ® is determined by the
eigenvalues of @, for any choice of such eigenvalues, i.e., for any choice of ®, there exists z,
such that the data set d = (xg,z1,22,...,xy,) is compatible with &, namely z, = Xoy. In
other words, the knowledge of Xy, i.e., the knowledge of the first n data points xg, x1,...,Tp—1
for an n-dimensional linear dynamical system, does not provide any information about the
eigenvalues of that system. Thus, we cannot deduce from just n or fewer data points whether
the observed n-dimensional linear system is stable or unstable, whether its fixed point is
a node or spiral or saddle, or even whether the data are generated by a system with a real
parameter matrix. Figure 6 illustrates this point by showing trajectories of a linear dynamical
system (2.1) from Holter et al. [12] that all share an identical matrix Xy but differ widely in
dynamical properties. The same observation can be made about similar cases in which any
one of the n + 1 data points xg, x1, x2, ..., X, iS missing.

Scenario 2: If the data is collected at m > n + 1 equally spaced time points, say t =
0,1,2,...,m, but not all the variables are observed, then one can also encounter situations
with dim(D) # dim(P). In this case one may be able recover from the data the eigenvalues
of the matrix ®, but not the trajectories of the unobserved variables. To this end, note that,
just like above, x, = Xoy = [zo|z1]...|zn—1]y and hence the data obey for any j and any
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variable ¢ the linear difference equation

(8.1) (Tj4n)i = Yn(@jon—1)i + - +y2(xjr1)i + yr(x))i

Furthermore, recall that the kth data point is related to the initial condition as z; = ®Fb,
and suppose further that ® is diagonalizable with distinct eigenvalues, ® = SAS~!, where
the eigenvectors s; are scaled so that b = Zj sj (we here implicitly assume that the initial
condition has components along every eigenvector, and hence the system is identifiable from
the full trajectory). Then, for all i, (zx); = 2] j(sj)i)\?. Standard techniques for solving linear
difference equations imply that by collecting 2n + 1 consecutive data (x¢), . .., (xan); for any
single variable 4, one can recover the entries of the vector y from which one can find the
eigenvalues A1, ..., A, and, subsequently, solve for (s1);,...,(sn)i. If data for other variables
are known, then more entries of the matrix S can be recovered. Incidentally, one can use (8.1)
to predict the future trajectory of the ith variable without the knowledge of the behavior of
any other variables.

Scenario 3: If the data are collected at m > n + 1 time points, say t = 0,1,2,...,m, and
all variables are observed, then dim(D) > dim(P). If all of the data lie on a single trajectory,
then one can use any collection of consecutive n + 1 data points to recover ¢ and subsequently
A. If the data do not all lie on a single trajectory, possibly due to a measurement error,
then the equation [z1|xa|...|zm] = ®[xo|x1|...|Tm—1] is not satisfied. The usual approach
is then to find ® and b that “best” represent the available data. There are many ways to do
this, depending on the information one has about the measurement error: (i) Find ® that
minimizes | X; — ®Xy| for some norm of choice; (ii) find y that minimizes |x;4, — X;y|; (iii)
find ®,b that minimize Y, |z — ®*b|, /D [lzx — PF|2, or maxy, |z — ®*b||; or (iv) define
¢ as the average of ®; = j+1X;1. For example, the quantity || X; — ®Xy||r (where || - |#

denotes the Frobenius norm) is minimized by ® = X; X, where X denotes the Moore-
Penrose pseudoinverse of the matrix Xo [14, 4, 15]. The study of the uncertainty of inverse
problem solutions in this case requires a separate treatment in which all methods described
above would be analyzed and compared.

9. Discussion. We have analyzed the inverse problem for linear dynamical systems, i.e.,
the problem of finding the value of the parameter matrix for which a linear system generates
a given discrete data set consisting of points equally spaced in time on a single trajectory.
Our results establish regions in data space that give solutions with particular properties, such
as uniqueness or stability, and give bounds on the maximal allowable uncertainty in the data
set that can be tolerated while maintaining these characteristics.

Three types of bounds on uncertainties are presented: analytical lower bounds, below
which properties are guaranteed to hold for all perturbations of data; analytical upper bounds,
which provide proven perturbations of data for which properties are guaranteed to be lost; and
numerical bounds, derived from direct sampling of data points. Our results indicate that the
upper bounds, when optimized over all potential eigenvalues, provide excellent agreement with
the numerical estimates. The numerical methods are hypothetically applicable to systems of
arbitrary size; however, the combinatorial problem of pairing together all possible data points
along grid points can pose a challenge as the dimension of the system increases. Similarly,
the computation of the analytical upper bound (via (4.7) or (4.9)) requires optimization that
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becomes computationally expensive for larger systems. Although the analytical lower bound
significantly underestimates the maximal permissible uncertainty, it provides a bound that
is immediately accessible for systems of higher dimension, without increased computation.
Since we focused on the derivation of these bounds, the question of how these bounds scale
with system size remains open for future investigation. Furthermore, in this work, we have
considered only random perturbations of the data matrix ®. Due to the special construction
of the matrix ®, it may be possible to improve the analytical lower bound by considering
structured matrix perturbations. Many results have been established concerning the bounds
on eigenvalues for structured perturbations of matrices [13, 11] that may prove useful in this
effort.

This paper can be considered as an extension of our earlier work on identifiability of linear
and linear-in-parameters dynamical systems from a single trajectory [17]. In that study, we
assumed that a trajectory, or a collection of data representing the trajectory, of a dynamical
model was given and asked whether there was a unique choice of parameter matrix for which
that model could generate the given data. We showed that for a linear initial value problem
with coefficient matrix A and initial condition b, uniqueness requires that {b, Ab,..., A"~1b}
are linearly independent, and this condition can be translated into a condition on the geometric
structure of the observed trajectory. For linear-in-parameters systems & = Af(z) we found a
similar geometrical condition that guarantees identifiability of A.

A variety of earlier works considered identification of linear systems or parameter matrices
from discrete data. Allen and Pruess proposed a method for approximating A in system
(2.1) from a discrete collection of data points [3]. Their approach begins by defining an
approximating function for the data (e.g., a cubic spline approximation), and they use equally
spaced points along this curve to compute a matrix A that approximates the true parameter
matrix A. A key distinction between their work and the initial analysis presented here is
that they use points on an approximation of the trajectory, while we assume that the data
represent exact points on the actual trajectory; their results also do not treat uncertainty in
data.

In other past work, Singer and Spilerman investigated the problem of identifying the
matrix @ in the Markov model P’ = QP, where P and @ are n x n matrices [16]. They
derive conditions for P = €% to have a unique solution. Their results are consistent with
the findings of Culver, but with additional constraints to account for the requirement that
the model be a continuous time Markov structure. They additionally comment on the case
of identifying () from noisy observations and suggest exploring in a neighborhood of P to
detect nonuniqueness of the matrix logarithm through observations on the eigenvalues of the
matrices in this neighborhood.

It is of interest to note that much work has been done in determining the maximal allowable
uncertainty in the parameter matrix A such that the solution to (2.1) remains stable [11]. This
well-known bound is called the stability radius. In our investigation of the inverse problem,
€s has an analogous meaning, but we quantify the uncertainty in the data space rather than
in parameter space.

Our results also include bounds on regions of data space where the inverse problem cannot
be solved. The utility of such results is that they can provide an approach for model rejec-
tion. That is, suppose we have a data set d acquired from measurements of some physical
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phenomenon that we believe can be modeled with a linear system of differential equations.
Perhaps it is known that the measurement error for any data point z; is approximately given
by e. If we find that there is no real matrix A that yields the collected data d and further find
that epng > €, then we can conclude with certainty that the data cannot come from a system
that can be modeled with a linear system of differential equations, and thus we can reject the
linear model.

Our work is also related to the important problem of determining identifiability in pa-
rameter estimation, which seeks a way to explicitly define sets in parameter space on which
a model is identifiable. The connection to identifiability is apparent if we consider the set
in parameter space defined by F~'(C(d,ey)). On this set we have that F~1(dy) # F~'(dg)
implies d; # dg € C(d, €y), which is to say that two distinct parameter sets must yield distinct
data. So, F~1(C(d, ey)) defines a set in parameter space on which the model is identifiable.
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