Theory of the influence of end conditions on self-contact in DNA loops
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Explicit solutions of the equations of Kirchhoff's theory of elastic rods are employed to derive
properties of the tertiary structure of a looped segment of DNA that is subject to geometric
constraints imposed at its end points by bound proteins. In appropriate circumstances small changes
in such boundary data cause a nearly planar loop to undergo a continuous and reversible transition
that can be described as a 180° rotation taking the loop from an uncrossed to a singly crossed
structure in which sequentially separated base pairs are brought into proximity. Expressions are
derived relating points and angles of crossing to end conditions, and results are presented that
facilitate the calculation of changes in elastic energy during such transitions998 American
Institute of Physics.

I. INTRODUCTION t(L/2), have the same angle of inclination from and that
We are concerned here with the tertiary structure of du_angle,,B, is small, but not necessarily zero. Small changes in

plex DNA for cases in which a protein or a protein aggregatethe distance between the end pointsgfor in the spherical

is bound to two sites of a DNA molecule in such a way thatcoordinates that determirté—L/2) andt(L/2), can result in

the otherwise free DNA segment between the points of Conl_arge changes i_n the_ equilibri’um t_ertiary s_tructure of the
tact with the protein forms a loop. Continuing the investiga-D'\IfA‘lfegment with afx:jal iurvé&.\jiarhcularly in the cahse zf
tion of a recent papérreferred to agl), we treat the looped a nicke segme.nt_o uplex 1€, a segment that does
DNA segment as an homogeneous inextensible elastic bodﬁpt support a twisting moment because one of its two strands
obeying the rod theory of Kirchhoff;® and we examine the has been severed, this change can take the form of a smooth
nature of the dependence of its equilibrium tertiary structuré®nd reversible transition from the uncrossed axial curve la-
on geometric conditions imposed at its end points. Thes8€€d $in Fig. 1 to the crossed axial curve there labelgd S
conditions are of a strong anchoring type in which both IOO_In (I) it was observed that the theory of such transitions

sition and orientation in space are specified for the base paif'99ests mechanisms for the activity of the topoisomerase,
at the ends of the segment. DNA gyrase. In the present paper we treat in a quantitative

Much is yet to be learned about the structures and mode¥ay the fact that in the transition-SS, sequentially distant
of action of proteins that are known to bind to and inducedroups of base pairs are brought together at the point of
deformations in DNA. Among the protein aggregates thacrossing seen in\5 We show below that, in the limit of
appear to impose end conditions of the type discussed hefdanar configurations, i.e., in the limit in whighis zero, one
are (i) those about which wrap lengths of DNA containing can calculate the dependence of the arc-length coordinates of
over 100 base pairs, such as the type Il topoisomerase, DN{Re sites that are brought into contact at the point of crossing,
gyrase®’ and the histone octam&F*? and (ii) those formed and the angley of contact, on the geometric conditions im-
when protein molecules bound to two distant sites of a DNAPosed where the DNA molecule departs from its region of
molecule come together to form a dimer, as is the case fogontact with protein. We examine this dependence in detail,
several multipartite regulatory systethigor control of gene for it is hoped that a quantitative understanding of it will aid
expression that are accompanied by DNA loopisee, e.g., in the construction of models for action at a distance in the
recent paperé!®on thelac repressor—operator complex regulation of gene expression during transcription.

In each configuration the points on the axis of the rod  After giving in Sec. Il a brief summary of our approach
representing the segment of double stranded DNA form &0 the attainment of explicit solutions in the theory of the
curve # which is described by giving the radial vector elastic-rod model for equilibrium tertiary structures of DNA
from an originO to a point onZ” as a function of arc-length segments, we present, in Sec. Ill, an apparently new, and
s. The point at whicks=0 is taken to be the midpoint ¢f, strikingly simple, expression for the dependence of the total
and thus—L/2 andL/2, with L the length of%, are the elastic energy of a rod at equilibrium on integration constants
values ofs at the end points of2, which identify the two that are related to the end conditions. In subsequent sections
places where the otherwise free DNA segment is in contadhe expression is employed to study the energetics of transi-
with the protein structure. The conditions imposed at the endions between crossed and uncrossed configurations. A
points are such that not only the radial vectafs;L/2) and  method of obtaining the integration constants from end con-
r(L/2), but also the unit vectors tangent # at its end ditions is described in Secs. IV and V and there applied to
points,t(—L/2) andt(L/2), are specified. calculate shapes and energies of twist-free but nonplanar

Let 7 be the plane in space containing the end pointsonfigurations.
and midpoint ofZ". In the present paper emphasis is laid on In Sec. VI we present a way of treating planar configu-
cases in which the tangents at the end poititsL/2) and rations as limits of three-dimensional configurations for

J. Ghehi LSy 193-F M2 Navembers 199503 - ReAR2 -G0S/ ROYIANLABE,00- or-co R AFR0-Americany Ipsiituls of isigs per j 0L



9102 Coleman, Tobias, and Swigon: Self-contact in DNA loops

where M’'=dM/ds, andt is the unit tangent vectot=r".
Kirchhoff's constitutive equation for rods that are naturally
straight here reduces to the following relation betwéén
and the twist densit{):

SI SII SHI S SV

M=A(tXt')+C(Q—Q)t. 2

The coefficient of flexural rigidityA, and the coefficient of
torsional rigidity, C, are constantsf), is the twist density
characteristic of torsionally relaxed DNA. It follows from
Egs. (1) and (2) thatM -t and () are independent of. For
duplex DNA that has been nicked, or, more generally, for a
polymer molecule that cannot support a twisting moment,
one may employ Eq.2) with Q=Q,, in which case

=A(txt’).
FIG. 1. Calculated axial curveg for stable (S ,...,§,) and unstable M A(t t) .
(U ,...,4,) equilibrium configurations of a nicked segment of DNA of fixed It follows from Eq. (2) that the equation of balance of

lengthL with »=0.025,8=2° and values oft given in Table I. The viewis ~moments(1) has a first integral that, upon a suitable choice

along a line perpendicular to the plamécontaining the end points= +L/2 of the origin 0, can be written in the form,
and the midpoins=0 of #.

U, U Uy U U,

A(r'xr")+C(Q—Qy)r'=Fxr+\F, (©)]

which the tangent vectors at the end points and the vectorhere) is a constant of integration with the dimension of
connecting the end points approach vectors that lie in a cordength. A useful Cartesian coordinate system is that with ori-
mon plane. We there derive the expressions relating points @in O and natural basisj,k, such that in the expression,
crossing and angles of contact to parameters obtained from(s) =x(s)i+y(s)j +z(s)k, the unit vectork is parallel to
the end conditions. As one would expect, as the limit ofthe (spatially constantvectorF. The corresponding cylindri-
coplanarity of boundary conditions is approached, transitionsal coordinatesp,¢,z, with

from crossed to uncrossed configurations become more

abrupt. In the course of our examination of the energetics of X=p C0S¢, y=p sin ¢, (4)

the transitions for that limit, we derive an easily applied rule

that determines, for nicked segments with the ratiof the
distance between the endpoints ©fto the lengthL of #
less than 0.1, whether a stable equilibrium configuration i
crossed or uncrossed.

form a coordinate system introduced by Landau and
Lifshitz'® and employed ir(l). In this coordinate system the
Lonstraint of inextensibility becomes

(p')?=1-u(¢")’=(z')? ®)

whereu=p?%
From this point on, unless stated otherwise, we shall use
In the present theory a segment of DNA is treated as a/2A/F, with F=|F|, as the unit of length, but we shall keep
rod with cross sections that in a stress-free reference configtike unit of force the saméThis change affects the values of
ration are congruent and such that the two principal momentk, s, r, M, Q, Q,, \, X, y, z, p, andu, but not ofF, A, and
of inertia of each cross section are equal. It is assumed th&t.) In the new system of units, E43) simplifies to
the elastic response of the rod corresponds to that of a ma-
terial with a symmetry group implying transverse isotropy  tXt'+Tt=2[(kxr)+\K], (6)
about the rod axis. It is further assumed, for simplicity, that
the rod is materially homogeneous and is “naturally Where
straight” in the sense that in its stress-free reference configu-
ration the axial curvez is an interval of a straight line. We T=(C/IA(Q-9Q,), @)

use Kirchhoff's theory of inextensible rods,which yields is a dimensionless number, called giiéective twist density

field gquatlons complete to flrst-qrder in an appropriate d|-t at is here independent ef In (1) it is shown that Eq(6)
mensionless measure of thickness, curvature, an

. implies the relations,
extensiorf"® P

Let F(s) be the resultant of the internal contact forces

II. EQUILIBRIUM CONFIGURATIONS

zZ'=a—u, 8
acting on the cross section of the rod characterized by arc- ®
length coordinates and M(s) the net moment of those T
forces. For a rod subject to no external forces or moments ¢'=u"1 E—)\(a—u) , 9
except at its end points, the general equations of mechanical
equilibrium reduce to the assertions tikais independent of ,

s and that u’'==2yP(u), (10
M’ =Fxt, 1) in which a is another constant of integration and
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Pa(u)=—|ud+(A\?—2a)u’+(a’—2ar?+TrA—1)u
T 2
+ E—ak (11
We write
P3(u)=(u—uy)(u—up)(uz—u), 12

and number the roots; of the cubic polynomiaP3(u) so

9103
d=2L2 a+>\2—g+E é—1 T? (19
4\cC ’
1
Pg=2L2 a+)\2—§—z TZ), (20)
1
Pr=3 (AIC)(LT)2. (21)

Of course, although the values @, &, and® depend on

that u;<u,<us. These roots are determined by the triplet the state of the rod, the units in which they are measured do

(\a,T). As the constant term-[(T/2)—a\]? in Pg(u) is
not positive and equals,u,u;, we haveu,;=<0. For large
u, P3(u) is negative. Asu=p? and Eq.(10) requires that
P5(u) be not negative on solutions of E€L), for each so-
lution the constant&,a, T must be such thatu,<u,, and
the range ol is contained in the interval,<u<us;.

Equation(6) yields the following relatioh between the
radial coordinatep(s) and the curvature(s) of %

K2+ T2=4(p*+\?). (13

lll. ELASTIC ENERGY

In our discussion of the dependence of the elastic energy
of a rod on its state, for quantities that have the dimension O{W
length or reciprocal length we shall continue to write

s,L,z,k,(, etc., when the unit of length i§2A/F, but we

not.

For rods subject to geometric end conditions, the bound-
ary data consist of;, the ratio of the distance in space be-
tween the end points ¢f” to the length of7,

n=|r(-=L/2)—r(L/2)|/L, (22)

and three angular coordinates that specify the orientation of
the tangent vectorsat the end points of". To describe the
latter, one can introduce a unit vecterdefined so that it
points from the end point of” wheres=L/2 to that where
s=-1L/2,

r(—L/2)—r(L/2)

YTIr(=L2)=r(Li2) 23
e note thatr enters the equation
{=—nr-k (24

shall employ superposed bars, assinL, etc., when these relating » to the quantity/ in the expressions fob and®g .)

quantities are measured in conventioralg., S) units.
WhereasL is the true length of the rod,=L+F/2A de-

The anglesq, , a_, betweenw and the tangentgL/2) and
t(—L/2) are given by

pends on the state of the rod, and is defined only for states in

which F is independent o§, as is the case at equilibrium.

cosa.=vw-t(=L/2),

(25

Let ¥ be the total elastic energy in conventional units ofand the dihedral anglg between the plane containing vec-
a rod of lengthL. In the present theory, whether or not the torst(—L/2) and» and the plane containinglL/2) and v is

rod is at equilibrium,

\I’:\I’B‘F\I’T, (14)
whereWy is the total bending energy,
1 U2
\I’B=—Af _ Kds, (15)
2 J-u2
and V5 the total twist energy,
1 vz
2 U2

We definedg, &1, and® by

Pg=LVg/A, Or=LV /A, O=Dg+D=LV/A.
(17

We now consider equilibrium states, and we wijtéor

defined by the relations
[t(L/2)Xt(—L/2)]-»

[pXt(L/2)||vXxt(—L/2)|’
_[t(L/2)Xw]-[vXt(—L/2)]

K Toxt(Li2)[pxt(—Li2)]

sin u=

(26)

cos

IV. EXACT SOLUTIONS FOR SYMMETRIC END
CONDITIONS

We here treat cases in which the end conditions are sym-
metric in the sense that the angle betweendt is the same
at each end of the rod,

(27)

When this symmetry holds, the curvature@®fand the coor-
dinatep(s) have extrema at the midpoint &f, i.e., ats=0.

a,=a_=a.

the unit-free quantity defined as the ratio of the difference inin each of the examples given in this paper these extrema are
z-coordinates of the end points of the rod to the length of thenaximum values. Let” be the straight line determined by

rod,

{=[z(L/2)—z(—L/2)]/L. (19

the midpoint ofZ” and the midpoint of the straight line seg-
ment connecting the ends &f. Equation(27) implies that”
intersects thez-axis and is perpendicular to both and k.

By using Egs(8) and(13), one can derive, after some alge- The origin O can be chosen so that it coincides with the
bra, the following expressions for the elastic energy at equiintersection of/” and thez-axis, and once such a choice is

librium:

made, one can choose theaxis so that it coincides with'.
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TABLE I. Properties of axial curves for nicked DNA.

Coleman, Tobias, and Swigon: Self-contact in DNA loops

Figure 1:9=0.025,3=2°

AX1073

L/2

@ a [} cosy
S 80.0° -3.621 0.442 15 2.0438 15.604 —0.990 83
S 94.5° —22.602 0.459 06 2.2014 17.933 —0.100 95
S 94.7° —22.758 0.462 01 2.2003 17.937 —0.005 49
Sv 94.9° —22.710 0.464 97 2.1989 17.937 0.089 99
S, 109.4° —3.940 0.516 23 2.0167 15.992 0.990 25
u, 80.0° 2.560 0.498 82 2.4016 21.875 0.990 65
U, 94.5° 21.543 0.464 79 2.250 6 18.782 0.087 71
Un 94.7° 21.589 0.461 73 2.2518 18.783 -0.016 18
Uy 94.9° 21.395 0.458 71 2.2532 18.788 —-0.119 62
Uy 109.4° 2.480 0.44875 2.4235 22.249 —0.990 87
Figure 4:=0.025,3=0°

a N a L/2 [} cosvy
A, 94.692° 0 0.432 66 2.2392 18.358 -1
A, 94.692° 0 0.492 88 22146 18.358 1

Figure 4:=0.383 38,3=0°

a N a L/2 [} cosvy
B, 170.970° 0 0.091 82 2.6045 25.787 -1
B, 170.970° 0 1.000 00 2.286 4 25.787 1
We chooseO and thex-axis in this manner and note that ” de
thent(L/2)-(wXi)=t(—L/2)-(vXi). The angleB, defined by II(n; | m)=f - - , (39

_ . _ _ 0 (1—n sir w)y1—m sir o
B=arcsint(L/2)-(vXi)]=arcsift(—L/2)- (vXi)],
28 v .
_ . _ ' (28) E(y] m)=J (1—m sir? 0)?dw. (35)
and introduced ir(l), will be employed here in place qf, 0
for when Eq.(27) holds g measures the inclination tb(L/Z) Equation(33) can be written,
and t(—L/2) from the plane7’ in space that contains the
points with radial vectors(—L/2), r(L/2), andr(0). Thus _ F(g|m) Flm) Jeﬁ dw 36
; S=F——, m) = _

boundary data for the problems we treat are described by a lUs—u, o VI—msir o

triplet (n,a,8). [If Eg. (27) were not assumed, a natural de-

scription of the boundary data would be given by the listEquations (29),(30),(31) for the cylindrical coordinates

(77,a'+ o ,M)]

The symmetry conditiori27) and our choice oD and
the x-axis imply that for sufficiently small values @ and
for values of o near enough to 90°3/u is approximately
—1/2. They also imply that, as functions sf x is an even
function, andy andz are odd functions.

When Eq.(27) holds, Eqs(8)—(12) yield the following
expressionsfor ¢ in the coordinate system,¢,z:

p?=U=Uz— (Uz— U,)SIP(S\Uz—Uy), (29
[(T/2)—\a]II(n;¢|m)
=\s+ , (30
¢ Uzyuz—Ug
z=(a—uy)s— yuz—u E(¢|m); (3D
here
m=(Uz—Uz)/(Uz3—Uy), N=(Uz—Uy)/us, (32

sh is a Jacobi elliptic function with parameter given by
(32),

Y=arcsin(sn(syuz—uy)), (33

andII and E are elliptic integraléve use a notation close to
that of Ref. 17,

p(s),#(s),z(s) yield, by Eqgs.(4), explicit formulas for the
Cartesian coordinateqs),y(s),z(s).
The relationg13) and (29) yield an explicit formula for
2
K(9),

k?=4[N?+uz— (uz—Uuy)sri(syuz—uy)]-T% (37

[See Eq.(4.10 of Ref. 5 for the generalization of this ex-
pression to traveling waves; for such waves, as for equilib-
rium states, ¥ and p?> are affine functions of

Sre(syuz—Uy).]

V. NICKED DNA

Consider now a finite segment of duplex DNA which has
had one of its two strands nicked in at least one place, which
in the present theory means that the constitutive relgi@pn
is replaced by the two equations

Q=0,, M=A(txt"), (39)

and hence that the effective twist denshtyn Egs.(9), (11),

and (13) is zero. The end conditions are assumed such that
the symmetry conditiori27) holds and that the numbeng

a, and B are specified. Here, as in Sec. IV, we choose the
x-axis to be perpendicular tg and, likew, to lie in the plane
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2’ determined by the points of” at s=0, —L/2, and+L/2. 04
We recall thaty is a dimensionless measure of the separation | /A
of the end points o and thatx is the angle that the tangent Ve
at each end point of” makes withy; 3 is the(signed angle 221 //
of inclination of both such tangents from the plane Here /’
we takeB to be nonzero(WhenT=0, if B is set equal to g 204 . /’
zero, all of # will lie in the planeZ’. This case is discussed S A
in Sec. VI, where we present a way of obtaining planar con- 8. 7
figurations as limiting cases of configurations of nicked DNA
with 8#0.)

To verify that a pair of integration constanfs,a) is 161
compatible with a triplef#,«,8), i.e., yields an axial curvé” . . . .
with 80 90 100 110

[r(=L/2)=r(L/2)|/L=1p, (39

v t(LI2)=p-t(~LI2)=cosa, (40) e B

A
t(L/2)- (wXi)=t(—L/2)-(vXi)=sin B, (41 0.5
— 1

one must know alsh = L+/F/2A. Thus forT=0 the problem > ‘
of finding an equilibrium configuration consistent with given 8 0.0 !
end conditions is one of finding a tripléx,a,L) for which \‘
Egs.(39)—(41) hold for the specifiedn,a,B8). To evaluate the 05 \
left-hand sides of Eq$39)—(41) for a triplet(\,a,L), it suf- \\\
fices to know the Cartesian componentsroandt=r’ at 1.0 : : IR ——
s=*L/2; to calculate these components, we compute the 80 90 100 110

rootsu; of P in Egs.(11) and(12) with T=0 and obtairx,
y, and z at s=*L/2 from Egs.(4) and (29—(31); z’ is

obtained from Eq(8); x" andy’ are obtained from the rela- g (A) Elastic energyd vs a (in degrees for »=0.025; —, stable

tions
' u’
X'=5 0 X— @Y, Y =5yt o'
in which ¢’ is as in Eq.(9) and, by Eq.(29),
u’'=-—2(uz—Uu,)yuz—uy srt cnt dnt,
with tzsm.

configurations; ———, unstable configurations. The smooth curves correspond
to |B|=2°; the curves with sharp bends @t94.692° correspond t8=0°,

i.e., to planar loops. Whem=0.025, planar crossed loops are stable for
a>94.692° and planar uncrossed loops are stablerf084.692°.(B) Cal-
culated values of cog as a function ofa for =0.025; —, stable configu-
rations with|8/=2°; ———, unstable configurations witfi|=2°. The heavy

solid step function is the limit for stable configurations |#—0°, i.e.,
corresponds to stable planar loops.

Thus, the mappind\,a,L)—(7,a,8) can be evaluated and to 0°;(B8=0° corresponds to planar configurations dis-
with ease. One can automate the procedure of inverting thisussed beloyv Advantages of working with are (i) ® is

mapping so as to obtaifx,a,L) and henceZ [via Eqgs.(4),
(29—(31)] from the boundary datén,«,B). There are ranges
of the triplet (n,,8) for which the inverse(\,a,L) is not
unique. For small values ¢, there are at least two inverses
(\,a,L) for each triplet(7,a,8). In Table | we list, for
7=0.025, B=2°, and five values ofy, two inverse triplets
(\,a,L) and the corresponding values®fobtained from Eq.

(19), which equation here reduces to
d=Pz=2L%a+r>-9).

Calculated axial curveg” corresponding to the data of Table
| for »=0.025 andB=2° are shown in Fig. 1. The curves
with the smaller values of, and hence of¥’, are labeled
S ,....S/; those with the higher values are labeleg.U,U, .
(When presenting calculated curvés corresponding to
equilibrium configurations with equal values gfbut other

determined, in the present case,(lya,L), and(ii) although

L cannot be calculated when only «, and 3 are given, one
can assert that for a single segment, or for two segments with
equal values oA andL, the larger value of> corresponds to
the larger value ofP.

For a nicked DNA segment subject to strong anchoring
end conditions of the type considered here, of the two equi-
librium configurations we discuss, the one with the lower
value of ¥ is mechanically stable in the sense that it gives a
local minimum to the bending enerdfor the class of non-
equilibrium perturbations obeying the same end condijions
the configuration with the higher value is unstable in the
sense that there are small perturbations ofoft the same
type) that result in a decrease in bending energy. The proof
of this result, as it requires the assembly of a different math-
ematical apparatus from that employed for the calculations

differences, as in the case of Fig. 1, we normalize the scalpresented here, will be given in a subsequent paper. The
of distance so that the curves have equal values of trueesult is mentioned here to explain why, in the present case

length,L.)

Figure ZA) contains graphs ob as a function ofx for
7=0.025 with the magnitude of the angkeset equal to 2°

of a nicked segment with more than one equilibrium configu-
ration obeying specified strong anchoring end conditions, we
take the configuration of lowest elastic energy to be physi-
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cally relevant, call that configuratiostable and those of following: if the curve % is inflexional i.e., is a segment of
higher energyunstable and use label$S and U that are  an elastic curve that has an inflexion point, then
derived from this appellation.
For the boundary datdz,a,B8) for which values of
(\,a,L) are given in Table |, the mapping,a,L)—(n,a,8)  if £ is noninflexional then
has more than two inverseg, but_the ot_her triplets, L) a>1, u;=0, Uy=a—1, Ug=a+1; 47)
correspond to unstable configurations with larger values of
the energyd than those of the configurations we discuss. if Z is intermediate between inflexional and noninflexional,
Let y be the angle that the tangent at the midpointzof and hence is a segment of an “Euler loop,” i.e., an infinite
makes with the line connecting the end pointsZoko that, elastic curve with inflexion points at infinity and only at
by Eq.(23), infinity, then

t(0)-» =cos y. (45) a=1, up=u;=0, uz=2. (48)

Values of y for the configurations drawn in Fig. 1 are given ~ ForT=0, in a limitin which\ becomes zerap equals 0
in Table |, and Fig. 8B) contains graphs of cogvs « cor-  Or m, and, in view of Eqs(29)—(37), (4), and the identity

a.<1, Uj_:a._l, U2=O, U3=a+1; (46)

responding to the energy curves in FigA2 srf+cnf=1,

In a complete sequence of configurations of the type 4
seen in Fig. 1, wherey and 3 are fixed at small values, as 7 k?=Uu=u3z— (Uz—Uy)SIP(syUs—Uy), (49
decreases through an appropriate range of vat(@s;otates
through approximately 180° withits axis of rotation. When x=*[Uy+ (Ug— uz)cnz(s\/H)]l’Z: +p, (50)
a passes a value that is near to 9r » and 8 sufficiently
small), the rotation ot(0) with changes in is rapid. We call y=0, (51

such changes in configuration “180° loop flipgThe inter- _
ested reader will find it not difficult to show that a length of 2~ (3 U1)S™ VUg— Uy E(y|m),
music wire grasped at its ends can be made to undergo such = arcsir(sn(s, Vus—uj)).
“loop flips.” In such experiments with music wire it is found ) o
that the configurations labeled S in Fig. 1 are indeed stabld;€re again the modulus is given by(32). In Eq. (50) the
but those labeled U are not, provided the inability of nickedSi9n Of X is chosen to agree with the sign of
DNA to support a twisting moment is mimicked by permit- CN(SVUz—Uy). _

ting free rotation about the tangent at one or both of the two ~ When 7" is inflexional,u,=0 and Eq.(50) reduces to

(52

points at which the rod is graspgd. x=(a+1)Y2 cn(sv2). (53)
VI. PLANAR CONFIGURATIONS AS LIMITING CAsEs ~ When7"is noninflexional.u;=0 and
— /
We turn now to cases in which end points ®fand the x=*[2 crf(sVa+1)+a—1]""2 (54)

tangent vectorst(—L/2), t(L/2), all lie in the plane”’.  |n the special case in whick is a segment of an Euler loop,
Whether or not the DNA segment is in a nicked state, if it iSEqgs. (50) and (52) reduce to

in equilibrium with zero effective twist density, it can have
torsion-free(i.e., planay configurations compatible with the
prescribed values of(—L/2), r(L/2), t(—L/2), andt(L/2), and
and these can be found by standard methods of the theory of
the elasticqvid., e.g., the treatise of Lov® or by examina- z=s—v2 tank(sv2). (56)

tion of the restriction to finite intervals of results in the When 8=0° with T=0, cosy can be only+1 or —1.
theory of traveling waves of pure flexut2Moreover, it fol-  Thus the graphs seen in Fig(B) become step functions in
lows from a familiar theorem in Kirchhoff’s theory that for the limit where=0°. When|8|=2°, for cosy near to+1 or

an (unnicked homogeneous, naturally straight rod, each pla-—1, as is the case for the configurations S, of Fig. 1,

nar equilibrium configuration that is not triviéle., that does projections on the plang’ are almost indistinguishable from
not have constant curvature and hence is neither circular nahose that correspond to the same values afida and have
straighy must give rise to a zero twisting moment every- 3=0°. In such cases of smd|, we refer to configurations
where, and therefore must be such that the E3f.hold in  of the type §, U, as crossed(or, more preciselysingly

that configuration. Thus, each nontrivial planar configuratiorcrossed and to those of type,SU,, asuncrossedConfigu-

of a DNA segment obeying our theory, whether nicked orrations such as,3S,,,Sy and U, ,U,, .U,y of Fig. 1, i.e.,

not, can be treated as a smig] limit of results given above configurations that are intermediate between crossed and un-

x=*v2 seclisv2) (55

for a nicked segment. crossed configurations, are not planar and do not occur with
It is not difficult to show that in the limit ag—0 with 8=0°.
and« fixed, for a nicked segment the constant force veEtor Since

lies in the plane”, and hence\, as well asT, is zero. Thus,
P5(u) in Eqg. (11) has at most two nonzero roots, and these u(0)=us, (57
have the values+1 anda—1. In the terminology of the and, by Eq.(8), t(0)-k=z'(0)=a—u;, when 8=0° with
classical theory of the elastica, the only possibilities are thd =0, it follows from Eqs.(46)—(48) that
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t(0)-k=—1. (58 i
In this limit of small|g8|, Eq. (24) becomes’= nv-t(0), and
as the tangent at the midpoint of is parallel or antiparallel
to v in accord with whether the configuration is uncrossed or o 10
crossed, the expressioad) for the elastic energy in units of > | Z
A/L here reduces to the remarkably simple assertion that R

3 |
®=2L%(a+7n) for uncrossed?, (593 05
d=2L%(a—7) for singly crossed?. (59b)
0.0 T T T T

The graphs of® vs « for 8=0° seen in Fig. @A) were 0.0 01 0.2 0.3 0.4

computed using these relations. Examples of multiply
crossed planar configurations with=0 and specified values
of » and a can be constructed using known examples OfFIG 3. The criical valuea® of  (in radiang at which 4 and
periodic elastic curvegsuch as those shown in Figs. 2 and 3cros:sea plaerle?rnkl)c;)svﬁ;v?ec;)uatlzeg:-:-rr;y Ie?snaZfﬂunvc\:ltkla(;n ‘O%rgi?s:le:ghouwn_
of Ref. 19, but these have far larger values®fand hence  results obtained by numerical solution of the equatigp=®.. The straight
¥ than the corresponding uncrossed and singly crossed cofie is the linear approximation* =m/2+3.274.
figurations considered here.

In the limit of small|g]|, a(singly) crossed DNA segment
touches itself at points with arc-length coordinages,s_
that are roots of the equations,

we have
z(sy)=1z(s_), X(S4)=X(s-). (60)

, o cog x/2)=2 srf(s,y2/m)—1, (67)
As symmetry of%” about thex-axis implies thats_=—s,
and thatz is an odd function ofs, the numbers, can be andm=2/(a+1). In the special case of the Euler loop, i.e.,
found by looking for the unique solution of the equation  of Eq. (48),

n

In the case in which Eq47) holds and?” is noninflexional,

z(s;4)=0 (62) cog x/2)=1-2 secR(s,v2). (68)
with O§s+<L/2. In view of Egs.(52), this last equation can In the planar case, the mappir,a,L)—(7,a,8) re-
be written duces to &,L)—(7,a) and can be evaluated by using Egs.

a—u.)s. = Ju.—u. E m), (8), (42), (43), (49), (50, and(52) to calculate the left-hand

( )8 3 Uz By [m) 62) sides of Egs(39) and (40). Once this is done, the mapping

¢, =arcsinsn(s, Jyuzs—uy)), (a,L)—(#n,a) can be inverted to obtain, for specified bound-

) L ary data (n,a), two pairs of parameters,a(,L,) and
and hence whe_n the pdin.a) is given one can galculate, _for (ac,L¢), that correspond to uncrossed afsihgly) crossed
the corresponding planar crossed configuration, the dimers, g rations of~. These two configurations for the data
sionless number, (n,) have elastic energies®,=2L2(a,+7) and

r=2s, /L, (63) ®.=2L2(a,— 7), respectively. We have found that for each

. — value of » in an interval of the form &#<n,,, there is a
that equals the fraction of the total lengthof the DNA  cyitical value, a*(7), of a such thatd = ®, for the pair

segment that is contained in the new closed loop formed by,], a*(7)); o* decreases to 90° in the limit of smajl Our
the crossover, ie, the fraction wits in the interval  cajculations give
S_<S<s,, or withs_=ss=<s,

Let us write  for the angle that makes withk. In a 7w=0.4136. (69)
planar crossed configuration obeying our symmetric bound- ) -
ary conditions, the angle between the vectéss) andt(s_), !N view of remarks made in Sec. V about the stability of
called thecrossing angleis configurations with the same end conditidnsa,8) but dif-
ferent values of¥, we can assert that a planar equilibrium
X=0(s4)—0(s_)=26(s.). (64)  configuration of a nicked segment with<G;< 7, is stable if
As cos6=2', Egs.(8), (29), and(33) yield it is uncrossed withy less thana® or if it is crossed witha
greater tham*.
cog x/2)=a—uz+ (ug—Uy)sri(s, Yuz—u;) We have evaluated the dependenceadfon » by nu-
, merically solving the equatio® ,=®, for « at specified
=a—Uz+(Uz—Up)Sir? ¢ . (65)

values of  with 0<5<<#,, . The results are shown as open

In the case in whictt” is inflexional, i.e., in which(46)  circles in Fig. 3. As that figure makes clear, fox§<0.1,
holds, by use of Eq36) and the identity, dft-m srP=1with ~ @*(7) in radians is given to a good approximation by the
m=(a+1)/2, Eq.(65) can be written linear relation

cog x/2)=1-2 dri(s.v2). (66) a* =ml2+3.274,. (70
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Au AC
-
B, B, 00 01 02 03 04
180
150 -
se 1204
FIG. 4. Equal energy planar loops for two pairg * (7)). The values ofy,
o*(7), and other parameters are given in TableJid8a segment of a Euler 90+
loop and hence is given by the E455) and (56).
60+
0.0
Thus, we can assert thdr » less than 0.1, a stable planar n

equilibrium configuration is crossed or uncrossed in accord

with whether the anglea exceeds or is less tham/2 FIG. 5. Upper graph: The fractioh of the total length of a nicked planar
13974 DNA segment contained in a stable closed loop formed by a crossover as a
. 7.

) function of . Lower graph: The crossing angieas a function ofy. In both
Two pairs of crossed and uncrossed equal energy coOrgraphs, on the heavy solid curve=a*(7); a is constant on the dashed

figurations are shown in Fig. 4; forfand A,, »=0.025; for ~ curves labeled,b,c: for a, =110°; forb, «=130°; forc, a=150°.
B, and B., » was chosen to beg, with

7e=0.383 38, (71 It is clear from Fig. 6 that, for each fixed value gfin

the interval 6<zn<<7y , the graph ofP vs cosa has two local
minima. The minimum on the left corresponds to a configu-
ration that is crossed and the other to one that is not. If we
were to replace our strong anchoring end conditions for
nicked segments by end conditions that amount to specifying
only » and leavinga to be free, the stable configurations

the value ofy such that the crossed loop with=a* (7) has
a=1 and hence is a segment of a Euler loop.

Figure 5 contains graphs of the rafig defined in Eq.
(63), and the crossing anglg defined in Eq(64), as func-
tions of %. The calculations are based on E2) and (65)
for crossed planar loops. For this figure the rangenak
0<#n<my - The dashed lines labeled b, andc correspond
to fixed values ofx. Along the heavy solid linex is equal to
a* (7). Whena is chosen to ber*(7), the derivatives ol
and y with respect ton are discontinuous af=7z, and,
whereas the uncrossed loop of an equal energy pair is inflex-
ional for eachz in 0<7<7y, the corresponding crossed 24 |
loop is inflexional forp<<zg and noninflexional forp> 7 .

The curves shown in Fig. 6 are graphsdai/s cosa for
stable planar configurations and were calculated using Egs. & 201 a p
(599 and(59b). The light solid curves labeled, b, andc at :
their apexes correspond, respectively, #6-0.1, =0.05,
and the limit asyp—0; in each case, on the part of the curve
to the left of its apex,Z is crossed, and on the part to the
right, Z is uncrossed. The curwe corresponding to the limit 12
of small 5, is symmetric about cos=0; for in that limit the 10 N T 00 05 10
distinction between crossed and uncrossed configurations
disappears. Ag;—0 with « held fixed, the crossing point of cos a
a singly crossed loop approaches the end pairtsL/2. _ _

The heavy solid curve in Fig. 6 is a graph®fvs cosa FIG. 6. The elastic energ$ vs cosa for sta_ble planar .Ioops. Cin th.e light

. . solid curves labeled,b,c, at their apexesy is constant; foa, »=0.1; for
for values ofy such thaiw=a* (%), i.e., such tha does not

) : ) b, »=0.05; ¢ corresponds to the limit in whicly=0. On the heavy solid
depend on whether the configuration is crossed. curve, 77 is such thate=a* (7).

28
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