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Abstract. Methods are presented for obtaining exact analytical representations of supercoiled equilibrium configurations of impenetrable elastic rods of circular cross-section that have been pretwisted
and closed to form rings, and a discussion is given of applications in the theory of the elastic rod
model for DNA. When, as here, self-contact is taken into account, and the rod is assumed to be
inextensible, intrinsically straight, transversely isotropic, and homogeneous, the important parameters in the theory are the excess link L (a measure of the amount the rod was twisted before its
ends were joined), the ratio ω of the coefficients of torsional and flexural rigidity, and the ratio d of
cross-sectional diameter to the length of the axial curve C. Solutions of the equations of equilibrium
are given for cases in which self-contact occurs at isolated points and along intervals. Bifurcation
diagrams are presented as graphs of L versus the writhe of C and are employed for analysis
of the stability of equilibrium configurations. It is shown that, in addition to primary, secondary,
and tertiary branches that arise by successive bifurcations from the trivial branch made up of configurations for which the axial curve is a circle, there are families of equilibrium configurations
that are isolas in the sense that they are not connected to bifurcation branches by paths of equilibrium configurations compatible with the assumed impenetrability of the rod. Each of the isolas
found to date is connected to a bifurcation branch by a path which, although made up of solutions
of the governing equations, contains regions on which the condition of impenetrability does not
hold.
Mathematics Subject Classifications (2000): 74B20, 74K10, 74G60, 74M15, 92C40, 74G05.
Key words: contact problems for elastic rods, DNA topology.

1. Statement of the Problem
A long standing problem in Kirchhoff’s nonlinear theory of elastic rods has been
that of finding exact solutions of the equations of equilibrium for cases in which
configurations can show isolated points and intervals of self-contact. We here treat
the problem for the case of an impenetrable rod of circular cross-section that is inextensible, homogeneous, intrinsically straight, and transversely isotropic in elastic
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response. Throughout the paper the emphasis is on rods that have been pretwisted
and circularly closed to form rings. In molecular biology such elastic rings serve
as models for cyclized DNA segments, called plasmids.
A DNA molecule contains two complementary polynucleotide strands joined
together in a duplex structure, i.e., a Watson–Crick double helix. Each strand has
a sugar-phosphate backbone chain to which there are attached nucleotide bases of
four types: A, T, C, G, with A complementary to T, and C complementary to G.
In this duplex structure each base on one strand is bound to its complement on
the other strand. The resulting base pairs are, in an approximate sense, flat, rigid,
rectangular objects (like dominos). In B-DNA, the most common form of DNA, the
base pairs are stacked so that they are roughly parallel with mid-planes separated
by 3.4 Å, with their centers lying on a curve called the duplex axis, and with each
base pair rotated relative to its predecessor by about one tenth of a full turn. We
here assume that when a segment of DNA is stress-free its duplex axis is straight.
In a plasmid each strand and the duplex axis are closed curves.
In a rough sketch, a segment of B-DNA would appear as a tube with an approximate diameter of 20 Å and with two parallel helical indentations, called the
major and minor grooves, which have a pitch of circa 34 Å (or 10 base pairs) and a
common axis that coincides with the duplex axis. The base pairs are in the interior
of the tube, while the sugar-phosphate chains lie on its surface and constitute the
material between the two helical grooves. The base pairs, or, equivalently, the bases
on one of the two complementary strands, are the units of the genetic code. The
original Watson–Crick value for the average pitch h of the helical structure is
10 base pairs; that value is appropriate to crystalline DNA; under physiological
conditions h is closer to 10.5 base pairs.
We here employ a familiar idealized elastic rod model of the mechanics of
duplex DNA which does not account for such details of DNA structure as the
presence of grooves. Thus we treat a DNA segment as an impenetrable elastic tube
of circular cross-section obeying the special case of Kirchhoff’s theory of elastic
rods [4–6] in which a rod is taken to be not only transversely isotropic but also
inextensible.
Two kinematical concepts are of central importance in characterizing the state
of a rod R of the type we consider: (i) the axial curve C, which is the present locus
in space of the material points that form the axis of R and which is described by

 Two recent papers [1, 2] on the elastic stability of DNA configurations contain preliminary
announcements of some of the results presented here. In [1] the emphasis is on the derivation of
criteria for stability and on configurations of DNA segments subjected to strong anchoring end
conditions; in [2], as here, it is on configurations of plasmids. When only isolated points of selfcontact are present, our method of solving the governing equations is that presented in the doctoral
dissertation of Swigon [3]. A detailed description of the method and an extension of it to cases
in which there are intervals as well as isolated points of self-contact are given in the present
paper.
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giving a function x(·) of the arc-length parameter s; and (ii) the twist density
which is defined by the relation
=

(s) = d(s) × d  (s) · t(s),

0  s  L.

(1.1)

Here L is the (invariant) length of R, t(s) = x  (s) = dx(s)/ds is the (unit) tangent
vector of C at s, and d(s) is a unit vector imbedded in the cross-section at s.
Kirchhoff showed that there is a precise sense in which his general theory of
rods is an approximation to a theory of a class of three-dimensional bodies. In a
deformation of the three-dimensional body approximated by R, d(s) transforms
as though it originates at the point x(s) and is tangent to a material fiber that lies in
the cross-section at s. The value of d(s) in each configuration of R depends on the
choice made for d u (s), the value of d(s) in an undistorted, stress-free, reference
configuration.
A rod R is said to be closed (or “circularly closed”) if, in each of its configurations, C is a closed curve and both t(·) and d(·) are continuous functions on C.
The closed rods R that we consider are assumed to be “intrinsically straight” in the
sense that, if R is severed (at any cross-section), the resulting open rod is straight
when stress-free. We therefore may imagine that R has been formed by taking an
open rod in a straight stress-free configuration, bringing together its ends, rotating
one of the two ends in such a way that one ends up with not only x(L) = x(0),
t(L) = t(0), but also d(L) = d(0), and then sealing the ends.
The choice of the vectors d u (s) depends on the nature of the three-dimensional
object being modeled or approximated by the rod. Two cases are of particular
importance:
(I) In theories of intrinsically straight rods formed from materially uniform
isotropic or transversely isotropic materials, if R is open one may choose the
= u ) they are invectors d u (s) so that in a stress-free configuration (where

dependent of s, and hence such that u (s) ≡ 0. When R is closed, however, the
choice of d u (·) must be such that d(·) is continuous in each configuration, which
requires that d(L) = d(0) and generally does not yield u (s) = 0.
(II) When R serves as a model for a DNA molecule, it is standard practice to
identify C with the duplex axis; d(s) is then taken to be a unit vector perpendicular
to C that points from C to the sugar-phosphate backbone of a chosen one of the
two DNA strands, and u = d u × d u · t u is again not zero. As u depends on the
nucleotide sequence, it is not strictly constant in s; in theories such as the present
it is identified with its average value.
The total twist T and total excess twist T (measured in turns) are
1
T = T ( (·)) =
2π



L

(s) ds,
0

 For a modern discussion see [7].
 I.e., parallel, like the teeth of an undeformed comb.

(1.2)
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T = T ( (·)) − T (

u (·))

=

1
2π



L

 (s) ds;

(1.3)

0

 (·) = (·) − u (·) is called the density of excess twist. In the present theory
the configuration of R is specified when the pair (x(·),  (·)), i.e., (C,  ), is
given.
Knowledge of the configuration determines the elastic energy . In the present
theory,  is the sum of the bending energy B and the twisting energy T , i.e.,
 = B (C) + T ( (·)),
where,
A
B (C) =
2



L

κ(s)2 ds,

(1.5)

0

and
T ( (·)) =

(1.4)

C
2



L

 (s)2 ds;

(1.6)

0

κ(s) = |x  (s)| is the curvature of C; A and C are material constants called the
coefficients of flexural and torsional rigidity. As R is here assumed to be impenetrable and to have circular cross-sections with diameter D, the numbers
ω = C/A,

d = D/L

(1.7)

are important dimensionless parameters in our theory.
Associated with each closed rod R is a topological parameter called the excess
link and denoted by L. To define L we first note that the linking number L
of R is the Gauss linking number for two closed curves, one of which is C and
the other is the curve C # with points x # = x(s) + εd(s), 0  s  L. (Here ε is
a positive constant less than D/2.) The integer L is equal to the algebraic sum of
the signed crossings that either one of the two curves makes with a spherical cap
spanning the other. It follows that
 
t(s) × t # (s # ) · [x(s) − x # (s # )] #
1
ds ds,
(1.8)
L=
4π C C #
|x(s) − x # (s # )|3
where s # is the arc-length parameter for C # . The linking number is invariant in
all homotopic deformations of a closed impenetrable rod; i.e., L is a topological
property of R. The writhe W of the axial curve C (occasionally referred to as the
“writhe of R”) is given by a double integral over C of the integrand with the form
of that seen in (1.8):
 
t(s) × t(s̄) · [x(s) − x(s̄)]
1
ds̄ds.
(1.9)
W = W (C) =
4π C C
|x(s) − x(s̄)|3
 See, e.g., [8].
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Equivalently, W can be defined as the average, over all orientations of a plane, of
the sum of the signed self-crossings in the projection of C on the plane [9]. An
important result of Calugareanu [11] and White [12] here implies that
L=W +T

(1.10)

and tells us that although the twist and the writhe change when R is homotopically
deformed and neither need be an integer, their sum remains fixed at an integral
value. The parameter L is defined by the equation,
L = L − Tu ,

(1.11)

in which Tu = T ( u (·)) is the total twist of R in a stress-free configuration. Thus
excess link is a topological constant that need not be an integer and obeys the
relation,
L = W (C) + T ( (·)),

(1.12)

in which the terms on the right are functions of the configuration of R.
Throughout the present discussion, unless we state otherwise, we take R to
be knot-free, i.e., we assume that C is topologically equivalent to a circle. For
such rods equation (1.12) implies that L equals the excess twist T in any
configuration in which C is a plane Jordan curve, such as that for which C is a
circle.
When the closed rod R with circular cross-section is made from a transversely
isotropic material, one can change L by cutting R at one cross-section while
holding C fixed, adjusting T to the appropriate value (by rotating the crosssection on one side of the cut relative to that on the other side), and then resealing
the cut. The resulting change in L is equal to the change in T (in turns). Each
time L is changed in this way, the function d u (·) must be chosen anew in order
that d(·) have the required continuity properties in each configuration.
As we have mentioned, for a DNA plasmid there is a natural choice for d u .
Moreover, when a plasmid is cut it cannot be resealed unless the cross-sections
at the cut are joined without rotation or after rotation through an integral number
of turns. Nonetheless, as Tu for DNA depends on the chemical composition and
temperature of the solvent (and is far more sensitive to those variables than are
the elastic constants A and C), one can design experiments in which L is varied
continuously over a broad range.
In this paper we shall present bifurcation diagrams for equilibrium configurations as graphs of excess link, L, versus writhe, W . Results that are given in
[1, 2] and here in Section 3 show that such diagrams contain useful information
 An elementary exposition of the theory of linking number and writhe and its applications in
molecular biology has been given by White [10].
 It is interesting to note that, although both the values of L and
u after the cut is resealed
depend on the choice made for the function d u (·), the excess link does not depend on d u (·).
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about the stability of calculated configurations. The stability criteria we employ
refer to virtual processes in which L is changed continuously with the elastic
coefficients A and C held fixed.
Throughout the present discussion it is assumed that the only external forces that
act on R are those that can be attributed to contact of R with itself. It therefore
follows from Kirchhoff’s form of the equations of balance of linear and angular
momentum that in a state of mechanical equilibrium, at values of s other than
those characterizing points of self-contact, there holds
F  = 0,

M  = F × t,

(1.13)

where F = F (s) and M = M(s) are the internal force and moment acting on the
cross-section at s.‡ It is a consequence of the relations (1.4)–(1.6) for  that M
obeys the constitutive equation
M = At × t  + C t;

(1.14)

F is a reactive force not given by a constitutive relation.
We confine attention to cases in which self-contact, when it occurs, is such that
the boundary of a given cross-section is in contact with the boundary of at most
one other. In our present subject, a point of self-contact is a (single) point in space
at which the boundaries of two cross-sections meet. We assume that the forces the
two cross-sections exert on each other are reactive forces normal to the surface of
R. If we let s ∗ and s ∗∗ (with s ∗∗ = s ∗ ) be the arc-length parameters for the two
cross-sections in contact, geometrical considerations give us the relations,
|x(s ∗ ) − x(s ∗∗ )| = D,
t(s ∗ ) · [x(s ∗ ) − x(s ∗∗ )] = 0.

(1.15)
(1.16)

Under our present hypotheses the set of points of self-contact is a union of N
isolated points and J spatial curves called contact curves.
When s ∗ corresponds to an isolated point of self-contact or an endpoint of a
contact curve, the contact force at s ∗ is a concentrated force f ∗ , and
[F ](s ∗ ) + f ∗ = 0,

[M](s ∗ ) = 0,

(1.17)

where [F ](s ∗ ) = lims→s ∗ + F (s) − lims→s ∗ − F (s), etc.
For each of the two subsegments of R that meet at a contact curve, the range
of the arc-length coordinate is, of course, an interval. Throughout the interior Ĵ of
 A more general case is discussed in [1].
 Which are those where a point on the surface of R touches another point on the surface and

hence the two become one point in space.
‡ More precisely, F (s̄) is the resultant of the Piola stresses exerted on the cross-section at s = s̄ by
the material on the side where s > s̄, and M(s̄) is the resultant of the moments (about the point x(s̄))
of those Piola stresses.
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that interval the contact force has a continuous density f (·), both F (·) and M(·)
are smooth functions, and
F  (s ∗ ) + f (s ∗ ) = 0,

M  (s ∗ ) = F (s ∗ ) × t(s ∗ ),

for s ∗ in Ĵ.

(1.18)

As we here assume that the contact forces are shear-free, regardless of whether
these forces are concentrated or have a density,
x(s ∗ ) − x(s ∗∗ )
.
(1.19)
D
In both cases the function M(·) is continuous.
The assumptions we have made imply that wherever either (1.13) or (1.18)
holds, i.e., wherever the contact force vanishes or has a continuous density,
(M · t) = M · t  = 0 and, by (1.14),   = 0. As M(·) is continuous (even at the
isolated values of s where f is a concentrated force), we may conclude that, under
our present assumptions about the nature of forces of self-contact, in an equilibrium
configuration the excess twist density  equals the constant 2π T /L.
The problem of characterizing the equilibrium configurations of a rod subject to
appropriate boundary conditions and topological constraints is one of finding pairs
(C,  ) that obey the equations of mechanical equilibrium (1.13)–(1.19). We are
here concerned with the solutions of those equations for which x(·) is of class C 3
at all but a finite number of values of s. For closed rods we impose the constraints
that L and the knot-type of C have their preassigned values and that
f (s ∗ ) = −f (s ∗∗ ) = f (s ∗ )

x (n) (0) = x (n) (L)

(n = 0, 1, 2, 3),

(1.20)

where x (0) = x, x (1) = x  , etc. For the calculations reported in this paper, the point
s = 0 is chosen so that it does not characterize a point of self-contact for R.
A pair (C,  ), whether or not it is a solution of the equations (1.13)–(1.20),
is “physically acceptable” and can be called a configuration of R only if it obeys a
condition expressing our assumption that R is impenetrable:
Condition . If two distinct cross-sections of R have a point in common, that
point is on the boundaries of the two cross-sections.
Let δ(s, s̄) be the Euclidean distance between the points of C with arc-length
parameters s and s̄, and let (s) be the smallest of the non-zero stationary values
of δ(s, s̄) as s̄ varies over C:
δ(s, s̄) = |x(s) − x(s̄)|,
(s) = min {δ(s, s̄) | dδ(s, s̄)/ds̄ = 0, s̄ = s}.
0s̄<L

(1.21)
(1.22)

 In the present theory of equilibrium configurations, t(·) and t  (·) are continuous functions, t  (·)

has jump discontinuities only at values of s characterizing isolated points of self-contact or extreme
points of intervals of self-contact; at such points, b(·) is continuous (provided κ = 0) but κ  and τ
may suffer jump discontinuities. As we have seen,  (·) is constant throughout R.
 Of course, a configuration (C,  ) must also obey the closure conditions.
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In calculations of equilibrium configurations (C,  ) we have found it useful to
make use of the fact that, in order for C to obey condition , it is necessary and
sufficient that
min {2κ −1 (s), (s)}  D.

0s<L

(1.23)

An important property of a configuration is its contact diagram. In the language
of graph theory, such a diagram is a graph for which each vertex represents either
an isolated point of self-contact or an endpoint of a contact curve. The vertices are
connected by edges of two types, called simple and double edges, according to the
following rules: (i) Each simple edge represents a unique, maximal, contact-free
subsegment of R. (ii) Each double edge represents a (unique) contact curve or,
equivalently, a pair of subsegments that are in contact along their lengths.
The contact diagram of a configuration of R has the topology of a body (in
3-space) obtained by gluing together each pair of material points of R that correspond to a single point of self-contact. Figure 1 contains all the contact diagrams
appropriate to the equilibrium configurations discussed in this paper. Whenever a
configuration will be shown, its contact diagram will be indicated in the notation
of Figure 1.
It can happen that one value of L can give rise to two or more equilibrium
configurations with different values of N and J , or, as shown in Figure 2, the same
values of N and J but with different contact diagrams.
In the next section we present explicit solutions of equations (1.13)–(1.20), the
equations obeyed by a closed rod that is in mechanical equilibrium. We there give
a detailed discussion of our method of determining the dependence of integration
constants on ω, d, and L.
2. Solution of the Equilibrium Equations
The equations (1.13), with M as in (1.14), are obeyed by each subsegment of R
that is free from points at which R makes contact with itself. The observation
that (1.13) and (1.14) together are equivalent to Euler’s equations for the motion
of a symmetric top has been called “Kirchhoff’s top analogy”. When the analogy
is employed, s is interpreted as time, d as a unit vector imbedded in the top and
perpendicular to its axis of symmetry, t as a unit vector with the direction of that
axis, and F as the resultant of the gravitational force on the top. Familiar results
in the theory of tops yield explicit expressions for the Euler angles describing the
orientation of the triad (t, d, t × d) as a function of s, a fact employed by Le
Bret [14] to calculate contact-free configurations of plasmids. Several writers, the
earliest that we know of being Landau and Lifshitz [15], have remarked that use
of a particular cylindrical coordinate system simplifies the problem of obtaining
 Cf. [13].
 Simple loops, i.e., simple edges that connect a vertex to itself, not only occur, but are common

in knot-free plasmids.
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Figure 1. Selected contact diagrams for equilibrium configurations of a knot-free closed rod.
Each vertex (solid circle) corresponds to an isolated point of self-contact or an end point
of a contact curve. The simple edges (solid curves) correspond to contact free subsegments.
Diagram (e) contains a double edge (shown as a three-step “ladder”) that corresponds to a
contact curve.

Figure 2. Two distinct equilibrium configurations with d = 8.2 × 10−3 , ω = 2/3, L = 2.5,
N = 3, J = 0. Points of self-contact are marked with arrows. Labels give the corresponding
excess link L, writhe W , and contact diagram (δ).
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an explicit expression for the axial curve. The expression contains six integration
constants, here called solution parameters, which determine the configuration to
within a translation and rotation of C. We employ that coordinate system here
and a method of calculating the solution parameters [16] that is useful when such
constraints as end-conditions and L are specified (cf. [17, 18]).
CONFIGURATIONS WITH ONLY ISOLATED POINTS OF SELF - CONTACT

At each of the N spatial points at which an isolated point of self-contact occurs, two material points on the surface of the rod come together. For each i,
i = 1, 2, . . . , 2N, we let si , with 0 < s1 < s2 < · · · < s2N < L, be the arclength parameter of a cross-section that is in contact with another cross-section in
this way. In addition, we put s0 = 0 and s2N+1 = L. If, for i = 1, 2, ..., 2N + 1, we
let Ri , with axial curve Ci , be the subsegment of R that is bounded by the crosssections at si−1 and si , we obtain a decomposition of R into 2N + 1 subsegments,
on each of which (1.13) holds in the interior of the corresponding axial curve.
For the 2N − 1 subsegments Ri with 2  i  2N the boundary conditions imposed at the two end-points of Ci are governed by the equations (1.15)–
(1.17) and (1.19) in which the pairs (s ∗ , s ∗∗ ) and the vectors f ∗ are parameters
that depend on i and are to be determined from the constraints on R. For the
remaining two subsegments, R1 and R2N+1 , the end-conditions at one end are
governed by (1.15)–(1.17) and (1.19), and at the other (where s = 0 or L) by the
relations (1.20).
As the first equation of the pair (1.13) asserts that F is equal to a constant
vector F i for si−1 < s < si , we may integrate the second equation to obtain the
relation,
M = F i × r + M 0i ,

(2.1)

in which r = x − x 0i and M 0i is a constant that depends on the choice of the
origin x 0i . As in [16–18], we choose x 0i so that M 0i is parallel to F i .
The number Ti , defined by

2A
 , Fi = |F i |,
(2.2)
Ti = ω
Fi
serves as a dimensionless measure of the density of excess twist in the i-th segment.‡ When describing solutions of (1.13) in that segment, we henceforth shall
 When R is free from self-contact, N = 1, R = R = R, and the present theory reduces to
i
1

one presented in previous articles [16–18].
 We have deliberately employed a subdivision of the closed rod insuring that s and s
0
2N+1 do
not characterize contact points but instead correspond to a single point in the interior of an interval
of C on which (1.13) has a classical solution with x(·) of class C 3 .
‡ In writing (2.2) we make use of the fact that in equilibrium  is independent of both s and i.
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use 2A /Fi as the unit of length and thus render s and r dimensionless. When
this is done, the relations (1.14) and (2.1) yield
r  × r  + Ti r  = 2[k i × r + λi k i ],

(2.3)

where λi , like Ti , is a constant and k i is a unit vector parallel to F i .
We employ a Cartesian system such that (i) its origin is at x 0i , (ii) its x-axis
contains a point on Ci (or, as explained below after equation (2.18), an appropriate
extension of Ci ) at which the curvature κ attains its maximum value, and (iii) the
vector k i in (2.3) gives the direction of increasing z; the relations
x = r cos φ,

y = r sin φ,

(2.4)

then define associated cylindrical coordinates (r, φ, z). It is not difficult to show
that equation (2.3) implies that such Cartesian systems exist and that κ(·) and r(·)
are bounded.
For each choice of the dimensionless parameters Ti and λi , (2.3) is a system of
three differential equations that one can solve to obtain the function r(·). To this end
we note that in our cylindrical coordinate system the condition of inextensibility,
(x  )2 + (y  )2 + (z )2 = 1, becomes
(r  )2 = 1 − u(φ  )2 − (z )2 ,

u = r 2.

(2.5)

The component along t of the vector product of equation (2.3) with k i reduces to
z = −u which yields
z = ai − u,

(2.6)

with ai another constant of integration. From (2.3), (2.4), and (2.6) we obtain


Ti
− λi (ai − u) .
(2.7)
φ  = u−1
2
The three equations (2.5), (2.6), (2.7) have the following explicit solution [16]:
r 2 = u3,i − (u3,i − u2,i ) sin2 ψ,
[(Ti /2) − λi ai ]*(ni ; ψ | mi )
,
φ = λi (s − si0 ) +
√
u3,i u3,i − u1,i

z = (ai − u1,i )(s − si0 ) − u3,i − u1,i E(ψ | mi );

(2.8)
(2.9)
(2.10)

here



sin ψ = sn (s − si0 ) u3,i − u1,i ,
mi = (u3,i − u2,i )/(u3,i − u1,i ),

F(ψ | mi )
, (2.11)
i.e., s − si0 = ∓ √
u3,i − u1,i
ni = (u3,i − u2,i )/u3,i ,
(2.12)
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and u1,i , u2,i , and u3,i , with u1,i  0  u2,i  u3,i , are the roots of the cubic
polynomial
Pi (u) = −[u3 + (λ2i − 2ai )u2 + (ai2 − 2ai λ2i + Ti λi − 1)u
+ ( 12 Ti − ai λi )2 ]
= (u − u1,i )(u − u2,i )(u3,i − u).

(2.13)

In (2.8)–(2.10), sn is a Jacobi elliptic function with parameter mi , and F, E, *
are the elliptic integrals,
 ψ
dζ

,
(2.14)
F(ψ | m) =
0
1 − m sin2 ζ
 ψ
E(ψ | m) =
1 − m sin2 ζ dζ,
(2.15)
0
 ψ
dζ

.
(2.16)
*(n; ψ | m) =
2
2
0 (1 − n sin ζ ) 1 − m sin ζ
It follows from (2.3) that τ , the geometric torsion of C, is an affine function of
κ −2 (cf. [19]), i.e.,
τ = 12 Ti − [4λi + 12 Ti3 − 2Ti (λ2i + ai )]κ −2

(2.17)

and that κ 2 is an affine function of r 2 [16]:
κ 2 = 4(r 2 + λ2i ) − Ti2 ;

(2.18)

here τ and κ are in our present dimensionless units.
The value si0 of s that appears in (2.9)–(2.11) does not always lie in the interval
si−1 < s < si . It is chosen so that, on the extension of the solution (2.8)–(2.10)
of (2.5)–(2.7) from si−1 < s < si to (−∞, ∞), the maximum value of κ(s) (and
hence of r(s)) is attained at si0 .
The dimensionless parameters ai , λi , Ti determine the roots u1,i , u2,i , u3,i of
the polynomial Pi and hence the coordinates r, φ, z as functions r(·), φ(·), z(·) of
s − si0 . Specification of the configuration (Ci ,  ) of the subsegment R requires
knowledge of the endpoints,
σi− = si−1 − si0 ,

σi+ = si − si0 ,

(2.19)

of the interval serving as the domain for r(·), φ(·), z(·), and also of the scale factor,

2A /Fi , or, equivalently, of the length Li of Ri in conventional (as opposed to
dimensionless) units:

(2.20)
Li = 2A /Fi (si − si−1 ).
It is not difficult to verify that the sextuple (ai , λi , Ti , σi− , σi+ , Li ) of solution
parameters determines the pair (Ci ,  ) to within a rigid rotation and translation
of Ci .
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Moreover, one can show (see [17]) that for each subsegment Ri the elastic energies  i , Bi , and Ti (in conventional units, e.g., ergs) are given by the relations,


2A(σi+ − σi− )2
i
2
−1
2
1
ai + λi − ζi + 4 (ω − 1)Ti ,
(2.21)
 =
Li


2A(σi+ − σi− )2
i
2
1 2
B =
ai + λi − ζi − 4 Ti ,
(2.22)
Li
A(σi+ − σi− )2 Ti2
,
(2.23)
Ti =
2ωLi
where ζi is the ratio of the difference in z-coordinates of the end points of the
segment to its length:
ζi = [z(σi+ ) − z(σi− )]/(σi+ − σi− ).

(2.24)


Let (t i , ni , b i ) = (t(si ), n(si ), b(si )), with n = t /κ and b = t × n, be the
Serret–Frenet triad at si , and let Qi be the orthogonal tensor such that
Qi t i−1 = t i ,

Qi ni−1 = ni ,

Qi bi−1 = bi .

(2.25)

Once the solution parameters (ai , λi , Ti , σi− , σi+ , Li ) are specified, the equations
(2.4) and (2.6) yield (by differentiation) explicit expressions for the triad
(t(·), n(·), b(·)), and one knows the tensor Qi and also the components (hti , hni , hbi )
and (Fit , Fin , Fib ) of the vectors hi = x(si ) − x(si−1 ) and F i with respect to the
basis (t i−1 , ni−1 , b i−1 ).
It follows from (1.14), the continuity of t(·), and the relation [M](si ) = 0 (see
(1.17)), that b(·), n(·), and κ(·) are continuous on all of C except possibly a finite
number of points where n(·) and b(·) have jump discontinuities (which can happen
only where κ = 0). If we suppose that κ is not zero at any of the points si , then
t j = Qj Qj −1 . . . Qi+1 t i ,

for 0  i < j  2N + 1,

(2.26)

and this relation holds also with t replaced by n and b. It follows that
x(sj ) − x(si )
j

hk = (hti+1 + hti+2 Qi+1 + · · · + htj Qj −1 Qj −2 . . . Qi+1 )t i

=
k=i+1

+ (hni+1 + hni+2 Qi+1 + · · · + hnj Qj −1 Qj −2 . . . Qi+1 )ni
+ (hbi+1 + hbi+2 Qi+1 + · · ·
+ hbj Qj −1 Qj −2 . . . Qi+1 )bi

(2.27)

and
t
n
n −1
− Fit Q−1
[F ](si ) = F i+1 − F i = (Fi+1
i )t i + (Fi+1 − Fi Qi )ni
b
+ (Fi+1
− Fib Q−1
i )bi ,

(2.28)
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where F i equals the (constant) value of F in the open interval si−1 < s < si .
We are supposing here that values have been assigned in advance to the parameters D, L, ω, and also to L. Once one knows (or has assumed) that R has a
particular contact diagram (and hence a particular value of N), one knows the pairs
(i, j ) of indexes associated with the arc-length parameters (si , sj ) of the pairs of
cross-sections that are in contact, and one can construct a system E of 12N + 6
nonlinear algebraic equations for the 12N + 6 members of the parameter set
Q = {(ai , λi , Ti , σi− , σi+ , Li ) | i = 1, 2, . . . , 2N + 1}

(2.29)

in such a way that a solution of E (if one can be found) yields, when inserted into
the equations (2.8)–(2.10), a pair (C,  ) that obeys: (i) the differential equations
(2.5)–(2.7), (ii) the closure conditions (1.20), (iii) the geometrical relations (1.15)
and (1.16), (iv) the jump conditions (1.17) with contact forces as in (1.19), (v) the
equations (2.2) (in which  is independent of i), (vi) the obvious requirement
that
2N+1

Li = L,

(2.30)

i=1

and (vii) the requirement that W (C) +  L/2π be equal to the preassigned value
of L.
In the search for a solution of the algebraic system E one can employ a Newton–
Raphson iterative algorithm that converges quadratically when a good initial guess
is made for Q. When, as here, one is concerned with families of equilibrium configurations with varying L, one may advance along such a family by a procedure
in which the initial guess in the search for the set Q# corresponding to a value L#
of L, is a set Q0 that is known to correspond to a value of L near to L# .
Such a procedure may lead to difficulties at the points at which the Jacobian of
E is singular, e.g., at turning or bifurcation points. To avoid such difficulties we
employed a standard “arc-length continuation procedure” based on the observation
that, by theorem of Milnor [20], the one-dimensional manifold M that lies in the
(12N + 6)-dimensional space of solution parameters and corresponds to a family
of equilibrium configurations with varying L is smooth. The procedure may be
described as follows: Let Q be a point on M, let d(Q) be a vector tangent to M at
Q, and let E † (Q, ε) be a system of 12N + 6 algebraic equations obtained from E
by first removing the equation corresponding to the requirement that W + T have
a preassigned value and then adding the equation that expresses the constraint that
the solution of E † (Q, ε) be on the hyperplane that is perpendicular to d(Q) and
passes through the point Qε = Q + εd(Q). To advance along M, one starts with a
known point Q on M and, for a preassigned value of the step ε, finds another such
 By using (2.26)–(2.28) to express (1.12), (1.15), (1.16), (1.17), (1.19), (1.20), (2.2), (2.30) in

terms of the elements of Q, the system E is cast into the form of a set of algebraic equations relating
transcendental functions of those elements.
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point by solving E † (Q, ε) using the Newton–Raphson iterative algorithm with Qε
the initial guess.
It may happen that a one-parameter family of pairs (C,  ) generated in this
manner contains pairs that do not meet the requirement that condition  hold. As
we shall see in Section 4, a family containing such pairs can connect one set of
physically acceptable pairs to another and hence explain the occurrence of isolas
in a bifurcation diagram. (See also [21] and the discussion in the footnote  on
page 210.)
The calculation that yields the curve C and the excess twist density  yields
also (in conventional units) the arc-length parameters si of the contact points, the
corresponding contact forces f (si ), and, by (2.21) and (2.22), the total elastic
energy :
2N+1

2N+1

 i = B + T ,

=

B =

i=1

Bi ,

T =

i=1

CL
( )2 . (2.31)
2

REMARK. If explicit expressions for x(·) were not available, it would be difficult
to evaluate the functional W (·) needed to employ equation (1.12) to relate the
pair (C,  ) to L. However, as equations (2.8)–(2.10), (2.17), (2.18) here yield
explicit formulae for x(·) and τ (·), we can obtain W (C) from a relation that has
been discussed by Calugareanu [11], Pohl [22], and White [12]:
W =S−

1
3,
2π

3=

τ (s) ds.

(2.32)

C

The number S, called the self-link of C, is an integer equal to the linking number of
the curve C with the (closed) curve Cε traced out by points on the normal vectors
n(s) of C at a small distance ε from C. It follows from (2.32) that W differs
from −3/2π by an integer. Although self-link has several interesting geometric
interpretations [22], no easily evaluated expression for it is known. However, if
one evaluates 3 with precision and has in hand an approximate value W p for
W , the value of S can be obtained by rounding off W p + 3/2π to the nearest
integer. A discretization yielding a value of W p sufficiently close to W to fix
S is available. For the configurations under consideration here, n is a smooth
function of s for all s, and hence 3 is the sum of the torsion integrals 3i for the
curves Ci :‡


2N+1

3=

3i ,
i=1

3i =

τ (s) ds.

(2.33)

Ci

 Cf. [18].
 [18], equations B2–B5.
‡ Reference [18] contains a generalization of (2.33) to cases in which a subsegment of R is held

rigid in such a way that n suffers jumps at the endpoints of the subsegment.
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Equations (2.8), (2.17), and (2.18) yield the following expression for 3i in terms
of (ai , λi , Ti , σi− , σi+ , Li ):
3i =

4λi + 12 Ti3 − 2(λ2i + ai )Ti
(σi+ − σi− )Ti
−
√
2
[4(u3,i + λ2i ) − Ti2 ]  u3,i − u1,i

× *(ñi ; ψi+ | mi ) − *(ñi ; ψi− | mi ) ;

(2.34)

here
ñi =

u3,i − u2,i
,
u3,i + λ2i − 14 Ti2

F(ψ ± | mi )
σi± = √ i
,
u3,i − u1,i

(2.35)

mi , u1,i , etc., are as in (2.8)–(2.13), and F and * are as in (2.14) and (2.16).
CONFIGURATIONS WITH INTERVALS OF SELF - CONTACT

We turn now to cases in which R contains a pair of subsegments R∗ , R∗∗ that
meet at a contact curve. Let Ĵ∗ be the interior of the interval J∗ of values of
s corresponding to C ∗ , the axial curve of R∗ , and recall that throughout Ĵ∗ the
contact force on R∗ has a continuous density f (·). In this paper we give examples
of equilibrium configurations in which the contact curve is a straight line segment l
and the configurations of R∗ and R∗∗ are congruent and related by a 180◦ rotation
about l. In such examples the unit vector along the line connecting the centroids
of two cross-sections in contact, i.e.,
v(s ∗ ) = [x(s ∗∗ ) − x(s ∗ )]/D,

(2.36)

is perpendicular to l.
To develop a mathematical theory of solutions of (1.18) appropriate to cases in
which the contact curve is straight and (2.36) holds, we let u be the unit vector
along l with, for s ∗ in J∗ , u · t(s ∗ ) > 0, where t is the unit tangent vector for C ∗ .
We put w(s ∗ ) = u × v(s ∗ ) and note that the relation (2.36) implies that C ∗ is a
curve that lies on the surface of a cylinder with axis l and diameter D; moreover,
C ∗ obeys an equation of the form
t(s ∗ ) = u cos µ(s ∗ ) − w(s ∗ ) sin µ(s ∗ ).

(2.37)

Such a curve C ∗ may be called a generalized helix with axis l, winding angle µ =
µ(s ∗ ), and (constant) radius D/2. It follows from (1.14) and (2.37) that throughout
 We keep the assumption made in Section 1 to the effect that a cross-section of R is not in contact

with more than one other cross-section.
 In all cases for which we have found equilibrium configurations of closed knot-free rods, when
contact curves have been present they have been segments of straight lines. For rods with the topology
of torus knots, we have found circumstances in which an equilibrium configuration occurs with a
contact curve that is a circle.
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the subsegment R∗ of R
M =

2A 3
sin µ + C cos µ u + Aµ v
D
2A 2
sin µ cos µ − C sin µ w.
+
D

(2.38)

We write (Fu , Fv , Fw ) for the components of the force F with respect to the
basis (u, v, w). Employing (2.38), the balance equations (1.18), and the assumption
(1.19) that the contact force is normal to the surfaces in contact, we find that 
and Fu are constant in s, that
6A
sin µ cos µ − C µ ,
D
4A
C
cos µ,
Fw = 2 sin3 µ + 2
D
D
Fv = −

(2.39)
(2.40)

and that µ(·) obeys the differential equation,
µ −

8
2ω
sin3 µ cos µ −
2
D
D

cos 2µ = 0,

(2.41)

which has the first integral,
(µ )2 =

4
2ω
sin4 µ +
2
D
D

sin 2µ − q,

(2.42)

with q a constant. If we write s0 for the value of s at which the right-hand side of
(2.42) would yield µ = 0, and put µ0 = µ(s0 ), then
q=

2ω
4
sin4 µ0 +
2
D
D

sin 2µ0 .

(2.43)

If we put η = cot µ, (2.42) can be written in the form
(η )2 = Pˆ (η);
here

(2.44)


η2 − ϑ + 1 2 1 + ϑ + η02
ˆ
η
η +
P (η) = B(η − η0 ) η3 + 0
ϑη0
ϑ

(η2 + 2)η02 − ϑ + 1
,
+ 0
ϑη0

(2.45)

and
η0 = cot µ0 ,

ϑ = 1 + ω Dη0 (1 + η02 ),

B = −4

ϑ
.
(1 + η02 )2 D 2
(2.46)
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The 4 roots of the polynomial Pˆ are functions of D, ω,  , and µ0 . Once one
knows how many of these roots are real numbers, the solution of (2.44), i.e., the
integral,
 η
dζ
,
(2.47)
s ∗ − s0 =
√
η0 + P (ζ )
can be written in terms of elliptic integrals.
For the examples given below in Section 4, D = 20, ω = 2/3, 0 <  < 0.02,
and −30◦ < µ0 < −10◦ , in which range P̂ has two real roots, η0 and η1 , and hence
there are numbers b and c for which
Pˆ (η) = B(η − η0 )(η − η1 )((η − b)2 + c2 ),
and (2.47) reduces to
1
s ∗ − s0 = √ F 2 arctan
pq



 
q(η − η0 ) 
m ,
p(η − η1 ) 

(2.48)

(2.49)

where
p 2 = ((η0 − b)2 + c2 ),

q 2 = ((η1 − b)2 + c2 ).

The elliptic integral F in (2.49) is as in (2.14) but has for its modulus

1 (p + q)2 + (η1 − η0 )2
.
m=
2
pq

(2.50)

(2.51)

For the winding angle µ of the generalized helix C ∗ we obtain the formula,
√
q cot µ0 − p tan2 (sn ((s ∗ − s0 ) pq)/2) cot µ1
,
(2.52)
µ(s ∗ ) = arccot
√
q − p tan2 (sn ((s ∗ − s0 ) pq))/2)
in which cot µ1 = η1 and the elliptic function sn has modulus m.
In view of (2.37), it follows from (2.52) that, once the parameters D and ω are
given, the configurations of R∗ and R∗∗ are determined to within a rigid rotation
and translation by 4 numbers: the excess twist density  , the arc-length parameters sa∗ , sb∗ of the end points of R∗ , and the winding angle µ0 at the point s0 on
the solution of (2.41) where the right-hand side of (2.42) vanishes. Although we
here give examples of configurations for which s0 corresponds to a cross-section in
R∗ , such need not always be the case.
As in the theory of isolated points of self-contact, the procedure for determining
C ∗ from  , µ0 , sa∗ , and sb∗ , yields also the components, with respect to the Serret–
Frenet triad (t, n, b)∗a at sa∗ , of the vector
h∗ = x(sb∗ ) − x(sa∗ ),

(2.53)

 For the supercoiled configurations depicted in Figure 7, which, incidentally, are global
minimizers of  at fixed L, s0 is the arc-length parameter of the midpoint of C ∗ .
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the orthogonal tensor Q∗ that takes (t, n, b)∗a into (t, n, b)∗b , and, by (2.39) and
(2.40), the vectors F ∗a + = lims→s ∗+ F (s) and F ∗b− = lims→s ∗− F (s).
a
b
In the general case in which an equilibrium configuration (C,  ) of R has N
pairs of cross-sections that are in contact at isolated contact points, and, in addition,
J pairs (R∗ , R∗∗ )j of subsegments that are in contact along contact curves, R can
be decomposed into 2N + 4J + 1 subsegments Ri of two types: (I) subsegments
that are contact-free everywhere except for their ends (and hence correspond to
single edges in Figure 1), and (II) subsegments that are in continuous contact along
their length (and hence correspond to double edges). At each si characterizing a
cross-section that separates any two of these 2N +4J +1 subsegments that abut, the
contact force is a concentrated force (regardless of the type of the subsegments).
The configuration of a subsegment Ri of type I is given by the formulae (2.8)–
(2.10) and is determined by a sextuple of parameters (ai , λi , Ti , σi− , σi+ , Li ), while
subsegments of type II form conjugate pairs (R∗ , R∗∗ )j , where the configuration
of each pair is given by (2.37) and (2.42) and is determined by a quadruple of
parameters ( j , (µ0 )j , (sa∗ )j , (sb∗ )j ).
Once a value has been assigned to the excess link of L of R and a particular
contact diagram has been assumed, one knows, for each i = 1, . . . , 2N + 4J + 1,
the type of the subsegment Ri and the index k of the cross-section (at sk ) that
is in contact with the cross-section at the endpoint of Ri at si . The problem of
determining the 12N + 16J + 6 solution parameters that make up the parameter
set
Q = {ai , λi , Ti , σi− , σi+ , Li | i = 1, 2, . . . , 2N + 2J + 1}
∪{

∗
∗
j , (µ0 )j , (sa )j , (sb )j

| j = 1, 2, . . . , J }

(2.54)

then reduces to one of solving a system E of 12N + 16J + 6 algebraic equations.
In this general case the algebraic equations making up E result from: (i) the equation T + W = L, (ii) the closure conditions (1.20), (iii) the relation (2.30),
and (iv) the requirements that (1.15)–(1.17) and (1.19) hold for each si and that,
in the interior of the interval of s corresponding to a subsegment Ri , (1.13)
holds if Ri is of type I and (1.15), (1.16), (1.18), and (1.19) hold if Ri is of type II.
3. Stability
A pair (C # ,  # ) that obeys the constraints imposed on R, which include its impenetrability and the closure conditions, is here called a configuration. One may
be tempted to say that this configuration is in equilibrium if it obeys equations
(1.13)–(1.20). However, in general theories, such as the present in which a body is
assumed to be impenetrable, the definition of a state of equilibrium is a matter that
requires care.
 See footnote  on page 182.
 I.e., (2.47), or, in the present case, (2.52).
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Let S be the set of smooth homotopies H : η → (Cη ,  η ) with (Cη ,
 η )|η=0 = (C # ,  # ) that are admissible in the sense that for each η the pair
(Cη ,  η ) is a configuration and L is independent of η. We say that (C # ,  # )
is an equilibrium configuration if, for each H in S:
(a) the equation

d

(Cη ,  η )
=0
(3.1a)
η=0
dη
holds when the domain of H is an interval of the form −ε < η < ε, and
(b) the relation (with one-sided derivative)

d

(Cη ,  η )
0
η=0+
dη

(3.1b)

holds when the domain of H has the form 0  η < ε.
It is clear that, for a configuration (C # ,  # ) that obeys (b), equality must hold
in (3.1b) whenever the homotopy H in S with domain 0  η < ε can be smoothly
extended to a homotopy in S with domain −ε < η < ε. Hence (b) implies (a).
However, the converse is not true, (a) does not imply (b). If R has points of selfcontact when in the configuration (C # ,  # ), the set S contains homotopies that
are “intrinsically one-sided” in that they cannot be extended from 0  η < ε to
−ε < η < ε.
If a configuration (C # ,  # ) showing points of self-contact obeys (a) then for it
all of the equations (1.13)–(1.20) hold. If, in addition, it obeys (b), then it is such
that the contact force exerted on a cross-section by another is directed toward the
interior of the first, i.e., pushes the first away, rather than pulls it in. In other words,
in the present theory a configuration obeying (b) not only obeys the governing
equations (1.13)–(1.20) but also the following condition:
Condition C: When two cross-sections, at s ∗ and s ∗∗ with s ∗ = s ∗∗ , are in
contact, f (s ∗ ) in (1.19) is not negative.
Arguments of the type just given can be employed to construct a formal proof of
the following remark: An equilibrium configuration is a solution of (1.13)–(1.20)
that obeys the conditions  and C. As  is independent of s at equilibrium, an
equilibrium configuration is specified when the pair (C, T ) is given.
Here, as in [1] and [2], a configuration (C # ,  # ) is said to be stable if it gives
a strict local minimum to  in the class of configurations compatible with the
 As H is a smooth homotopy compatible with the impenetrability of R, it preserves the knot-type
of C.
 This conclusion rests on the assumption, made throughout the paper, that  obeys the equations
(1.4)–(1.6) and that the following equations hold: (1.15) and (1.16), which are consequences of the
impenetrability of R; (1.19) stating that the contact forces are shear-free; and (1.20) expressing the
fact that R is a closed rod. These equations are employed in the derivation of (1.13), (1.14), (1.17),
(1.18) from the assumption that (a) holds.
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constraints. In other words, (C # ,  # ) is stable if, and only if, it has a neighborhood N such that (C,  ) > (C # ,  # ) for each configuration (C,  )
in N that is not equivalent to (C # ,  # ) and, in addition, is accessible from
(C # ,  # ) by an admissible homotopy.
We call a configuration (C # ,  # ) differentially stable, if, for each H in S with
domain 0  η < ε, either

d

(Cη ,  η )
>0
(3.2a)
η=0+
dη
or
d
(Cη , 
dη




η )
η=0+

= 0 and

d2
(Cη , 
dη2




η )

η=0+

 0.

(3.2b)

Of course, a differentially stable configuration obeys (b) and hence is an equilibrium configuration.
If a configuration (C # ,  # ) is a member of a one-parameter family E of
equilibrium configurations for which one can take L, , and C to be given by
functions of W , then in order for (C # ,  # ) to be stable it is necessary that, for the
family E, the slope of the graph of L versus W , i.e., dLE /dW , be not negative
at (C # ,  # ). A proof that this relation
dLE /dW  0,

(3.3)

which we call condition E,‡ is a necessary condition for stability, was given in [1].‡‡
It is worth mentioning that there are exceptional families of equilibrium configurations for which L is not determined by W , because, for them, equilibrium
is maintained when L is changed with C kept constant. Such is the case for
configurations in which C is a true circle, i.e., the configurations that form the
“trivial branch” of a bifurcation diagram.
Condition E is necessary but far from sufficient for even differential stability. In
[1] and [2] it was pointed out that following stronger condition, called condition θ,
is necessary for differential stability and yields a practical method of demonstrating
that certain configurations that obey condition E are in fact unstable: An equilibrium configuration (C # , T # ) is said to obey condition θ if for each ξ with
0 < ξ  L there holds θ(ξ )  0, where θ(ξ ) is the minimum value of dL/dW
at (C # , T # ) for the families¶ of equilibrium configurations of the plasmid that are
 For the present purpose it is not essential to completely specify the topology on the set of

configurations.
 (C # ,  # ) and (C,  ) are equivalent if  # =  and C # is congruent to C.
‡ A condition that, in the present context, is equivalent to condition E may be found in a seminal
paper of Le Bret [14].
‡‡ The theory of [1] is more general than the present in that it is applicable to cases in which
external forces act on a rod which may be closed or open and subject to appropriate end conditions.
¶ In all practical cases there is only one such family.
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subject to the additional (artificial) condition that the subsegment with ξ  s < L
be held rigid.
In recent and as yet unpublished work, we prove that (i) for equilibrium configurations without self-contact, condition θ is sufficient for differential stability, and
(ii) whether or not self-contact is present, for an equilibrium configuration to be
stable it is necessary, not only that θ(ξ )  0 for 0 < ξ  L, but also that
θ(ξ )  min{1, θ(L)}

for

0 < ξ  L.

(3.4)

In order for a configuration (C # ,  # ) to be differentially stable it is necessary
that the axial curve C give a local minimum to the bending energy B at fixed
writhe, i.e., in the class of curves that obey the imposed constraints and have the
same writhe as C. In particular, differential stability of (C # ,  # ) requires that
condition W hold, i.e., that for each H in S with domain 0  η < ε and with
W (Cη ) independent of η either

d

>0
(3.5a)
B (Cη )
η=0+
dη
or


d
d2


B (Cη )
= 0 and
B (Cη )
 0.
(3.5b)
2
η=0+
η=0+
dη
dη
Arguments given in [1] show that strengthened versions of conditions E and W
can be combined to obtain a condition, called condition S, that is sufficient for stability.‡ An equilibrium configuration (C # ,  # ) in the family E obeys condition S
if dLE /dW > 0 at (C #,  # ), and, in addition, (C # ,  # ) has a neighborhood N such that, for each configuration (C E ,  E ) in N and E, there holds
B (C) > B (C E ) for every accessible configuration‡‡ in N for which C has the
same writhe as, but is not congruent to, C E .
Although it is often possible to use condition W to prove that an equilibrium
configuration is not stable,¶ with the exception of those configurations that lie on
a special primary branch of the bifurcation diagram (called branch α), it is, in
general, difficult to use condition S to prove that a configuration is stable.
4. Calculated Configurations and Bifurcation Diagrams
We here present configurations and bifurcation diagrams for equilibrium configurations of closed rods calculated using the method explained in Section 2. The results
given are for rods with d = 8.2 × 10−3 . For DNA, if one takes D to be equal to
 Condition E is equivalent to the assertion that θ(ξ ) be non-negative when ξ = L.
 Cf. [1] and [2].
‡ [1], page 751.
‡‡ A configuration is accessible from (C # ,  # ) if and only if it is accessible from (C E ,  E ).
¶ Cf. [2], page 765.
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its steric value, 20 Å, the employed value of d becomes appropriate to a plasmid
that contains 718 base pairs. For the ratio ω = C/A we use the value 2/3 which
holds for rods of circular cross-section formed from elastic materials that are both
isotropic and incompressible, and hence have Poisson’s ratio ν equal to 1/2. DNA
is not an isotropic material, and there is experimental evidence to the effect that
values of ω larger than 2/3 are appropriate for it.‡ However, at the end of the paper,
after we point out that results given in [1] tell us that, once the bifurcation diagram
and equilibrium configurations are known (in a range of L) for one closed rod,
they can be found by scaling arguments for other closed rods that have the same
d but different values of ω (and values of L that lie in appropriate ranges that
depend on ω),‡‡ we use our results for ω = 2/3 to obtain (for illustrative purposes)
a bifurcation diagram for ω = 8/5.
A closed rod R with ω, d, and L specified has at least one and usually several equilibrium configurations (see, e.g., Figures 2 and 3). When L is varied
with ω and d held fixed, one-parameter families of equilibrium configurations are
obtained. We here focus on, but do not confine attention to, continuous sets of such
families, called branches, that are connected to a family (called the trivial branch)
that is made up of the configurations for which C is a circle and hence W = 0.¶
In the bifurcation diagrams that we present, the trivial branch is labeled ζ and is
shown as a dotted line; primary branches, i.e., α, β, . . . originate at bifurcation
points of the trivial branch and are shown as solid curves. Branches that originate
at bifurcation points of a primary branch (and hence are connected to ζ by one
branch) are called secondary branches; they are given labels that bear subscripts,
i.e., βI , βII , . . ., γI , γII , . . ., and are drawn with dashed curves (in Figures 13, 15,
17, and 29 below). Tertiary branch also occurs; an example is the branch βII∗ which
 To account in an approximate way for the electrostatic self-repulsion of DNA one may take

D to be larger than its steric value Dσ . If one does so, the number of base pairs (or value of L)
corresponding to a given d is to be increased in proportion to the ratio D/Dσ .
 For rods of circular cross-section formed from isotropic elastic materials C/A = (1 + ν)−1 (cf.,
e.g., [19]).
‡ If we set A equal to 2 × 10−11 erg Å (which corresponds to a persistence length A/k T of
B
500 Å at T = 298 K; cf. [23]), the choice ω = 2/3 becomes compatible with measurements of
fluorescence polarization anisotropy of dyes intercalated in open segments of DNA (see [24]), but
measurements of topoisomer distributions for miniplasmids [25] then imply that ω should be close
to 1.4. (See also Bouchiat and Mezard [26] who state that single molecule stretching experiments
[27] (with force and specific linking number controlled) yield a value of 1.6, i.e., 8/5, for ω.) That the
value of ω for DNA seems to depend on the method of measurement is a matter of current interest
and concern in biophysics (cf. [28]) and indicates that one should be cautious in the application to
DNA of quantitative results based on the special case of Kirchhoff’s constitutive relations that is
appropriate for rods that are homogenous, inextensible, and axially symmetric.
‡‡ Cf. [1], equations (39) and (40).
¶ In the present theory there are families of equilibrium configurations that are not connected to
the trivial branch by continuous families of solutions of (1.13)–(1.20) that are physically acceptable
in that they obey condition . Examples are the families labeled β̄I , β̄II , β̄II∗ , β̄III , β̄IV in Figures 20
and 22.
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Figure 3. Bifurcation diagram drawn as a plot of L versus W and showing the bifurcations
of the trivial branch ζ (dotted vertical line) that give rise to primary branches, α, β, γ (solid
curves). Here (as in Figure 2 and also in Figures 4–30) ω = 2/3; throughout the paper
d = 8.2 × 10−3 . The points at which primary branches overlap are not points of bifurcation.
The points labeled Y and Z correspond to the configurations shown in Figure 2. Here (and in
Figures 4–6, 11, 13, 15, 17, 20, 22, 29, 31–33) the regions of branches comprised of unstable
equilibrium configurations are drawn as light solid, dotted, or dashed curves. In the case of
branch ζ , large dots indicate a region in which configurations are stable.

originates at a point of the secondary branch βII . (The branch βII∗ appears in Figure
13 as a curve drawn with short dashes.)
As the elastic rings we are considering are such that to each equilibrium configuration there corresponds a complementary equilibrium configuration with L
replaced by −L and C by its mirror image, and hence with W replaced by −W
and T by −T , we take L to be positive.
Each point on the branch ζ for which

(4.1)
L = ω−1 m2 − 1, m = 2, 3, 4, . . . ,
is a bifurcation point at which a primary branch originates. We call m the index
of the corresponding primary branch and label those branches so that m = 2 for α,
m = 3 for β, etc. The symmetry group of the configurations forming the primary
branch with index m is Dm , the dihedral group of order 2m. Thus, whether or not
 The linear analysis giving (4.1) is familiar in rod theory (see, e.g., [29] for the case m = 2).
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Figure 4. Graphs of B versus W for the primary branches α, β, γ . Here the trivial branch ζ
reduces to a single point with W = 0. As in Figures 5, 24–28, 32, 33, the energies B and 
are dimensionless, i.e., are given in units of A/L (cf. [1, 7]).

self-contact is present, the curve C for a configuration on the primary branch with
index m has an axis Am of m-fold symmetry that is perpendicular to the plane P
containing the 2m points at which κ has a local maximum or a local minimum;
each of the m straight lines that intersect Am and pass through two extrema of κ is
an axis of 2-fold symmetry.
Graphs of L versus W for the primary branches α, β, and γ are given in
Figure 3. See Figures 4 and 5 for the corresponding graphs of B versus W and 
versus L.
PRIMARY BRANCH

α

Details of the graph of L versus W for the branch α can be seen in Figure 6.
For n = 0, 1, 2, and 3, the configurations with n points of self-contact correspond
to points on that graph between An and An+1 . The configuration A0 (at which α
 For closed rods obeying the present assumptions, Domokos [30] proved that each contact-free

equilibrium configuration has Dn symmetry, which is what was found in the present study. In the
same paper he conjectured that the symmetry group of an equilibrium configuration with self-contact
contains C2 as a subgroup, which is not the case for configurations in the tertiary branch βII∗ . A very
recent paper of Domokos and Healey [31] contains an important extension of the results given in [30].
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(A)

(B)

Figure 5. (A) Graphs of  versus L for branches ζ , α, β, γ . (B) An enlargement of the
rectangular region bounded by dashed lines in (A).

Figure 6. Graphs of L versus W for branch α. Configurations corresponding to the labeled
points are shown in Figure 7.
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Figure 7. For each n, An is the configuration in α with a writhe W (An ) equal to the infimum
of the writhe of configurations in α with n or more points of self-contact. The top row shows
the projection of C on the plane P ; 2-fold symmetry axes in P are shown as dashed lines. The
line of view for the bottom row is at 75◦ from P . The scale is reduced in the top row relative
to the second row, but is constant within each row.

branches off from ζ ), the configuration A1 (which resembles a “figure 8”) and the
configurations A2 , A3 , A4 are shown in Figure 7. Each configuration in α (including
those showing self-contact, whether at points or along intervals) has D2 symmetry,
i.e., has three axes of 2-fold symmetry, two of which lie in the plane P and are
such that one contains the two points of maximum curvature for C and the other
the points of minimum curvature. The dependence on W of the arc-length locations
of cross-sections that are in contact is given in Figure 8, where the point at which
s = 0 is chosen to be a point of maximum curvature. That figure, although it
depends on the choice of d, is independent of ω and shows that for W between
W (A1 ) and W (A2 ) self-contact occurs at the two values of s where κ(s), the
curvature of C, attains its minimum (i.e., where s/L is equal to 1/4 or 3/4). At
W = W (A2) the point of self-contact divides into two points with an arc-length
separation that increases with W . At W = W (A3 ) a new self-contact occurs where
κ has a minimum, and for W (A3)  W  W (A4 ) the rod contains three points
of self-contact: one where κ has a minimum and two with an arc-length separation
that increases with W . Configurations with W > W (A4 ) have two isolated points
of self-contact and a contact curve for which the corresponding intervals of s are
centered at s/L = 1/4 and 3/4.
In summary: For a configuration in α with writhe W  0 there are no points of
self-contact for W < W (A1 ), there is one such point for W (A1 )  W  W (A2 ),
two for W (A2 ) < W < W (A3 ), three for W (A3)  W  W (A4), and an interval
 The reader will recall that a contact curve corresponds to 2 distinct intervals of s.
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Figure 8. Dependence on W of the arc-length locations of cross-sections that are in contact
when the configuration is in the branch α. Because these configurations have D2 symmetry,
results are shown only for 0 < s/L < 1/2. The shaded area gives for each W the range of
s/L that corresponds to the line of contact; the solid curves give s/L for isolated points of
self-contact and endpoints of the line of contact.

of self-contact as well as two isolated points of self-contact for W > W (A4 ).
Hence there is no configuration in α with precisely 4 points of self-contact.
We wish to emphasize that, as Figure 8 illustrates, in Kirchhoff’s theory of
inextensible rods of circular cross-section with d not too large, for a closed rod
with sufficiently high excess link, a configuration in branch α shows both a contact
curve and two isolated points of self-contact, and the length of each contact-free
subsegment of R decreases with increasing L.
Configurations in α with intervals of self-contact are shown in Figure 9. In the
present case, the equations (2.36)–(2.52) tell us that the winding angle µ of the
generalized helix giving x(s ∗ ) for s ∗ in J∗ is negative and nearly, but not exactly,
constant over J∗ .‡ The minimum value of |µ| in J∗ , µ0 , is attained at the center
 This description of the writhe-dependence of self-contact for configurations in α, although

independent of ω, does depend on d = D/L and cannot hold for d above a critical value.
 Here that curve is a straight line and hence can be called a line of contact.
‡ The present theory of self-contact in closed rods has the following properties not shared by
recent approximate theories that rest on the assumption that C ∗ is a true helix (cf., e.g., [32]): (i)
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Figure 9. Selected configurations in branch α with intervals of self-contact.

Figure 10. Dependence on W of: µ0 , the winding angle of C at the center of (straight) contact
curves for configurations in α, and µ, the width of the range of attained winding angles.

and of J∗ and the maximum value, µ̄, of |µ| at the end points of J∗ . As seen in
Figure 10, both µ0 and the difference, µ = µ̄ − µ0 , increase with increasing W .
As each configuration in α gives a strict global minimum to B in the class of
all configurations with the same value of W (see, e.g., Figure 4), we can apply the

equation (2.52) here gives an exact expression for the departure of µ from a constant value; (ii) here
one can show that the terminal loops associated with intervals of self-contact contain isolated points
of self-contact. The observations (i) and (ii), as they apply to all configurations of a knot-free closed
rod with intervals of self-contact, are not restricted to configurations in branch α.
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Figure 11. Graphs of L versus W for branch β . Configurations corresponding to the labeled
points are shown in Figures 12 and 18.

condition S and assert that a configuration in α is stable whenever
dL
dW

> 0,
+

dL
dW

> 0,

(4.2)

−

where the one-sided derivatives are computed along the branch α.
As (dL/dW )+ and (dL/dW)− are both positive at A3 and A4 , those configurations are stable. At A1 and A2 , (dL/dW )+ > 0, (dL/dW )− < 0, and
the graph of L versus W has a local maximum between A1 and A2 . We say that
A1 , A2 , and the local maximum between them are points of exchange of stability.
For each L exceeding a critical value (L)† that depends on d and ω, there
is a configuration in α that gives not only a local but also a global minimum to
the elastic energy , a conclusion that is in accord with the calculation shown in
Figure 5. In the present case, (L)† = 1.880.
 The left- and right-handed derivatives of this type are equal for all configurations in a branch

with the exception of those at which there is a change in the number of points of self-contact.
For a thorough treatment of a similar case, i.e., that in which ω is 1.5 and d has twice the present
value, see [2], which contains graphs of B versus W and  versus L that show several secondary
branches.
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Figure 12. Selected configurations in branch β. As explained in the text, the configurations in
β between Bn and Bn+1 have 3n points of self-contact; P and B1 are configurations at points
of secondary bifurcation for β.

PRIMARY BRANCH

β AND ITS HIGHER - ORDER DESCENDANTS

0
The graph of L versus W for the
√ primary branch β, which originates at B , i.e.,
at the point on ζ where L = 2 2/ω, is shown in Figure 11. The configurations
in β have D3 symmetry. For n = 0, 1, 2, and 3, the points lying between Bn and
Bn+1 in Figure 11 correspond to configurations with 3n points of self-contact. Each
configuration in β with W  W (B1 ), including B1 , P, B2 , B3 , and B4 which are
shown in Figure 12, contains three congruent loops. In this paper, as in [2], when
we call a subsegment of a closed rod a loop, we presuppose that its ends are in
contact. At sufficiently large values of W , a loop shows self-contact not only at
its end points, but also in its interior. (Such is the case here when W > W (B2 ).)
It is in agreement with current usage to call a loop of DNA with more than one
self-contact a plectonemic loop, or a plectoneme.
The points B1 , P, Q, and R in Figure 11 are bifurcation points at which β meets
with the secondary branches βI , βII , βIII , βIV , and βV (see Figures 13–18). These
secondary branches are comprised of configurations that have C2 symmetry (characterized by the presence of a single axis of 2-fold symmetry) and hence have a
symmetry group that is a proper subgroup of D3 .
 The following convention, familiar in bifurcation theory, is employed in the present study: if,

as a parameter (e.g., L or W ) increases, a branch enters a bifurcation point, several other branches
exit from the point, and precisely one of the exiting branches has the symmetry properties of the
original branch, that exiting branch is considered to be the continuation of the entering branch and
the others to be higher order branches that originate at the bifurcation point.
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Figure 13. Graphs of L versus W for the secondary branches βI , βII (long dashes) and the
tertiary branch βII∗ (short dashes).

Figure 14. Selected configurations in branches βI , βII , βII∗ . S is the configuration at the point
of tertiary bifurcation of βII .
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As seen in Figure 13, βI and βII originate at B1 , the point in β with the smallest
excess link for which self-contact occurs. The configurations in βI have one loop;
those in βII have two congruent loops. Our notation is such that, for n = 1, 2,
or 3, a configuration in βI or βII that has at least one loop with n isolated points
of self-contact, but no loop with n + 1 such points, lies either in the interval of βI
bounded by BnI and Bn+1
or in the interval of βII bounded by BnII and Bn+1
I
II . The
4
4
configurations BI and BII are shown in Figure 14.
The secondary branch βII has a bifurcation point S at which a tertiary branch,
labeled βII∗ , originates. The configurations in the tertiary branch have no discernible
symmetry; each contains two non-congruent loops (cf. B∗4
II shown in Figure 14). As
W increases, one loop becomes plectonemic, while the other “flattens” (i.e., becomes, in a sense that can be made precise, more planar) and “tightens” (i.e., increases in bending energy).
The point P is the bifurcation point at which βIII and βIV originate. As
Figures 14 and 16 make clear, for sufficiently large W the configurations in βIII ,
like those in βI , have one plectonemic loop and the configurations in βIV ,
like those in βII , have two such loops. In the range of W that we consider, the
two pairs of branches differ in the following way: Whereas each configuration that
is in either βIII or βIV has three loops, no configuration in βI or βII has that many
loops.
The branch βV , shown in Figure 17, is a closed secondary branch that meets
the primary branch β at two bifurcation points: Q and R. Every configuration in
βV has three plectonemic loops, each of which shows two points of self-contact.
At Q and R, the three loops are congruent, because the configurations are in both
βV and β. There are two paths from Q to R in βV . For a configuration on the
path containing U, the two congruent loops have less supercoiling than the third;
for a configuration on the path containing V, the two congruent loops have more
supercoiling than the third (see Figure 18).
With the exception of (closed) branch βV on which W is bounded, for
each primary, secondary, and tertiary branch that we have studied (and also for
the isolas discussed below) there is a number W † such that for W > W † the
configurations in the branch show intervals of self-contact with straight contact
curves, while the configurations with W  W † show at most isolated points
of self-contact. The symbol representing the configuration with W = W † has
a superscript 4, e.g., A4 , B4 , B4I , etc. A configuration with W near to, but not
greater than, W † has a loop with 3 points of self-contact. For brevity, the
calculations we present for branches other than α are restricted to cases in which
W  W †.

 The configuration P is nearly planar and has one point of self-contact in each of its three

congruent loops.
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Figure 15. Graphs of L versus W for the secondary branches βIII and βIV (dashed curves).

Figure 16. Selected configurations in βIII and βIV .
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Figure 17. Graphs of L versus W and T versus W for the closed secondary branch βV
(dashed curve). Here, as in Figures 20 and 22, the graph of T versus W is presented to
clarify details. U and V are the configurations in βV with W = 5.

Figure 18. Selected configurations in βV . Q and R are configurations at points of secondary
bifurcation for β.

ISOLAS RELATED TO THE BRANCH

β

In addition to the branches β, βI , βII , βII∗ , βIII , βIV , and βV that are connected to
the trivial branch by families of equilibrium configurations, we have found five
families of equilibrium configurations (labeled β̄I , β̄II , β̄II∗ , β̄III , β̄IV ) that are not
connected to the trivial branch by families of equilibrium configurations, but which
share with β, βI , βII , βII∗ , βIII , βIV , and βV the property of being comprised of
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Figure 19. Graphs of L versus W for isolated families of equilibrium configurations (solid
curves). Each configuration in these isolated families is unstable. Group G1 contains the families β̄I , β̄III , and β̄II∗ ; group G2 contains β̄II and β̄IV . Here, for clarity, the primary branch β
is drawn as a dashed curve.

Figure 20. Graphs of L versus W and (with the ordinate much enlarged) T versus W for
the isolated families of group G1 , i.e., for β̄I , β̄III (solid curves), and β̄II∗ (dashed curve). The
configuration B̄1I belongs to each of these families.
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Figure 21. Selected configurations in β̄I , β̄III , β̄II∗ .

Figure 22. Graphs of L versus W and T versus W for the isolated families of the group
G2 , i.e., for β̄II and β̄IV . The configuration B̄1II belongs to both families.

configurations for which there are precisely three values of s at which has a local
minimum. As seen in Figures 19–23, the isolated families, or isolas, β̄I , β̄II , β̄II∗ ,
β̄III , β̄IV fall naturally into two groups: G1 containing β̄I , β̄II∗ , β̄III (see Figure 20)
and G2 containing β̄II , β̄IV (see Figure 22). The families in G1 and G2 share with
their corresponding branches βI , βII∗ , βIII , and βII , βIV , such qualitative properties as
symmetry, numbers of loops, and changes in the number of points of self-contact
with increasing W . For example, if a configuration is in β̄I or in βI , it has C2 symmetry and one loop, and if it has n + 1 points of self-contact, it lies between B̄nI and
if it is in β̄I and between BnI and Bn+1
if it is in βI .
B̄n+1
I
I
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Figure 23. Selected configurations in β̄II and β̄IV .

We now have in hand the mathematical apparatus required to discuss the relation
between the isolas of Figures 20 and 22 and the secondary bifurcation branches of
Figures 13 and 15. We first recall that for each family of equilibrium configurations
there is a complementary family in which L is replaced by −L and C by its
mirror image, and hence W is replaced by −W and T by −T . In the discussion that follows we shall show that the mirror image complement of each of the
isolas β̄I , β̄II , β̄II∗ , β̄III , β̄IV is connected by a continuous family of solutions of the
equations (1.13)–(1.20) to one of the branches βI , βII , βII∗ , βIII , βIV . Each of the
connecting families contains a subfamily of solutions that are not configurations
because they do not obey condition . For the complements of the isolas β̄I , β̄II ,
1
4
etc., and the configurations BI , BI , etc., we shall use the notation c β̄I , c β̄II , etc., and
c 1 c 4
BI , BI , etc.
When one considers solutions of the system (1.13)–(1.20) but does not confine
attention to those that obey conditions  and C, each of the points B1I , B2I , B3I , B4I
of the branch βI (see Figures 13 and 14), i.e., each of the configurations in that
secondary branch at which there is a change in the contact diagram, becomes a
bifurcation point at which a new family of solutions originates; the members of
the new family, β̃In , n = 1, 2, 3, have the C2 symmetry of configurations in βI .
The extended bifurcation diagram obtained in this way is presented in Figure 24
as a graph of  versus T . For each member of the families β̃I1 and β̃I2 there
is one point at which the relation (1.15) holds; there are two such points for each
member of β̃I3 , and three for each member of β̃I4 . For each n, the family β̃In connects
the configurations BnI and c BnI , and hence connects the isola c β̄I to the secondary
branch βI .
 In a theory of planar configurations of rods constrained by impenetrable walls, a phenomenon

of this type (in which isolas are connected to the trivial branch by families of configurations that
violate the condition of impenetrability) was found and analyzed by Holmes et al. [21].
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Figure 24. Graphs of  versus T for the families βI and c β̄I , and for the families β̃I1 ,
β̃I2 , β̃I3 , β̃I4 (containing unphysical solutions of (1.13)–(1.20)) that connect c β̄I to βI . The
following notation is used here and in Figures 25–28 below: Subfamilies that contain only
solutions that fail to obey condition  (and hence are such that R penetrates itself) are shown
as dotted curves. Subfamilies that contain only solutions that do obey condition  but fail to
obey condition C (and hence are not equilibrium configurations) are shown as dashed lines.
The subfamily of β̃I1 whose members obey both  and C but have axial curves that are trefoil
knots is shown as a heavy solid line. Vertical bars label configurations in which C intersects
itself.

The retention of solutions of (1.13)–(1.20) that do not obey  or C enables us
to construct also the following families: β̃II∗n , n = 2, 3, 4, connecting the isola c β̄II∗
to the tertiary branch βII∗ (see Figure 25); β̃IIn , n = 2, 3, 4, connecting the isola c β̄II
n
to the secondary branch βII (see Figure 26); β̃III
, n = 2, 3, 4, connecting the isola
n
c
, n = 2, 3, 4, connecting
β̄III to the secondary branch βIII (see Figure 27); and β̃IV
c
the isola β̄IV to the secondary branch βIV (see Figure 28).
The family of solutions β̂II∗1 connects the configuration c B∗1
II to its mirror image
∗1
BII (which is identical to the configuration B1I shown in Figure 21), i.e., connects
the complementary isolas β̄II∗ and c β̄II∗ . One-half of that family is shown in Figure 25; the region of β̂II∗1 seen there originates at c B∗1
II and terminates at a point
labeled  that corresponds to a solution with T = 0 and C a planar curve that
crosses itself; the region of β̂II∗1 connecting  to B∗1
II is complementary to the region

212

B.D. COLEMAN AND D. SWIGON

Figure 25. Graphs of  versus T for the families βII∗ and c β̄II∗ , and the families β̃II∗2 , β̃II∗3 ,
β̃II∗4 that connect c β̄II∗ to βII∗ . Also shown is a region of the family β̂II∗1 that connects c β̄II∗ to its
mirror-image complement β̄II∗ . Here, and also Figure 26, the point marked  corresponds to a
solution with T = 0 and C a planar curve.

shown, i.e., each solution lying in one is a (mirror image) complement of a solution
lying in the other. A similar situation occurs in Figure 26 where a region is shown
of the family β̂II1 that connects c B1II to its complement B1II (shown in Figure 23), i.e.,
connects the isola c β̄II to its complement β̄II .
The family β̆II1 of Figure 26 originates at B1II and appears in the figure as an open
curve that terminates at the point labeled ⊗, for which the corresponding solution
of (1.13)–(1.20) is such that C has a helical subsegment. A similar situation holds
1
1
of Figure 27, which originates at B1III , and the family β̆IV
of
for the family β̆III
1
Figure 28, which originates at BIV . The symbol ⊗ refers to different solutions
in each of these figures; the property that they have in common is the presence
of a helical subsegment for which the sextuple (ai , λi , Ti , σi− , σi+ , Li ) lies at the
boundary of the region in parameter space for which the roots u1,i , u2,i , u3,i of the
cubic Pi in (2.13) are real. It is not at present clear how the graphs shown may be
extended beyond a point corresponding to such a solution.
REMARK. Of the several one-parameter families of solutions of (1.13)–(1.20) that
we have found to connect an isola to a branch (i.e., to family of configurations
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Figure 26. Graphs of  versus T for the families βII and c β̄II , and the families β̃II2 , β̃II3 ,
β̃II4 that connect c β̄II to βII . Also shown is the family β̂II1 that connects c β̄II to β̄II , and a
family β̆II1 that originates at B1II and has been calculated up to a point labeled ⊗. Here, and
also in Figures 27 and 28, the label ⊗ indicates that the point corresponds to a solution of
(1.13)–(1.20) for which C has a helical subsegment.

arising by successive bifurcations from the trivial branch) or to another isola, all
contain solutions at which C passes through itself, and only two, β̃I1 (which connects c β̄I to βI ) and β̂II∗1 (which connects c β̄II∗ to β̄II∗ ), have subfamilies in which
condition  holds. Both β̃I1 and β̂II∗1 begin and end with subfamilies that fail to obey
 and hence are shown as dotted curves in Figures 24 (for β̃I1 ) and 25 (for β̂II∗1 ).
The family β̃I1 has two subfamilies in which  holds; in one of these subfamilies
condition C does not hold, in the other both  and C hold but the axial curve C is
a trefoil knot. The family β̂II∗1 has two subfamilies in which condition  holds but
C does not.
PRIMARY BRANCH

γ

0
The primary branch
√ γ (see Figures 1 and 29), which originates at the point C on
ζ where L = 15/ω, has index 3 and hence is comprised of configurations
with D4 symmetry. The configurations in γ between C0 and C1 are free from selfcontact; those between C1 and C2 have 4 congruent loops, each of which makes
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2 , β̃ 3 ,
Figure 27. Graphs of  versus T for the families βIII and c β̄III , and the families β̃III
III
4
c
1
c
1
β̃III that connect β̄III to βIII . Also shown is a family β̆III that connects B̄III to a point with
the label ⊗.

one contact with itself. The bifurcation occurring at C1 gives rise to four secondary
branches, labeled γI , γII , γIII , γIV . Whereas the configurations in γI , γII , and γIV
have C2 symmetry, those in γIII have D2 symmetry. We have not extended our calculations for these branches beyond the range of W for which curves are shown in
Figure 30, i.e., the range in which each loop has less than two points of self-contact.
It is interesting to note that although the configurations in γII and γIII have different symmetry groups, they give rise to the same graph of L versus W , which
is a consequence of the fact that to each configuration in γII there corresponds a
configuration in γIII that can be obtained from the former by first cutting R at
each of its four cross-sections that are at points of minimum curvature κ and then
rearranging the resulting pair-wise congruent segments into a configuration with
D2 , rather than C2 , symmetry. (Consider, for example, the configurations C2II (with
C2 symmetry) and C2III (with D2 symmetry) that have equal values of L and W
and are shown in Figure 30.)
ON THE STABILITY OF THE CALCULATED CONFIGURATIONS

The stability of circular configurations, i.e., those in the trivial branch ζ , is discussed in detail in Appendix B to [2], where a rigorous proof is given of the

SUPERCOILED ELASTIC RINGS WITH SELF-CONTACT

215

2 , β̃ 3 ,
Figure 28. Graphs of  versus T for the families βIV and c β̄IV , and the families β̃IV
IV
4
c
1
c
1
β̃IV that connect β̄IV to βIV . Also shown is a family β̆IV that connects B̄IV to a point with
the label ⊗.

assertion that the unstable configurations in ζ are those for which√L is above
with L < 3/ω is stable
its value at A0 ; i.e., that
√ each circular configuration

and each with L > 3/ω is unstable.
The branch α originates at A0 . On α, dL/dW at W = 0 is a strictly monotone
increasing function of ω and vanishes when ω = 11/8; hence the configuration A0 is stable if ω > 11/8 and unstable if ω  11/8.‡ As we pointed out earlier
in this section, use of the conditions E and S permits one to give a full analysis of
the stability of configurations in α, and to show that such a configuration is stable
if, for it, dL/dW > 0.
 Of course, we here take L and W to be non-negative.
 The result that dL/dW = 0 at W = 0 when ω = 11/8 follows from equation (15) of [2].
‡ These results are independent of the value of d and imply that (i) there is a critical value of ω#
ω such that for ω > ω# there is in α region of contact-free configurations that are stable and for
ω  ω# there is no such region and (ii) ω# equals 11/8, in contradiction to an assertion on page 7243
of [33] to the effect that ω# = 1. Matters related to the dependence of the stability of configurations

on ω are discussed in detail in [2].
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Figure 29. Graphs of L versus W for the primary branch γ and the secondary branches γI ,
γII , γIII , and γIV . The graphs for γII and γIII are identical. C1 and T are bifurcation points
for γ .

Figure 30. Selected configurations in branches γ , γI , γII , γIII , and γIV . As explained in the
text, C2B , with B = I, II, III, IV, is the configuration of largest writhe in the branch γB with at
most 1 point of self-contact in each loop.
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For each of the secondary branches, tertiary branches, and isolas studied in this
paper, the corresponding configurations fail to obey condition θ and hence are unstable. In other words, our calculations indicate that, for the range of parameters
we have studied, for a configuration to be stable it is necessary that it be either on
the trivial branch or on a primary bifurcation branch.
The regions of primary branches comprised of unstable configurations are shown
as lightface solid curves in Figures 3–6, 11, 13, 15, 17, and 29. As condition W is
difficult to verify on branches other than α, it is not feasible to use condition S to
locate the stable configurations in branches β and γ . The regions of the branches
β and γ in which configurations obey the strict form of condition θ are shown as
heavy solid lines in Figures 3–5, 11, 13, 15 and 29. Each such configuration obeys
the relation (3.11) in addition to the inequality θ(ζ ) > 0 (for 0 < ζ  L). As
it can be shown that each configuration without points of self-contact that obeys
the strict form of condition θ is differentially stable, we conjecture that, even
for configurations in which self-contact occurs, the strict form of condition θ is
a sufficient for, at the least, differential stability.
DEPENDENCE OF CONFIGURATIONS ON THE RATIO

C/A

Reference [1] contains a derivation of an expression for the dependence of bifurcation diagrams on C and A, which, under our assumption that long range forces are
not present, reduces to the following assertion: For each fixed value of d = D/L,
the graphs of L versus W for two distinct values, ω1 , ω2 , of ω = C/A are such
that vertical distances from the line L = W are inversely proportional to ω:
[L(W , ω2 ) − W ]ω2 = [L(W , ω1 ) − W ]ω1 .

(4.3)

Indeed, there is a correspondence between equilibrium configurations of closed
rods of specified D and L that differ in their values of ω and L. The corresponding configurations have the same value of W (and, in fact, the same C) and, in
accord with (4.3), also the same value of ωT .
To obtain Figure 31, which shows primary bifurcation branches for the case
ω = 8/5, we have employed equation (4.3) and Figure 3, which shows the same
branches when ω = 2/3. As in Figure 3, the regions of primary branches in which
configurations are unstable are drawn as light curves, and the regions in which
configurations obey the strict form of condition θ are drawn as heavy curves.
Although the graphs of B versus W shown in Figure 4 are invariant under
changes in ω, the stability of configurations in regions of those graphs is not, but is
to be investigated by the methods discussed above. Results for the case ω = 8/5 are
shown in Figure 32. As 8/5 exceeds 11/8, the critical value of ω for the occurrence
 E.g., β , β , β , β , β , β ∗ , β̄ , β̄ , β̄ , β̄ , β̄ ∗ , γ , γ , γ , γ . These higher-order
I II III IV V II I II III IV II I II III IV
branches and isolas are shown in Figures 13, 15, 17, 20, 22, 29.
 For examples of graphs of θ versus ζ for configurations that obey or fail to obey condition θ see
Figure 7 of [2].
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Figure 31. Bifurcation diagram for a closed rod with ω = 8/5, drawn as a plot of L versus
W , and showing branches ζ , α, β, γ .

in α of a contact-free point of exchange of stability, in each of the Figures 31,
32, and 33 there is a short region of that branch (starting at ζ , i.e., at A0 ) that
is comprised of configurations that are not only contact-free and non-circular, but
also stable. In the present case, as in the case ω = 2/3, each configuration that we
have studied that lies in a secondary or tertiary branch or in an isola does not obey
condition θ and hence is unstable.
As was pointed out in [2], Figures 3 and 31 can be obtained from Figure 4 (or
Figure 32) by use of the relation (3.8). Of course, once B is known as a function
of W and L is known as a function of W , one can easily construct graphs of 
versus L, such as those shown in Figures 5 and 33.
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Figure 32. Graphs of B versus W for the primary branches α, β, γ when ω = 8/5. A comparison with Figure 4 illustrates the fact that, for fixed d and L, although graphs of B versus
W are independent of ω, the range of values of W for which configurations in a primary
branch are stable increases with increasing ω.

(A)

(B)

Figure 33. (A) Graphs of  versus L for branches ζ , α, β, γ when ω = 8/5. (B) An
enlargement of the rectangular region containing A0 and A1 . This figure should be compared
with Figure 5 where ω = 2/3.
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