Math 1080: Spring 2011
Homework #4
Problem 1:
Determine the relative condition number for the following mathematical problems:
a) f(x)=cos(x)

D) 100 =|x| = T, x7

Q) f(x)=—"
1+x2
SOLUTION:
Bu definition, for a differentiable scalar function f of vector argument x:
X o o of
Kk (x)=]J(x) , where J(x)=| — — -
T T w
a)
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J(x)=—"f (x)=-sinx
dx
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Kk (x) =|-sinx| =|xtan x|
|cos x|
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Ji(x)=— = - = ||J(x)||:|f(x)|||x||=1
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k(x)=1 =1.
[ ()]
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d -2X
J(x)=—f(xX)=——"
=g 1 0 (1+x2)2
2|x| X 2x?

k(Xx)= =
(1+x%)2 1+x2)  1+x?



Problem 2:
Determine whether the following algorithms are backward stable, stable, or unstable:

a) Computation of f(x)=$ as F(x)zl@(l@fl(x))
b) Computation of f (x,y)=x2—y?as f(x,y)=[f(x)®fI(x)]e[fi(y)®fi(y)]

c) Computation of f (x,y)=x% —yZ?as f (x,y)=[fi(x)®fI(y)]®[fI(x)ofl(y)]
SOLUTION:

a) Using the properties of & ,qnine We find that there exist ¢; ,i =1...5 such that
2
&3 | < & machine +O (& manine ) and

f(x)=10(1®fl(x))
=10(1®x(1+e,))
=10(1+x(1+&,))(1+s,)
(1+e&3)
(1+x(1+e.))(A+e,)
I+e3)1+egy,)

1+x(1+¢&,)
(1+2¢&5)
C1+X
Therefore,
T 0-1()] i} % -]
— < 2 machine  TOr some x such that < € machine
[T ]
and the algorithm is stable but not backward stable.
b) There exist &; ,i =1...7 such that |&; | < & nacnine +O (& 2aenine ) @Nd

f(x,y) = [fI(x) @ FI()] - [fl(y) ®FI(y)]

= {(x@+&)x(L+ &)L+ &,) — (YL+ &) y(L+ &) )L+ £,) L+ &)
(C+e)’ A+ &)1+ &))- (Y A+ &)’ A+ &)1+ &)
(X(@+2¢5)) = (y(L+2¢,))°

2 )72

X



Therefore,

f(x)="f(X) forsome X such that M <2& pachine
X
and the algorithm is backward stable.
c) There exist ¢; ,i =1...7 such that |5 | < € machine + O (Smachme ) and

f(x,y) = [fI(x) @ fi(y) @ [fl(x) — fi(y)]
{(x(1+el>+y(1+ez))(1+es)(x(1+sl) YA+ &,))L+&,) A+ &)
{x@+2)f —(ya+ &) P o+ e) @+ £,)A+ &)

(x@+5/28)f - (y@+5/2¢,))

2

X2 —y?

Therefore,

f(x)=f(X) for some X such that <=¢

machine
2

and the algorithm is backward stable.

Problem 3:

Determine the accuracy of the algorithms b) and c) of Problem 2. Which is more accurate ?
SOLUTION:

The relative conditioning number for the problem f (x,y)=x2% —y?

K(X) =
U ||
We have
of of
J(x):{ﬁ— 5}:[2x -2y],
[309]=2[X|
2 2
N RS
‘Xz_yz‘ ‘ 2_y2‘

Because both algorithms are backward stable, their accuracy is given by A < Cx(X)€ achine -
Since the constant C is equal 2 for b) and 5/2 for c), the algorithm in b) is slightly more accurate.



