Math 1280
Notes 9
“Delta method” for regular singular points

We now consider how to solve an equation with a “regular singular point”. The
method to be given is different from that in the text, and better! I will try to
verify that claim by doing some of the same examples as in the text, by this different
method.

We are considering equations

P(x)y"+Q(z)y' + R(z)y =0 (1)

where P,(), R are polynomials. For simplicity, we will assume that the singular
point is at z = 0. It is then easy to say what is meant by a regular singular point:

Definition: The point xo = 0 is a reqular singular point for (1) if P (0) =0, at
least one of @ (0) and R (0) is not zero, and the functions

zQ (z) ond 2R ()
P (z) P (z)

are continuous at r = 0. ,
This has to be understood as meaning that lim, . %Q—(x"’;) and lim,_,q %S) both
exist. Therefore, both expressions can be defined at x = 0 in such a way as to make

them each continuous.
Here are some examples:

1. The equation
(1+J:2) v +ay +y=0

does not have any sort of singular point at x = 0, since P (0) =1

2. The equation

x2y"+xy’+y: 0

has a regular singular point, because if z # 0, then

Q@) 2*  ’R(z) 2
CERE 1, Pa) ~ 1 (2)

Thus both of the limits above exist.



3. The equation

23y +ay +axy=0

has an irregular singular point at 0, because

xQ(r) 2
P(x) a3 1’
which cannot be made continuous at x = 0. Note that = }(z(;:) 1, which is ok, but

that is not enough to rescue the equation.

First we wish to get an idea of what sort of series to expect. The simplest
examples of regular singular points are those discussed in section 5.5, called “Euler
equations”. We saw in class that they usually have solutions of the form x", where
r is some number which satisfies a quadratic equation in r. But they may have
terms involving logarithms.

Here is an example which is not an Euler equation: (problem 1, pg. 284)
2xy” + 1y + 2y = 0.

It is easily checked that this has a regular singular point at o = 0. Since it is not an
Euler equation, we don’t expect 2" to be a solution. Instead, we look for a solution

y=2zx" f’: anx". (3)
n=0

Before taking derivatives, we bring the x” inside the summation.

[e.e]

Y= Zanxnﬂ“’ y/: (n+r) ananrr 1 Z n—l—r TL+7’—1) anxnﬁ"f?m
n=0

n=0

Notice that we can’t drop any terms at the beginning, because we can’t assume that
that (n+7r) or (n+r—1) are zero. Substituting into our differential equation
gives

22 n+r)(n+r—1)az""" 1+Z n+r)a,x™t 1+Zanm”+r+1 0.
n=0 n=0 n—0

Now we factor the =" out again:

x" (2 Z (n+r)(n+r—1)aa" "+ Z (n+7)a,a™ ' + Z anx”“)

n=0 n=0 n=0



We can divide by 2".

We should be careful in shifting indices. In the first two terms, let m =n — 1,
so n = m + 1. In the last term, we let m = n + 1. Doing this, and then changing
back to n, gives

o

Z 2(n+147r)(n+r7r)aq2" + Z (n+1+r) an+1x”—|—2an_1x"

n=-—1 n=-—1 n=1
The lowest power of z is now z7. We get
7 (2r(r—1)+7r)ag=0

222+ r+(r+1))a; =0
an+1:_(n+r+1)(712_(n+r)+1) T (n+r+1)gn+2r+1)'

The first equation simplifies to

x 1 (27"2 — T) ag =10

while the second is

(2r2+37’+1)a1 =0
This presents a bit of a dilemma. We still have to determine r. We can get zero
from the first equation by solving 2r? — r = 0, which gives 7, = 0, 7, = % Neither
of these give zero in the second equation, so if we have ag # 0, then we must have

a1 = 0. Or, we could set ag = 0 and solve the second equation for r :
2r2 +3r+1=0
-3+v9-8 1
r=———"———
4

=1,
2

These differ by one from r; and .. But look at the first terms we get making
these two choices. If we set ag = 1,a; = 0, then in (3) our series start out as
20 (1+ aga® +---) or 22 (14 aga® + - - -) . (ay would be different in these two solu-

tions.

On the other hand, if we set ag = 0,a; = 1, in (3) our series start as z~* (2! + azz® + -)
or x72 (z' + azx®+---). We end up getting the same solutions in either case.
Hence, we will assume that a; = 0, and find r from the coefficient of ag. Since we
get two different r’s, we get two different solutions, which is what we expect for a
second order linear equation.

Definition: The equation for r obtained by setting ag = 1,a; = 0 s called the
“indicial equation”.



1 Delta Method for series solutions

To discuss the “delta method”, we need to become comfortable with “differential
operators”. You may have run into these before. If y (z) is a differentiable function,

then we let
Dy

denote the derivative of y. Thus,

Dy(r) =L =y (@),

You may have seen how to use differential operators to solve second order linear
equations with constant coefficients. For example,

y'+3y +2y=0

can be written as
D*y+ 3Dy +2y =0,

which in turn can be written as
(D+2)(D+1)y=0 (4)

This tells us to solve
(r+2)(r+1)=0

for r, given ry = —1, ry = —2. Then, the general solution is
y=cre " 4 coe .

In the delta method, we use another operator in a similar way. This is the

operator given by
dy
5 = _D = _
() = 2Dy (x) = 25

Hence, for example, the equation
oy+2y=20
is the same as the differential equation

2y +2y =0.

4



This can be solved using an integrating factor. Multiply by = to get

2y’ 4 2zy = 0.
This is now in “exact” form
(ny)/ =0
r?y =c
o
Y= 22

As a more general example, if we want to solve
oy+ry=20
where 7 is constant, we write this as
xy +ry=0
and multiply by 2", to get

2"y +ra"ly =0

(z"y)' =0
'y =c
y=cr . (5)

In order to use this the same way as we used D, to solve second order equations,
we have to conpute §2. This is a bit trickier than computing D?, since it is obvious
that D%y = 2% = ¢”. To calculate 42y, we have

dz? —

(0y) (z) = 2y’ (2)
(0%y) (x) = 6 0y (x))
=0 (zy") =z (vy) =2 (y +zy")
(6%y) (z) = 2y + zy’. (6)

Let’s see what kind of equation we get if we take the product of two operators,
(0 + 7 ) and (d +720). We will look at a specific example, letting r; = 1,75 = 2.
So what differential equation is given by

(64 1)(6+2I)y =07
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First of all, we will simplify the notation by writing (0 +71/) as (0 + r1). The [ will
be understood, since otherwise this expression would be adding “apples to oranges”.
Then,as we did with the operator D in line (4) above, we can write

(0+20)y =0y +2y =xy + 2y
B+1)6+2)y=0+1) (¢ +2y)
=4 (xy + 2y) + (zy' + 2y)
=z (29 +2y) + 2y’ + 2y
=z (zy" +y +2¢) + 2y + 2y
= 2%y" + day’ + 2y = 0.

Notice the extra xy’ that comes in because of the product rule: (zy/) = xy” + /.
This is an Euler equation. We solve it by substituting y = 2", giving

(r(r—1)+4r+2)2"=0
r*+3r+2=0.

This factors and gives 7 = —1, ro = —2. The general solution is

= cw_l + 6233_2.
Thus, looking at the example ending with equation (5), we see that we get a linear
combination of the solutions to (6 + 1)y = 0 and (0 + roy) = 0. This is what we
would expect if we are solving (§ + r1) (6 + r2) y = 0.

(The fact that (6 +71) (0 +r2) = (§ +72) (0 + r1) is important here. We know
from matrix theory that operators do not always commute, but § commutes with
itself and with I. )

Going back to equation (6), we get another equation which is very helpful:

2y =8y —dy=56(6—1)y
We could write the equations for § and 42 in terms of D :

xD =9
2D = §(5— 1) (7)

Now let’s use it to solve another Euler equation

2.1

22%y" + 3xy/ —y = 0.
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This is example 1 on page 274 of the 8th edition, 269 of the 9th edition.

From the formulas in (7) we obtain
2000-1)y+30y—y=0
or
(26°+6—-1)y=0

I claim that the solutions are
y=1a",
where
w24+ r—1=0.

To see this, we have

and so
20%x" 4+ 62" — 2" = 2" (27“2 + 7 — 1) )

In other words, once we get the equation in delta form, we treat § as we did D for
equations with constant coefficients, except that we use x” for the solution instead

of e™.

You will note that on page 274, in example 1, the same equation is obtained for

r. The roots of
w4 r—1

are r; = %, ro = —1 , and so the general solution is

1 1
c1xr2 4+ co—.
x

Before going on, look again at the definition of ¢:

/

oy =y
Notice in particular that if y = ", we get

or" ==x (rxr_l) =rz".



And look again at equation (8) :
521,7“ — ,{,2xr

We could keep going and get

ot ="t
(This would be useful for higher order equations.) Compare this with D and the
function e™ :

De™ = re™

D2€r:c _ T26rac
)

and so forth. This is why the J operator is useful. It acts on the function 2" in the

same way as D does on €. For Euler equations, at least, § is a very convenient

operator.

The complications that can occur in using it for Euler equations are the same
as for the constant coefficient case. We can have repeated roots, or we can have
complex roots.

If r is complex, we have to consider what is meant by x”. We use the definition
of ™ plus Euler’s formula. Suppose that » = A + ip. Then

r rlogx

= e (Atip)logz

—e — eAloga:(

sin (plog x) + i cos (plog x))
= 2 (sin (ulog ) + i cos (ulog x))
Two real solutions are then

y1 = 2 sin (plogx), s = 2 cos (ulogx).

If the only use of the delta method was to solve Euler equations, it would not be
all that helpful, because we already know how to solve these. But we can also solve
equations where series are needed. Here is an important example:

Bessel’s equation of order % (pg. 299 in the text):

1
22y + zy + (JJ2 — Z) y = 0.
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The term 2%y means it is not an Euler equation.

We use (7) to write this as

1
((5((5—1)+(5—Z)y:—x2y,

putting all terms with x on the right. This is then

1
<52 - 1) y = —zy.

The indicial equation is found on the left:
1
r?— = =0,

4
with solution r; = %, ry = —%. But for the moment, keep the general exponent 7.

o0

Yy = g ana™t".

n=0
We found earlier that

6"t = (n+r) 2™t

8™ = (n4r) 2™t

Our equation is

and so we get

Z <(n +7r)* — 111) "t = — i ™t = — i Qpox" "
n=0 n=2

n=0

1 1 > 1
x" <T2_é_]:) a/()‘i‘l'T <(T+1)2_Z) a1+IT;{((n+T)2_Z) an‘i‘an—Q}xn:O'

Setting r = % and a; = 0 eliminates the first two terms. Then we get the recurrence

relation a a
n—2 n—2
ap = — = ,n > 2

(i)’ =3 nletD
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and this gives us one solution.
It is interesting to evaluate the first few terms of this series. With ay = 1, we
get
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A certain multiple of his function is called the “Bessel function of order % of the first
kind..(See text.) It is denoted by Jy (x).

1

—3, and

For the second solution, r =

Ap—2 Ap—2
ap = — = — n > 2

CERETII )

_1 ( 1 2 3 ) _1
r2(l—=2"4+—2°+---) =2 2cosx

This is called a “Bessel function of order i of the second kind”, and denoted by

Vi (x). ’

2 Homework, Due Wednesday, March 24.

This is the last assignment before the second exam, which is on Friday, March 26.

In the 9th edition: pg. 276, # 5, 14, 20, page 283, # 13. Do by the “delta”
method from the notes.
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In the 8th edition: pg. 278, # 5, .14 (please do these first, to help the grader by
having problems in the same order.

pg. 271, # 4.
pg. 285, # 13. Do by the “delta” method from the notes.
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