Math 1180

Notes 11

1 Basis and dimension

Read: Chapter 4, through page 347

Definition: Let V' be a vector space. A set of vectors {vy,vy,....,vp} in V
is called a “basis” for V if

(1) It is a linearly independent set

(17) span{vy, vy, ...V} =V.

1
0
was linearly independent, and spanning is easy, since for any (z,y),

()-(5)(0)

Here’s another example of a basis. Consider the set

Example: The set above { ( ) , ( (1) ) } is a basis for R?. We showed that it

1 0 1
B= 1,0 1].,[o
0 1 1

in R3. 1 first show that this set is linearly independent.

Suppose that

1 0 1 0
C1 1 + o 1 + c3 0 = 0
0 1 1 0
Then
Cl+0320
Cl+02:0
CQ+63:0.



The corresponding matrix has the three vectors of our set as columns. We reduce
it to echelon form:

1 01 1 0 1 1 0 1

110]—-(01-1]—-{01 -1

011 01 1 0 0 2

Since it has three pivots, and is 3 x 3, it is nonsingular, and so
Ac=0

has only the trivial solution. Hence B is a linearly independent set.

I now show that span{B} = R3. To show this we must show that we can express
T
an arbitrary vector | x | in R3 as a linear combination of the vectors in B. This
T3
means that there are ¢y, co, c3 such that

1 0 1 1
a1 |+l 1 J4+ces| 0| =1 =
0 1 1 T3

This means that we must show that the equation
Ac=Db

where b is the vector (x1, 23, x3), can be solved for c. (Note the different notation
we are using from earlier.) But this follows in the same way that we showed that B
is a linearly independent set. The 3 x 3 system Ac = 0 has only the zero solution.
We have seen that this implies that Ac = b has a solution for any vector b. (This
is only true for square systems, but that is what we have here.)

We have therefore shown that B is a linearly independent set, and it spans R3,
and so it is a basis for R3.

Next we give an example of a basis of a subspace. We consider the subspace V'
of R* consisting of all solutions of

CB1+I2+ZE3+JZ4:0. (2)



We know that this is a hyperplane, and it is apparent that there are three free
variables, which we can choose to be x4, x3, x4. We write

Tr1 = —Tog — T3 — T4.

Choosing each free variable, in turn, to be 1 with the others zero, we are led to the
general solution

—1 —1 —1

1 0
x=r| trs | o |- (3)
0 1
So every solution is a linear combination of the three vectors shown. Hence, the
subspace V' is spanned by these vectors. So we let

-1 -1 -1
1 0 0
By = o |’ 1 1’1 o
0 0 1

This set of vectors is obviously linearly independent, since by looking at the last
three components of the vectors we can see that none is a linear combination of the
others. So we immediately see that Bj is linearly independent and spans V. Hence,
B is a basis for the subspace V.

Dimension.

Note that in the preceding pages we gave two different bases for R3. That is,
we gave two different sets, each of which is a basis for R?. Before we can define
dimension, we have to answer the following question: Can there be two different
bases for a subspace V' of R" which have different numbers of elements? The answer
is no, and this is important enough to state as a Theorem.

Theorem 1 (Theorem 2, page 339) If{v1,...,vr} is a basis for V. and {w1, ..., w,, }
15 also a basis for V, then k = m.

Proof: I will give the same proof as the text, but write it down slightly differently.



If k # m, then one of them must be larger. Let’s assume m > k.. Otherwise
we switch the names of v and w.

We will show that if m > k then {wy,...,w,,} is a linearly dependent set, which
will contradict the definition of a basis.

To show that {wy,...,w,,} is a linearly independent set, we must find a nonzero
set of numbers ¢4, ..., ¢, such that

awi+ -+ Wy, = 0. (4)

Since {vi,..., v} is a basis, each w; is a linear combination of {vy,...,vy}.
Therefore there are numbers a,; such that

Wi = Q1;V1 + ** + Qi Vi.
We substitute this into (4) to get a rather complicated looking set of equations:

C1 (a11V1 + o+ apve) + e (aavy + - -+ agpavi)
+ e (amVL F - - F agm Vi) = 0.

Using summation signs:

But v, ...., v; are linearly independent. This means that the coefficient of each v;
must be zero. This gives a set of k& homogeneous equations in m unknowns, namely

c1a11 + coa19 + - - - + CpG1m =0

C1ag1 + Coarg + -+ - + g, = 0.

We want to find a non-zero set of ¢;. But since m > k, there are more unknowns
than equations, so we know that there are non-zero solutions. This proves that
{w1, ..., W, } could not be a basis, a contradiction.
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With this theorem, we can define dimension.

Definition: The dimension of a subspace V' is the number of vectors which are
in any basis of V.

From earlier, we have two examples for the space R3, namely

1
Blz

BQI

__0 O O
— O = OO

O = = OO

As a further example, we can consider the vector space P2. The set of vectors
{1,z,2?} clearly spans P2. To see if it is a basis, we have to see if it is a linearly
independent set. Suppose that

c1+ cx + 03x2 = 0.

We have to think carefully about what this means. It means that this expression is
the zero polynomial. It is zero for every z. So we can substitute different values of
x in there. Substitute v = 0,2z =1,z = 2. We get

clz()
Cl+CQ+C3:O
Cl+202+40320.

We can use “forward substitution to get the answer:

C1 = 0
Cy = —C3
2 (—63) + 463 =0

so c3 = 0 and hence ¢, = 0. This shows that {1, z, 2?} is linearly independent. Hence,
it is a basis for P? , and the dimension of P? is three. It is pretty easy to show that
the set

1 @) o) @) = {1,002 - 1)



is also a basis for P2. This basis has a property that is (a) strange, (b) interesting,
and (c) important:

[ ni@n =0

if i £ j.

Question: What is the dimension of the set of solutions of Ax = 0 in R* if

12 1 0
A:(30—1 2)'

Proof: Find the general solution by putting A in echelon form:

1 2 1 0
AH(O—G —4 2)'

There are two pivots and two free variables, x5 and x4. We get:

Tog = —=X3+ T
2 373 T 374
5 1 2
T = —x3— 209 = T3 — =T
1 3 2= 3%~ 3T
Thus,
1 2
3 3
_2 1
X = X3 13 + 14 8
0 1
This means that the solution space is
1 2
3 e}
_2 1
3 3
span 1 , 0
0 1

From the last two components we see that this is a linearly independent set. There-
fore it is a basis for the subspace of solutions, and this subspace has dimension 2.




2 Fundamental subspaces for an m x n matrix.

Definition 2 If A is an m X n matriz then
N(A)={xeR"| Ax =0}
is called the “null space” of A.
We gave an example of this just above, where
A= ( :13 g —11 (2) ) '
We saw that the null space is a two dimensional subspace of R*. The dimension is
found by using Gaussian elimination to see how many free variables there are.
Definition 3 The “nullity” of A is the dimension of N (A).
Theorem 4 The nullity of A is n — r, where r is the rank.

This easily follows from our earlier studies of Gaussian elimination. The nullity
is equal to the number of free variables in the solution to Ax = 0, which isn —r, r
being the rank, which is equal to the number of pivots.

Here is a second space associated with a matrix A.
Definition 5 The “column space” of A is span{vy,...,v,} where vy,..,v, are the
columns of the m x n matriz A.

So for the matrix A above, the column space is

e {(1)-(2)-(2)-(D))

We see that C'(A) is a subspace of R™ (R? in this case) .But a little thought shows
that we don’t need to use all of these vectors to get ¢(A). We could use just the
second and fourth vectors, because these two by themselves span all of R2. Thus, a

basis for C' (A) is
2 0
Gy
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But we could just as well use

1 0
0/)7°\1 ’
because this spans the same space, which is all of R?. Thus, c(A) = R?, and its

dimension is 2, which we saw earlier is the rank of A.
One more example, which is very easy to analyze.

A:

o O =
o = O
o O O
o O O

We can see right away that A has rank 2. Also, the first two columns span the column
space:

1 0
c(A) = span 01],(1
0 0

The dimension of C' (A) is two, which is again the rank. And

N (A) = span

o = O O
_— o O O

with dimension 2 =n — 7.

The columns space is also called the “range” of A, because in a sense it resembles
the range of a function. The function in this case is

f(x) = Ax,

where x is in R™. To see why the range of this function is ¢(A), we recall the
following fact:

If Ais an m x n matriz, and x € R", then Az is a linear combination of the
columns of A.

Homework:



pg. 331, # 38. Write all vectors as column vectors, including the given one,

1.
1
2 | . In (b) find the simplest examples you can. In (c) use the definition
3

a d bf — ce
x| e | =| de— fa
f ae — bd

2. pg. 331, # 48
3. pg. 345, # #28. Do this for n = 3.
4. Find bases for the range (column space) and null space for the matrix
1 4
A= 2 0
1

A~ N DN
0 = W
—_

2

5. pg. 362, # 36. p(A) is the rank of A. One relevant fact is that if Bx = 0,
then ABx = 0.



