Complex Variables: Quiz 3 Solutions 7/16/9

Question 1

Let o = (22(2% — 2i) + 2iz)dz.
Find the integral of  from A = (1,1) to B = (4, 2) along two contours:

e Along the parabola z = y?.
e Horizontally from A to the point C' = (4,1) and then vertically to B.

Explain the difference between these two results, using Green’s Theorem.

Write oo = v 4 2izdz,
v = 22(2* — 2i)dz = df,

1
f= §(z2 — 2i)>.
We have:

f(A) =f(1+44) = %((1 +1)% - 2i)° = %(21' —2)? =0,

1 1
f(B) = f(4+2i) = 5((4+2z‘)2—2¢)2 = 5(12+14@')2 = 2(6+74)* = 2(—13+84i) = —26+168;.
Then the integral of v from A to B is independent of the path chosen, so is:

/Bv = f(B) — f(A) = —26 + 168i.

A

For the integral of 2:Zdz:

e Along the parabola z = y2, we take y as the variable.
Then we have: z =z + iy = y? + iy, z = y* — iy, dz = (2y + i)dy.
So we get:
2izdz = 2i(y* — iy) (2y + i)dy

= 2i(2y® — iy? + y)dy = %(12y3 — 6iy? + 6y)dy

- %d(3y4 — 2iy® + 32).



So the required integral is:

2
—26 + 168i + 27;/ (2y® — iy + y)dy
1

—926 + 168i + %[31;4 — 24y + 3y
—26 + 168i + %(3(15) 144 4 9)
14
—26 + 168 + — + 18i

64
=3 + 186¢.

e Along the line AC, y = 1 and we take x as the variable.
Then we have: z =z +1,Z =12 — 1, dz = dx.
So we get;:
2izdz = 2i(x — i)dx

= d(iz® + 27).
e Along the line CB, z = 4 and we take y as the variable.
Then we have: z =4+ 1y, Z =4 — 1y, dz = idy.

So we get:
2izdz = 2i(4 — iy)(idy)

= d(iy® — 8y).
So the required integral is:
—26 + 168i + [iz® + 2z]3_, + [iy® — 8y?

= —26+4+168:+ 152 +6+ 37 — 8
= —28 + 186:.



By Cauchy’s Theorem, since the differential y = 2z(2% —21)dz is analytic and
globally exact, the difference of the second integral minus the first integral is
the integral around the closed loop AC B going first along the lines AC and
CB and then back from B to A, along the parabola, of the differential:

2izdz = 2i(z — iy)(dz + idy)

= 2i(zdz + ydy + i(zdy — ydz))
=d(i(z* + y?)) — 2(xdy — ydz) = —4A.

Here A is the area of the region with boundary ACB, traced counter-
clockwise and we have used Green’s Theorem in the last step.

But this area is the area under the parabola and above the line y = 1,
for 1 <z <4, sois:

4
1 3 4 1 5
A= /1 (V& —1)dr = < [2332 - 341 = 2[2(7) 303 = 3.

So the difference of the integrals should be —4A = 3 in agreement with

the subtraction:

64 1 2
—28 + 1867 — <_? + 1862') = g(—84 +64) = —?O.



Question 2

dz
L = —=——.
et p 22(z —1—1)

Find the contour integral of 5 taken around the following contours all traced
once around counter-clockwise:

o A: the circle [z + 1| =2
e B: the circle |z| =1

e (C: the square PQRS with vertices:

11 31 33 13
PZ(m)’ Q:(m)’ RZ(é’E)’ SZ(E’i)'

Is the differential 5 exact on the region outside the circle |z| = 107
Explain.

When z = 1+ 4, we have |z = v/2 > 1 and |z + 1| = v/5 > 2, so the
pole at z = 1 + 7 of B is outside the contours A and B, so the integrals for
these contours must give the same result and by Cauchy’s theorem applied to
the double pole at the origin, since the winding number is one, the required
integral is:

d N
2#25(2 —1—4)" =0

= —=27i(z — 1 —1) 2|,
= —27i(—1—14)"2
21
(1+41)?
271
= —— = —T.
21
The contour C surrrounds only the pole at z = 1+1, so by Cauchy’s theorem
applied to the simple pole at z = 144, since the winding number is one, the
required integral is:

21 21
. 9
2miz ‘zzl—l—i = =

Q+i2 2 "



For the last part, put z =u !, dz = —u 2du.
Then we have:

(1 —d)udu
2(u—3(1-1)

1
In the u-variable, 8 has only one pole, a simple pole, at the point u = 3 (1—1).

In particular, the differential 5 has no pole at u = 0, so no pole at in-

finity in z-variable, so § is globally exact on any region inside the circle
1 1

lu| < 5(1 —1)| = 75 5° outside the circle |z| = v/2.

In particular, the differential § is exact on the region outside the circle
|z| = 10 and we are done.

Note that the last result explains why the sum of the integrals around A
and C is zero, since the sum of these contours may be deformed into a large
circle surrounding all the poles.



Question 3

Let 7 be the transformation 7 (z) = defined for any complex z # 0.

z—1
e Prove that 7 is invertible and find a formula for its inverse.

We solve the equation z = 7 (w), for w in terms of z to find the inverse

transformation:

1 1 1 1
z2=— w—1=—, w:1+—:z+ )
w—1 z z z
So we get:
—1 1 1+Z
T =14 - = ——, defined for any complex z # 0.

z 2

Note that 7 : C — {1} — C — {0}, since 7 is defined provided z # 1
and since a reciprocal can never be zero, so an output for 7 is never
Zero.

1

Also an output for 7! is never 1, since, if 1 + — = 1, we would have
z

1

— = 0, which is impossible.

z

So the map 7! maps C — {0} — C — {1}, as needed for the in-

verse of T.

Then the compositions 7 o7 ! and 7 ! o T are well defined.
Computing them, we have:

1 _ 1y 1 1

(T oT)(2)=T" <2—11> =1+é=1+2—122-

We have proved that 7! is the inverse of 7, as required.

Note that if we allow z to go to infinity, so work on the Riemann
sphere, instead of just on C, we have that 7 (c0) = 0 and 71(0) = oo,
whereas 7 (1) = co and 7 !(c0) = 1, so on the full Riemann sphere,
T extends to give a bijection of the sphere to itself, as does its inverse

T



e Find and sketch the images under 7 of the following sets:

— The z-axis.

We have z = ¢ with ¢ real , so the image of the z-axis is the

parametric curve:
1

i1
Note that z is still real, so the image is all the x-axis, except the
origin (which is the image of the point at infinity).

z="T(t)

Alternatively if z is in the image, then 7 '(2) lies on the real
axis, so we need:

T =T,
1

1 1
1+—:1+:, =
z z

- )
¥4

IS

z=Z.

This is the equation of the z-axis.

Alternatively, we see that the images of the three points (0, 1, 00)
on the z-axis are the points (—1,00,0), which also all lie on the
x-axis, so the image is the z-axis.

— The y-axis.

We have z = it with ¢ real , so the image of the y-axis is the
parametric curve:

1 _1— gt
N = 2 = t) = = ,
r+iy=2z="TI(t) o P
1 ¢
rT = ——— N —
1+ YT 1
1 2
ety —— =142 =1+(%)
T T T

—r =24y 2*+r4+9y°=0,

+12+2 :
Zz - = —.
2) Y T



1
So the required image is the circle through the origin of radius 3

1

-2 0). The origin is the image of the point at infinity.

and center (

Alternatively if z is in the image, then 7 !(z) lies on the imagi-
nary axis, so we need:

0="T""(2)+T (),

1 1
O=1+-+1+—,
z z
0=222+2+7%,

I _+1( +_)+1
4—zz 22 z 1

1 +1 _+1 +12

—=lz+z)|Z+z)=|2+=

4 9 2 20’
+1 1

As before this is the equation of a circle through the origin of ra-

1
dius — and cent =—C.
lus o and center z 2

Alternatively, the images of the three points (0, 00, 7) are the three
1 —1—1
points (—1, 0, - = Z) .
7/ p—

1 2

1 1
So we need the circle through the points (0, 0), (—1,0) and (—5, —5) .
We see that these three points are equidistant from the point

1 1
(—5, 0), the distance being 57 SO the image circle is the circle

1 1
through the origin of radius g and center (—5, 0), as before.



— The circle, center the origin, of radius 1.
We parametrize the circle as:
z = e, treal

Then the image is parametrized by:

1
T
lzeit—l
N )

1 .
1+_:€Zt,
z
12
1:‘1+— ,
z

=142 =(1+2)1+7) =1+2+7+]z%
0=1+2+z=1+2x.

1
So the image is the horizontal line z = —5

Alternatively, we have the z lies in the image if T !(z) lies on
the given circle, so if:

T '(2)| =1,

1

1+-|=1
z

This gives the same equation as that given above.

Alternatively, the images of the three points (1, —1,4) on the circle
are (00, —h—3 — ). 1
These three points are collinear, lying on the line x = —5 which

is therefore the image.



— The circle, center the point (0, 1), of radius 1.
We parametrize the circle as:
z=1+e", treal

Then the image is parametrized by:

B 1
it —1’
1 ‘
=’ — 141,
z
1 .
1+-—i=¢",
z
112
1:‘1—z’+— ,
z

122 = (1 —4)z + 1> = (14+(1=4)2) (14+(140)2) = 1+2+2+i(z—2)+22/?,
1=24+2(1-¢)+Z2(1+1i)+2Z
1=(G+1+)EZ+1-0)=[z+1+1]"

So the image is the circle of unit radius, center the point z = —1—1.

Alternatively, the images of the three points (0,7 + 1,24) on the

—1-2¢
circle are (—1, —1, TZ>

1 2
We see that these three points (—1,0), (0, —1) and (—5, _5> are

equidistant from the point (—1,—1), the distance being 1, so the
image circle is the circle through the origin of radius 1 and center
(—1,-1), as before.

10



