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The deptlr of the well satisfies d : 4.9t2, where r is
the amount of time it takes the stone to hit the water,
It also satisfies d = 340s, where s : 8 - r is the
runount of time it takes for the noise of the splash
to reach the ear. Thus we must solve the quadratic
equation 4.9t2 :340(8 - r). The solurion is r :
7.2438sec. The depth is d : 34913 - r) : 257.Im.

In the first 60s the rocket rises to an elevation of
(100 - 9.8)t? /2 : 162,360m and achieves a veloc-
ity of u(60) = (100 - 9.8) * 60 : 5412n1s. After
that the velocity is 5412 - 9.8r. This is zero ar the
highest point, reached when tt : 552.2s. The alti-
tude at that point is 162, 360 + 5412 \ - 9 .8 * /2 =
1.657 x 106m. From there to the sround it takes rrs.
where 4.9rr2 : 1.657 x 106, or r-2 : 581.5s. Tie
roral rrip rakes 60 + 552.2 + 581.5 : 1193.7s.

We have u(r) : Ce-rtlm - mgf r.If u(0) : 0 then
C :  mglr ,  and u(r . )  = mg(e- ' t / "  *  Dl r .  This  is
equal to -mgl2r whene-"/^ : 1/2.Thus the time

required is t = aln(Z)/r. The distance traveled is
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The resistance force has the form R : -ru. When
u :0.2, R : -l so r : 5. The terminal velocity is
uterm = -m8/r: -0.196m/s.

(a) First, the terminal velocity gives us 20 =
mgf r, or r = mg/20: 70 x 9.5120 = 34.3.
Next, we have u(r) : Qs-rr/m - mg/r. Since
u(0)  -  0 ,  C:  mglr ,and u(r )  :  mg(e-r t /n  -
l)/r. Integrating and setting.r(0) : 0, we get

f t
x =  I  u ( s ) d s
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We,verify that the lefrhand side is the derivative ofe "'.y, so when we integrate we get

- r '  5
e  " ' ) , ( t ) : - j " - " + C .

Solving for y, we ger

y(r) :  _J*r,r , .

If we write the equations as r, : (1lt).r + t3 , we
see that a(t) :4/r. Thus the inregrating facror is

We have a(t) : 3, so a(r) : e-3,. Multiplying we
see that the equation becomes

" - ' ' y ' - 3 e * 3 r y : J s - 3 r

u(t) = a- I 'Q/t) ' tr - J

Multiplying by u, the equarion becomes

t _4X ,  _ , l r _ j , y  :  / _1 .

Atter verifying that the lett-hantl side is the iJeriva_
tive of t-4x, we can integrate and get

t - a x ( t ) = l n r * C .

Hence the general solution is

x ( t ) - t a l n t + C t a
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Hence u(2) : -12.4938 and x(2) :
-14.5025.

(b) The velocity is 80Vo of its terminal velociry
when 1 - e-tt/m: 0.8. For the values of rrz :
70 and r :34.3 this becomes t :3.2846s.



13. (a.t Compare y' + y cos.r : cosx with y' :
a(x)y -l /(x) and note that a(x) - -cos-r.

Consequently, an integrating factor is ibund
with

u(x)  -  , -  Io lx)d ' '  :  g, f  to"* t / - t  :  et in-" .

Multiply bottr sides of the differential equation
by the integrating tactor and check that the re-
sulting left-hand side is the derivative of a prod-
uct.

"sin 
'r 

1rr * y cos -r) : etin-t cos .tr

( r t tn ' t / ) '  = et int  cos-r

Integrate and solve for y.

" i n t Y : e * i n t + C
Y ( x ) : I - i - 6 ' , - ' l n '

(b) Separate the variables and integrate.

dy
-  =  c O S J ( l

o ,  
:  cosxdx

1 - y
-  In  l i  -  . ) l  :  s in  x  *  C.

Take the exponential of each side.

l l - Y l  : g - s i n ' r - c

l - Y : a ' - C " - s i n x

If we let A : te-c, then

) C r ) : l - A e - ' i n " ,

where A is any real number, except zero. How_
1ye1,when we separated the variables above by
dividing by .y - 1, rhis was a valid operation
only if y * 1. This hints ar anorher solution.
Note rhat / : I easily checks in the orisjnal
equation. Consequently,

. y ( . r ) : l - 4 r - s i n ' ,

where A is any real number. Note rhat this will
produce the same solutions a y : I + Ce-sinr,
C any real number, the solution fbund in pari
(a) .

15. Solve tbr y

3x
: -_=- v *

x - - F l

Compare this with y, : a(.x)J, + .l (r) and nore rhat
a(x) : -3x / (x? 

.1 1). Consequentty,'an rntegrating
factor is 1bund with

u(x)  - -  g l  -o {x t r l '  
:  rL  3* / (x2+tydx

-  e t3 /2 t ln t r r+ l )  :  (x2  +  1)3 /2 .

Multiply both sides of or:r-equarion by the integrating
facror ancl note that the left_hand side ofrhe reiuttini
equation is the derivatjve ofa product.

(xz 117:t/z ! '  + 3x1xz + l)t/z y :6x(xz + DL/z
({xz + t) '/ '  y)' - 6x(xz + t)t /2

Integrate and solve for y.

(*2 + l)3/2 y : z(xz * Dt/z *,
y :2 + C(xz -y 11-ztz

The initial condition gives

- l  :  y(0)  :2  + C(02 *  l1-stz  :2 *  C.

Therefore, C : _3 and y(-r) :2 _ 3(x2 * l1_t12.

19. Solve for y,.

t I
Y = i ;T , r+ (Zx r3 r - t 1z

Compare this with y, : a(x)y + J G) and notethat a(x) = 1 / (Lr + 3) and' i6) : (;;ir)_,rr.
It is important to note that a i; continuous 

"u"ry_where except x : -3/2, but / is .onirn-u*. onryon (-3/2, *oo), facts that will heavily lnfluence ourinterval ofexistence
An integrating factor is found with

t t(x) :  1I 
-uG)ax - el 

- t /(z.y+3). l i

:  s - ( t /211^12t+31 =  l2x  *3 ; t tz .
However, we will assume rhar x > _3/Z @ rto-
main where both a and / are defined), ,o ,(rl :

:2x.,+ ?)-I/?. Multipty Loth sides oiour-"quuuon
oy me.rnregrating tactor and nore rhat the leti-hand
ylde, of lhe resulting equation is tl" a"riuJue of oproduct.

(2x -p 37-t1z y, _ (2x * 37-:tz y = (2x* 3;_r
(e-\ + 3)_ttz ,r,  :  12x * 3)- j

Integrate and solve fbr v.

(2x  l ] 7 - t / zn  - +3 )+c .
I
; tn(Zx

I
\ t  :  - t ) y

' t + 3)I /2 ln(2r f  l )  + Ctzx *  j ) r iz



Sectiorr ) .S
(a) Let S(t) denote the amount of sugarin the tank,

measured in pounds. The rate in is 3 eaymin x
0.21b/gal = 0.61b/min. The rale out is
3gal/min x S/t00lb/gal - 3Slt0Olb/min.
Hence

dS- = tate in - rate out

:  0 .6 -  3S/100

This linear equation can be solved usins the
integrating factor a(r) - e3'/too to set rhJsen-
eral solution S(rt - 29 a 6r-tlr00. Sin""
S(0) : 0, the constant C = -/Q and the solu-
tion is S(t) : 20(1 - ,-lt/t{ny.
,S(20) : 10(l - e-0.6) N9.038tb.

S(t) = 15 when e-3ttxn - 1 - lS/20 :
1/4, Takng Iogarithms this rranslates to I :
(l00ln 4)/3 x 46.2098m.

As r --+ oo S(r) --) 20.

6. The voiume in the tank is decreasing at I gaVmin,
so the volume is 7(r) : 100 - r. There is no
sugar coming in, and the rate out is 3 gaVmin x
S(t)/ y(t) lb/gal. Hence the dift'erential equation is

ds -3s
--- : .--:-.

rhis equation,,,,";: .". 'r::;""eous. rr can be
solved by separating variables. The general solution
is  S(r )*A(100-r)3.  Since S(0)  :  100; ,  0 .05 :  5 ,
we see that A : 5 x 10-6, and the solution is
S 0 ) = 5 x 1 0 - 6 x ( 1 0 0 - r ) 3 .
When V(r) : 100 - t : 50 gal,

S ( t )  : 5  x  10 -6  x  503 :0 .6251b .

7. (a) The volume of liquid in the tank is increasing
by 2 gal/min. Hence the volume is V(r) :
lN + 2t gal. Let x(r) be the amounr of pol-
lutant in the tank. measured in lbs. The rate
in during ttris initial period is 6 gaUmin . 0.5
lb/gal = 3 lb/gal. The rate out is 8 gVmin
-x / V : 4x /(50+t). Hence themodel equation
is

x '  =3 -  4x/ (50 *  t ) .

This linear equation can be solved using the in-
tegrating f.acnr uQ) - (50 + r)4. The general
solution is -r(r) : 3(50 + t) /5 + C(50 + r)-4.
The initial condition r(0) : 0 allows us to
compute the constant to be C : - 1 .875 x 108.
Hence the solution is

1t  1.875 x 108
x ( t ) : 5+SO

After l0 minutes the tank contains .r(10) :
21.5324Ib of salt.

(b) Now the volume is decreasing at the rate of
4 gaUmin from the initial volume of 120 gal.
Hence if we start with t : 0 at the l0 minute
mark, the volume is V (t) : 120 - 4t gal. Now
the rate in is 0, and the rate out is 8 gaVmin
.x f V : 2x /(30 - l). Hence the model equa-
tion is

1 +

x' : --3!-.
3 0 - r

This homogeneous linear equation can solved
by separating variables to find the general solu-
tion x(r) : A(30 - l iz. At I : 0 we have
x(0) - 21.5342, fiom which we find that
A : 21 .5342/900, and the solution is

.r(r) - ":t=?=o' ,ro - ,r=.
9UU

We are asked to find when this is one-half of
21.5342. This happens when (30 - t)z = 450
or ot f : 8.7868 min.

The initial condition provides

0  = . y ( - l )  :  C .

!:n*lu.:ul, v = (t /z) (2x +3)t /zrn(2-r * 3). Thernterval of exisrence is (_3 /2, +m) an) tt 
" 

#utioncurve is shown in the following ngu...-
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