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3. The depth of the well satisfies d = 4.9¢2, where ¢ is
the amount of time it takes the stone to hit the water.
It also satisfies d = 340s, where s = 8 — ¢ is the
amount of time it takes for the noise of the splash
to reach the ear. Thus we must solve the quadratic
equation 491> = 340(8 — 7). The solution is t =
7.2438sec. The depthisd = 340(8 — 1) = 257.1m.

In the first 60s the rocket rises to an elevation of
(100 —9.8)1>/2 = 162, 360m and achieves a veloc-
ity of v(60) = (100 — 9.8) % 60 = 5412m/s. After
that the velocity is 5412 — 9.8;. This is zero at the
highest point, reached when #; = 552.2s. The alti-
tude at that point is 162, 360 + 54121, — 9.812/2 =
1.657 x 10°m. From there to the ground it takes f,s,
where 4.92 = 1.657 x 105, or t, = 581.5s. The
total trip takes 60 4+ 552.2 + 581.5 = 1193.7s.

We have v(t) = Ce™™/™ — mg/r. If v(0) = 0 then
C = mg/r, and v(r) = mg(e™"/™ ~ 1)/r. This is
equal to —mg /2r when e™"*/™ = 1/2. Thus the time

required is t = m In(2)/r. The distance traveled is

x=/'v(s)ds
0

H
- @f (e7"s/™ — 1) ds
r 0

9. The resistance force has the form R = —rv. When
v = 0.2, R = —15s0 r = 5. The terminal velocity is

Vterm = —mg/r = —0.196m/s.

10.  (a) First, the terminal velocity gives us 20 =
mg/r,orr = mg/20 = 70 x 9.8/20 = 34.3.
Next, we have v(r) = Ce™"/™ — mg/r. Since
v(0) =0,C = mg/r, and v(t) = mg(e~"1/™m -
1)/r. Integrating and setting x(0) = 0, we get

!
x =/ v(s)ds
0
4
= E/ (/™ — 1) ds
r Jo
=78 [T-(l ~ertimy t]
r

-
Hence v(2) = —12.4938 and x(2)
—14.5025.

(b) The velocity is 80% of its terminal velocity
when 1 — e~""/™ = (.8. For the values of m =

70 and r = 34.3 this becomes t = 3.2846s.

We have a(r) = 3, so u(r) = e~ . Multiplying we
see that the equation becomes

-3 - -
ey —3e7Hy = 5.

We verxfy that the left-hand side is the derivative of
ey, 50 when we integrate we get

_ 5
e My(@r) = —Ee““ +C.

Solving for y, we get

5
() = -3 + Cée*.

If we write the equations as x’ = (4/t)x + 3, we
see that a(¢) = 4/r. Thus the integrating factor is

u(r) = e~ JHD & _ p~dlar _ 4
Multiplying by u, the equation becomes
R N T

After verifying that the left-hand side is the deriva-
tive of r~*x, we can integrate and get

t™x(t) =Int + C.
Hence the general solution is

x(t) =t*1nr + Cr*.




13. (a) Compare ¥ + ycosx = cosx with y =
a(x)y + f(x) and note that a(x) = —Cos x.
Consequently, an integrating factor is found
with

u(x) = e—fa(.r)d.r — efcosxd.r = tinx

Multiply both sides of the differential equation
by the integrating factor and check that the re-
sulting left-hand side is the derivative of a prod-
uct.

sin.x

e (y' 4 ycosx) = ™ cos x

(esinxy)’ = S0 o0 x
Integrate and solve for y.

esinxv — ghins +C

y(x) =14 Ce—-sinx

(b) Separate the variables and integrate.

dy
- == C0S 1—')
. cos x( y

ﬂ— =cosxdx
-y

—In|l-y]=sinx+C.
Take the exponential of each side.
Il - }’l — e-—sinx—C
1 — y = ig-Ce——sinx
Ifwelet A = +2=C, then

y(x) =1 Ae—-sin,r,

where A is any real number, except zero. How-
ever, when we separated the variables above by
dividing by v — 1, this was a valid operation
only if y # 1. This hints at another solution.
Note that y = 1 easily checks in the original
equation. Consequently,

y(x) — l — Ae*sin.\:,

where 4 is any real number. Note that this will
produce the same solutions a y=1+Ce sinx
C any real number, the solution found in part

(a).

15. Solve for y'.

, 3x N 6x
x2+17 0 x241

Compare this with y’ = a(x)y + f(x) and note that
a(x) = —3x/(x*+1). Consequently, an integrating
factor is found with

u(x) — ef—a(x)dx =e/‘3x/(x2+])dx

— e(3/2) In(x~+1) — (x2 + 1)3/2.

Multiply both sides of our equation by the integrating
factor and note that the left-hand side of the resulting
equation is the derivative of a product.

@+ DYy 4302 + )2 y = 6x(x2 4 1)1
(@ + D2 y) = 6x(x? +1)!72
Integrate and solve for y.
&+ 13y =262+ 1) 4 ¢
y=2+Cx*+ 17
The initial condition gives
~1=y0)=2+C0O*+ 1) =2+

Therefore, C = —3 and y(x) =2 — 3(x2 + )32,

19. Solve for y'.

! ~172
>3 y+2x+3)
Compare this with Y = ax)y + f(x) and note
that a(x) = 1/(2x + 3) and f(x) = (2x + 3)~1/2,
It is important to note that g is continuous every-
where except x = —3/2, but f is continuous only
on (—3/2, +c0), facts that will heavily influence our
interval of existence.

An integrating factor is found with
u(x) = of —u(x)dx = ¢/ 1/ Qx4 dx
= e~/ In2x+3] _ [2x + 37172,
However, we will assume that x > =3/2 (a do-
main where both g and [ are defined), so ulx) =
(2x +3)~172. Multiply both sides of our equation
by the integrating factor and note that the lett-hand

side of the resulting equation is the derivative of a
product,

Cx+3)712y — @x +3)72 ) = (2x 3!
(Qx+3)712y) = (2x + 3)~!
Integrate and solve for ¥

1
(26 +3)"12y = 5 In(2x +3) + C,

or

1 2
Y=g+ 0 +3) 4 Cx 4 312




The initial condition provides
0=y~ =cC.
Consequently, y = (1/2)(2x+3)'21n(2x +3). The

interv:«.ll of existence is (—3/2, +00) and the solution
curve is shown in the following figure.

Section 2.

L

(®) S(t) = 15 when ~¥/10

(a) Let S(¢) denote the amount of sugar in the tank,

measured in pounds. The rate in is 3 gal/min x
0.2]b/gal = 0.6Ib/min. The rate out is
3gal/min x §/1001b/gal = 38,100 1b/min.
Hence

S
Zt— = rate in — rate out
=0.6-35/100

This linear equation can be solved using the
integrating factor u(r) = e3/1% to get the gen-
eral solution S(z) = 20 + Ce™3/100 Gince
S5(0) = 0, the constant C = —20 and the solu-
tion is S(r) = 20(1 — e~3/100y,

§(20) = 10(1 — e~%%) ~ 9.038Ib.

1 —15/20

1/4. Taking logarithms this translates to ¢ =
(100In4)/3 = 46.2098m.

(¢) Ast — o0 §(t) — 20.

7.

6. The volume in the tank is decreasing at | gal/min,
so the volume is V(tr) = 100 — t. There is no
sugar coming in, and the rate out is 3 gal/min x
S(t)/ V() b/gal. Hence the differential equation is

ds =38
dr ~ 100 -t

This equation is linear and homogeneous. It can be
solved by separating variables. The general solution
is S(t) + A(100 —¢)3. Since S(0) = 100 x0.05 = 5,
we see that A = 5 x 1079, and the solution is
S(t) =5 %1079 x (100 — 1)3.

When V(t) = 100 — ¢ = 50 gal,

S() =5 x 107° x 50° = 0.6251b.

(a) The volume of liquid in the tank is increasing
by 2 gal/min. Hence the volume is V(¢) =
100 + 2¢ gal. Let x(¢) be the amount of pol-
lutant in the tank, measured in lbs. The rate
in during this initial period is 6 gal/min - 0.5
Ib/gal = 3 Ib/gal. The rate out is 8 gl/min
-x/V = 4x/(50+1). Hence the model equation
is

x'=3—4x/(50 +1).

This linear equation can be solved using the in-
tegrating factor u(r) = (50 + 1)*. The general
solution is x(¢) = 3(5041)/5+ C(50 +1)~*.
The initial condition x(0) = 0 allows us to0
compute the constant to be C = —1.875 x 108.
Hence the solution is

3t 1.875 x 108
x(t) = ?+30—'w
After 10 minutes the tank contains x(10) =
21.5324 1b of salt.

(b) Now the volume is decreasing at the rate of
4 gal/min from the initial volume of 120 gal.
Hence if we start with t = 0 at the 10 minute
mark, the volume is V () = 120 — 4¢ gal. Now
the rate in is 0, and the rate out is 8 gal/min
-x/V = 2x/(30 — t). Hence the model equa-
tion is
2x

30—t

This homogeneous linear equation can solved

by separating variables to find the general solu-

tion x(¢) = A(30 — % Atr = 0 we have

x(0) = 21.5342, from which we find that

A = 21.5342/900, and the solution is

]

X =

21.5342 \
—_ 30 - 1)~
x(1) 500 ( )

We are asked to find when this is one-half of
21.5342. This happens when (30 — £)? = 450
or att = 8.7868 min.
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