Section 1.1

1.

Let y(r) be the number of bacteria at time ¢. The rate
of change of the number of bacteria is y'(r). Since
this rate of change is|given to be proportional to y(1),
the resulting differential equation is y'(t) = ky(r).
Note that k is a positive constant since y'(r) must be
positive (i.e. the number of bacteria is growing).

Let y(t) be the number of field mice at time ¢. The
rate of change of the number of mice is y'(t). Since
this rate of change is given to be inversely propor-
tional to the square root of y(t), the resulting differ-
ential equation is ¥'(r) = k//¥(t). Note that k is
a positive constant since y'(t) must be positive (i.c.
the number of mice is growing).

Let y(r) be the number of ferrets at time ¢. The rate
of change of the number of ferrets is y'(¢). Since this
rate of change is given to be proportional to the prod-
uct of y(t) and the difference between the maximum
population and y(r) (i.e. 100 — y(r)), the resulting
differential equation is y'(f) = ky(£)(100 — y(2)).
Note that k is a positive constant since y'(r) must
be positive (i.e. the number of ferrets is growing
provided y(z) < 100).

Let y(r) be the quantity of radioactive substance at
time ¢. The rate of change of the material is y'(z).
Since this rate of change (decay) is given to be pro-
portional to y(1), the resulting differential equation
is ¥'(1) = —ky(s). Note that k is a positive con-
stant since y'(f) must be negative (i.e. the quantity
of radioactive material is decreasing).

Let y(t) be the temperature of the potato at time r.
The rate of change of the temperature is ¥'(f). Since
this rate of change is given to be proportional to the
difference between the potato’s temperature and that
of the surrounding room {i.e. y(#) — 65), the result-
ing differential equation is y'(f) = —k(y(r) — 65).
Note that k is a positive constant since y'(¢) must
be negative (i.e. the potato is cooling) and since
y(1) — 65 = 0 (i.e. the potato is hotter than the
surrounding room).

8.

10.

Let x(t) be the position (displacement) of the parti-
cle at time r. The force on the particle is given to
be proportional to this displacement. Therefore, the
force, F, is equal to —kx(r) where k is a positive
constant. The negative sign is present since the di-
rection of F is opposite to that of x(t}. Newton’s law
states F = ma where m is the mass of the object and
a = x"(t) is its acceleration. Therefore, F = ma
becomes —kx(¢) = mx"(t), which is the differential
equation governing the motion of this particle.

Let x(t) be the position (displacement) of the parti-
cle at time ¢. The force on the particle is given to be
proportional to the square of the particle’s velocity,
ie. (x'(0)®. As a first guess, one might surmise
that the force is given by F = ~k{x'(£))*, where
k is a positive constant. However, closer inspec-
tion reveals that this will have the force pointing tg

the left, regardless of whether the velocity is pos-
itive or negative. We can work around this diffi-
culty by letting the force equal F = —kx'()|x’(1)].
The reader will recognize that the force is positive
when x'(r) < 0, while the force is negative when
x'(t) = 0, thus insuring that the force is always op-
posite the particle’s motion, Newton's law states
F = ma where m is the mass of the object and
a = x"(t) is its acceleration, Therefore, F = ma
becomes —k{x'(1))|x'(t1)] = mx"(t), which 1s the
differential equation governing the motion of this
particle.

Let x(r) be the position (displacement) of the par-
ticle at time f. The force on the particle is given
to be inversely proportional to the square of this
displacement. The direction of F is opposite o
that of x(r). Therefore, the force, F, is equal to
—k /[x(1)|x(z)|] where k is a positive constant. Note

that we have written x(z)[x(¢)] instead of x(¢)* since
—k/[x(t)|x(t)]] is negative when x (1) is positive and
—k/[x(r}{x(t)]] is positive when x(f) is negative.
This agrees with the desired direction of F. New-
ton's law states F = ma where m is the mass of the
object and a = x"(r) is its acceleration. Therefore,
F = ma becomes

=k _
x()x())

which is the differential equation governing the mo-
tion of this particle.

mx" (1)
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3. Y(t) = —Cte~ "D and —ty(t) = —tCe~ WD,

6.

50 J"’ = —IYy.

If y(r) = 4/(1 + Ce™ "), then
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12. y(t) = (4/17)cost + (1/17) sint — (21/17)e~* on
interval (11/6, o).
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14, Weneede™' = y(1) = e W1 +C/(1)) = (1 + I. Separate the variables and integrate,
Cle~!. Hence C = 0, and our solution is y(1) =
re~", This function is defined and differentiable on dy i
the whole real line. Hence the interval of existence zfrl ]
is the whole real line, 4 = xdx
y
1,
Injyl = —z-x +C

1}1{I}L — EJEJ":{‘--}-C
Y(x) = e . o512
= Ae* 2,
Where the constant A = +e° is arbitrary.

2. Separate the variables and integrate.

dy
IE = 2}"
1 2
—r:f}' = —dx
y x
15. yi(t) = 2/(—=1+ e */*). The interval of existence is Wil =2mlel ¢
(~1n(3)/2, 00). [ =2
y(x) = 42552

Letting D = +¢€, y(x) = Dx2.

6. Separate the variables and integrate. Nore: Factor
the right-hand side.

d
E’y = (" + 1)y -2)
X

_.l_d:,lzl:ﬁx + 1) dx
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Inly—2l=e" +x+C

e e

ly—2|=e
Y= 4eCpf +

Letting D = e, y(x) = De*" ** 4+ 2,



8. Separate the variables and integrate.
dy ( - S
dx T \x—1

|
—d‘y:(l+ : )dx
¥ x—1,

Injyl=x+njx-1}|+C
h’l :ex+ln|.t--l|+(:

)’{-ﬂ e ﬂcfxeln]xmli

Letting D = ¢, y(x) = De*|x — 1|. It is impor-
tant to note that this solution is not differentiable at
x = | and further information (perhaps in the form
of an initial condition) is needed to remove the ab-
solute value and determine the interval of existence.

13.

¥ 3
Ayl=lInlx|+ C
Iy(x)] = e FHC = € x|
y(x) = Ax.
The initial condition y(1) = —2 gives A = —2. The
solution is y(x) = —2x. The solution is defined for

all x, but the differential equation is not defined at
x = 0 so the interval of existence is (0, oc).

14,

dy 2t(1 +y%)
a -y
ydy
1492
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= =t dt

%lm;l +y)==1*4C
1+ yz = g ¥HC _ € L3

L+ = Ae™?’

With y(0) = 1, 1 +12 = Ae™2®" and A = 2, Thus,

_nt

1 +y*=2e

y=+v2e 2" — |,

We must choose the branch that
condition y(0) = 1. Thus, y =
solution is defined, provided that

ins the initial
2e~4* _ 1. This

2% 120

oz ]
e > =

2
~2? = ln:—;-

1
t? < —2In—
L= le

i <Ind

] =< Vin4.

Thus, the interval of existence is (—+/In4, +/In4).

dy _sinx

dx  y
ydy = sinx dx

l
§y2=—~cusx+£‘|

y?=-2cosx+C (C=2C))
y(x) = £4/C —2cosx

Using the initial condition we notice that we need
the plus sign, and 1 = y(7/2) = +/C. Thus C = 1
and the solution is

wx) =1 —2cosx.

The interval of existence will be the interval con-
taining /2 where 2cosx < 1, Thisis m/3 < x <
Sm/3.



16. 35. The same differential equation and solution hold as

dv B in the previous problem:
b P2
dx _ ~k
f_}ld}’=£rd_r }I{[}—TG—CE h
—e = +C We let t = () correspond to when the beer was dis-
i e covered, so y(0) = 50. This means C = 20. We
y=In(—e* — C) also have y(10) = 60 or
y = —In(=&* = C) 60 = 70 — 2010

With y(0) =1, Therefore, k = (—1/10) In(1/2) =~ .0693. We want

l = —In(—e" — ©) to find the time T when y(T') = 40, which gives the
et equation
b 70 — 200~ = 40
Cm—1—e
Since we know k, we can solve this equation for T
Thus, i to obtain
y:—ln[-ex + e +1)
This solution is defined provided that T = (=1/k)In(3/2) =~ =5.85
A kel L1510 or about 5. 85 minutes before the beer was discovered
e I on the counter.
X = ln-{E'_l + 1).

Thus, the interval of existence is {(—oo, In{e™" +1)).

34. Let y(t) be the temperature of the beer at time ¢
minutes after being placed into the room. From New-
ton’s law of cooling, we obtain

Y = k(70— y(t)) ¥(0) =40

Note k is positive since 70 = y(r) and ¥'{¢) = Oithe
beer is warming up). This equation separates as

dy

i Ey
R

which has solution ¥y = 70 — Ce ™. From the
initial condition, y(0) = 40, C = 30. Using
y(1V) = 48, we obtain 48 = 70 — 30e™'% o
k = (—1/10)In{11/15) or k = .0310. When
t = 25, we obtain y(25) = 70 — 30e™%*® = 56.18°.
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