
CHAPTER 1

Measure Theory

1. Topology and Metric Space

Definition 1. A collection τ of subsets of a set X is said to be a topology in
X if τ has the following three properties:
(i). ∅ ∈ τ and X ∈ τ .
(ii). If Vi ∈ τ for i = 1, · · · , n, then V1 ∩ V2 ∩ · · · ∩ Vn ∈ τ .
(iii). If {Vα} is an arbitrary collection of members of τ , then ∪αVα ∈ τ .

If τ is a topology in X, then X is called a topological space, and the members
of τ are called the open sets in X. A set E is said to be closed if Ec is open.

Example 1. (i). τ = {∅, X} is a topology.
(ii). τ = 2X is a topology.
(iii). Let E1, E2 be two nonempty subsets of X, then

τ = {∅, E1, E2, E1 ∩ E2, E1 ∪ E2, X}
is a topology of X. This topology has 6 open sets if all the listed subsets are different.

Definition 2. A metric space is a set X in which a distance function ρ :
X × X → R

+ is defined with the following properties:
(a). 0 ≤ ρ < ∞ for all x, y ∈ X.
(b). ρ (x, y) = 0 if and only if x = y.
(c). ρ (x, y) = ρ (y, x) for all x, y ∈ X.
(d). ρ (x, y) ≤ ρ (x, z) + ρ (z, y) for all x, y, z ∈ X.

A metric space (X, ρ) has a natural topology which is the collection of all sets
E ⊂ X which are arbitrary unions of open balls of the form

B (x, r) = {y ∈ X : ρ (x, y) < r} .

v
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2. σ-algebra

Definition 3. A collection M of subsets of a set X is said to be a σ-algebra
in X if M has the following three properties:
(i). X ∈ M.
(ii). If A ∈ M, then Ac ∈ M.
(iii). If An ∈ M, n = 1, 2, · · · , then A = ∪∞

n=1An ∈ M.

If M is a σ-algebra in X, then (X,M) is called a measurable space, and the
members of M are called the measurable sets in X.

Example 2. (i). M = {∅, X} is a σ-algebra.
(ii). M = 2X is a σ-algebra.
(iii). Let E 
= X be a nonempty subset of X, then

M = {∅, E, X\E, X}
is a σ-algebra of X.

Proposition 1. Let (X,M) be a measurable space. Then
(i). ∅ ∈ M.
(ii). A,B ∈ M implies A\B ∈ M.
(iii). M is closed under finite unions, finite or countable intersections.

Proof. (i) ∅ = Xc ∈ M.
(ii). A\B = A ∩ Bc = (Ac ∪ B)c.
(iii). Let Ak ∈ M, 1 ≤ k ≤ n. We define Ak = ∅ for k ≥ n + 1. Then the finite
union

n⋃
k=1

Ak =
∞⋃

k=1

Ak ∈ M

and the finite intersection
n⋂

k=1

Ak =

(
n⋃

k=1

Ac
k

)c

∈ M.

Let Ak ∈ M, k ≥ 1. Then the countable intersection
∞⋂

k=1

Ak =

( ∞⋃
k=1

Ac
k

)c

∈ M.

�
It is easy to verify from the definition of σ-algebra that any intersection of

σ-algebras is a σ-algebra:

Proposition 2. If {Mα}α∈Λ is a family of σ-algebras in a set X, then ∩α∈ΛMα

is also a σ-algebra in X.

Theorem 1. If F is any collection of subsets of X , there exists a smallest
σ-algebra M∗ in X such that F ⊂ M∗.

We say M∗ is the σ-algebra generated by F , which can be defined as the
intersection of all F containing σ-algebras in X.

Let (X, τ) be a topological space. Let B be the σ-algebra generated by τ . The
members of B are called the Borel sets of X. In particular, closed sets are Borel
sets, and so are all countable unions of closed sets and all countable intersections
of open sets.
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3. Measure

Definition 4. A positive measure is a function μ, defined on a σ-algebra M,
whose range is in [0,∞], which satisfies
(i). μ (∅) = 0.
(ii). (Countable additivity) If {Ai}∞i=1 is a pairwise disjoint collection of members
of M, then

μ

( ∞⋃
i=1

Ai

)
=

∞∑
i=1

μ (Ai) .

The triple (X,M, μ) is called measure space.

If μ (X) < ∞, then μ is said to be a finite measure.
If μ (X) = 1, then μ is a probability measure.

If X =
∞⋃

i=1

Ai where Ai ∈ M and μ (Ai) < ∞ for all i = 1, 2, 3, · · · , then we say

that μ is σ-finite.

Example 3. (i). Trivial measure μ ≡ 0.
(ii). Counting measure: For any A ∈ M, μ (A) = � of elements in A.
(iii). Dirac measure: Given x0 ∈ X, we have for any A ∈ M, μ (A) = 1 if x0 ∈ A
and μ (A) = 0 if x0 
∈ A.

A complex (real) measure is a complex-valued (real-valued) countably additive
function defined on a σ-algebra.

Theorem 2. Let (X,M, μ) be a measure space.
(i). (Finite additivity) If {Ai}n

i=1 is a pairwise disjoint collection of members of
M, then

μ

(
n⋃

i=1

Ai

)
=

n∑
i=1

μ (Ai) .

(ii). (Monotonicity) A ⊂ B implies μ (A) ≤ μ (B) if A,B ∈ M.

(iv). Let A1 ⊂ A2 ⊂ A3 ⊂ · · · be members in M and A =
∞⋃

i=1

Ai, then

lim
n→∞μ (An) = μ (A) .

(v). Let A1 ⊃ A2 ⊃ A3 · · · be members in M, μ (A1) is finite and A =
∞⋂

i=1

Ai, then

lim
n→∞μ (An) = μ (A) .

Proof. (i). Using countable additivity on {Ai}∞i=1 with Ai = ∅ for i ≥ n + 1.
(ii). Write B = A ∪ (B\A), then use finite additivity.
(iii). Let B1 = A1, Bi = Ai\Ai−1 for i ≥ 2, then {Bi}∞i=1 are pairwise disjoint and

A =
∞⋃

i=1

Bi. Hence countable additivity implies

μ (A) =
∞∑

i=1

μ (Bi) = lim
n→∞

n∑
i=1

μ (Bi) = lim
n→∞μ (An)
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where, in the last step, we used finite additivity.

(iv). Consider Ci = A1\Ai, then we have Ci ↗ and A1\A =
∞⋃

i=1

Ci, so (iv) implies

μ (A1\A) = lim
n→∞μ (Ci) .

Since μ (A1) < ∞, μ (A1\A) = μ (A1)−μ (A) and μ (Ci) = μ (A1)−μ (Ai), we have

μ (A) = lim
n→∞μ (An) .

�
Remark 1. The assumption ”μ (A1) is finite” is necessary in part (v) of the

above theorem. For example, let μ be the Lebesgue measure and An = (n,∞), then

we have for each n, μ (An) = ∞ while μ

( ∞⋂
n=1

An

)
= 0.
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4. Outer Measure and Caratheodory Construction

Definition 5. Let X be a set. A function

μ∗ : 2X → [0,∞]

is called an outer measure if
(i). μ∗ (∅) = 0;
(ii). (Monotonicity) A ⊂ B implies μ∗ (A) ≤ μ∗ (B);
(iii). (Countable Sub-additivity) for all sets Ai ⊂ X,

μ∗
( ∞⋃

i=1

Ai

)
≤

∞∑
i=1

μ (Ai) .

We call a set E ⊂ X μ∗-measurable if for any A ⊂ X,

μ∗ (A) = μ∗ (A ∩ E) + μ∗ (A\E) .

This criterion is called Caratheodory condition. Since

μ∗ (A) ≤ μ∗ (A ∩ E) + μ∗ (A\E)

holds for any A,E ⊂ X, Caratheodory condition is equivalent to the one-sided
inequality

μ∗ (A) ≥ μ∗ (A ∩ E) + μ∗ (A\E) .

Theorem 3. The μ∗-measurable sets form a σ-algebra M∗ and μ∗ restricted
to M∗ is a measure.

Proof. Step 1. X ∈ M∗.
Step 2. If E ∈ M∗, then Ec ∈ M∗ since Caratheodory condition is symmetric in
E and Ec.
Step 3. If E, F ∈ M∗, then E ∪ F ∈ M∗. To see this, for any A ⊂ X, we have
from Caratheodory condition,

μ∗ (A) = μ∗ (A ∩ E) + μ∗ (A\E) ,

μ∗ (A\E) = μ∗ ((A\E) ∩ F ) + μ∗ ((A\E) \F )

= μ∗ ((A\E) ∩ F ) + μ∗ (A\ (E ∪ F )) ,

μ∗ (A ∩ (E ∪ F )) = μ∗ ((A ∩ (E ∪ F )) ∩ E) + μ∗ ((A ∩ (E ∪ F )) \E)

= μ∗ (A ∩ E) + μ∗ ((A\E) ∩ F ) .

which yields μ∗ (A) = μ∗ (A ∩ (E ∪ F )) + μ∗ (A\ (E ∪ F )). Hence, E ∪ F ∈ M∗.
Step 4. If E,F ∈ M∗, then E\F ∈ M∗ since E\F = (Ec ∪ F )c.
Step 5. If En ∈ M∗, n = 1, 2, · · · are pairwise disjoint, then we have for any A ⊂ X,

∞∑
n=1

μ∗ (A ∩ En) = μ∗
(

A ∩
( ∞⋃

n=1

En

))
.

First, from the Caratheodory condition and the measurability of E1, we have

μ∗ (A ∩ (E1 ∪ E2)) = μ∗ ((A ∩ (E1 ∪ E2)) ∩ E1) + μ∗ ((A ∩ (E1 ∪ E2)) \E1)

= μ∗ (A ∩ E1) + μ∗ (A ∩ E2) .

Hence,
n∑

i=1

μ∗ (A ∩ Ei) = μ∗
(

A ∩
(

n⋃
i=1

Ei

))
≤ μ∗

(
A ∩

( ∞⋃
i=1

Ei

))
.
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Let n → ∞, we have
∞∑

i=1

μ∗ (A ∩ Ei) ≤ μ∗
(

A ∩
( ∞⋃

i=1

Ei

))
.

On the other hand,
∞∑

i=1

μ∗ (A ∩ Ei) ≥ μ∗
(

A ∩
( ∞⋃

i=1

Ei

))

follows from countable sub-additivity.
Step 6. If En ∈ M∗, n = 1, 2, · · · are pairwise disjoint, then E = ∪∞

n=1En ∈ M∗.
For any A ⊂ X, we need to show

μ∗ (A) ≥ μ∗ (A ∩ E) + μ∗ (A\E) .

We could assume μ∗ (A) < ∞, otherwise the inequality is trivial. Since ∪n
i=1Ei ∈

M∗, we have

μ∗ (A) ≥ μ∗
(

A ∩
(

n⋃
i=1

Ei

))
+ μ∗

(
A\

(
n⋃

i=1

Ei

))

≥
n∑

i=1

μ∗ (A ∩ Ei) + μ∗
(

A\
( ∞⋃

i=1

Ei

))
.

Let n → ∞, we have

μ∗ (A) ≥
∞∑

i=1

μ∗ (A ∩ Ei) + μ∗
(

A\
( ∞⋃

i=1

Ei

))

= μ∗
(

A ∩
( ∞⋃

i=1

Ei

))
+ μ∗

(
A\

( ∞⋃
i=1

Ei

))
.

Step 7. If En ∈ M∗, n = 1, 2, · · · , then E = ∪∞
n=1En ∈ M∗. To see this, let

F1 = E1 and

Fn =

(
n⋃

i=1

Ei

)
\Fn−1 for n ≥ 2.

Then Fn ∈ M∗ are pairwise disjoint and hence from step 6,

E =
∞⋃

n=1

En =
∞⋃

n=1

Fn ∈ M∗.

Step 8. From Steps 1,2,7, we see M∗ is a σ-algebra. μ∗ is a measure on M∗

follows from step 5 with A = X. �

A measure μ is said to be complete if every subset of zero measure set is
measurable. It is easy to see that μ∗ constructed above is complete.

Let (X, ρ) be a metric space. For E, F ⊂ X, we define

dist (E,F ) = inf
x∈E,y∈F

ρ (x, y) .

Definition 6. An outer measure μ∗ defined on subsets of a metric space (X, ρ)
is called metric outer measure if

μ∗ (E ∪ F ) = μ∗ (E) + μ∗ (F )
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whenever E,F ⊂ X and dist (E, F ) > 0.

Theorem 4. If μ∗ is a metric outer measure, then all Borel sets are μ∗-
measurable.

Proof. We only need to show that any open set is μ∗-measurable. Let O be
an open set. For any A ⊂ X, we need to prove

(4.1) μ∗ (A) ≥ μ∗ (A ∩ O) + μ∗ (A\O) .

We assume μ∗ (A) < ∞, otherwise (4.1) is trivial. Let

On =
{

x ∈ O : dist (x,Oc) >
1
n

}
.

Then
dist (A ∩ On, A\O) > 0,

and we have

μ∗ (A) ≥ μ∗ (A\ (O\On)) = μ∗ (A ∩ On) + μ∗ (A\O)

≥ μ∗ (A ∩ O) − μ∗ (A ∩ (O\On)) + μ∗ (A\O)(4.2)

where the last inequality follows from subadditivity. Next, for any n ≥ 1, we define
Dn = On+1\On. Then

O\On =
∞⋃

k=n

Dk.

Since mutual distances between D1, D3, D5, · · · are positive, we have for any n ≥ 1,
n∑

k=1

μ∗ (A ∩ D2k−1) = μ∗
(

A ∩
(

n⋃
k=1

D2k−1

))
≤ μ∗ (A) .

Let n → ∞, we have
∞∑

k=1

μ∗ (A ∩ D2k−1) ≤ μ∗ (A) .

Similarly,
∞∑

k=1

μ∗ (A ∩ D2k) ≤ μ∗ (A) .

Thus,
∞∑

n=1

μ∗ (A ∩ Dn) ≤ 2μ∗ (A) < ∞.

So we have

(4.3) μ∗ (A ∩ (O\On)) = μ∗
( ∞⋃

k=n

(A ∩ Dk)

)
=

∞∑
k=n

μ∗ (A ∩ Dk) → 0 as n → ∞.

Finally, (4.1) follows from (4.2) and (4.3). �
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5. Lebesgue Measure

A bounded closed interval of R
n is a set of the form

I = [a1, b1] × [a2, b2] × · · · × [an, bn]

where ai ≤ bi, 1 ≤ i ≤ n. The volume of I is defined by

|I| =
n∏

k=1

(bk − ak) .

We define a set function L∗
n such that for any subset A ⊂ R

n,
(5.1)

L∗
n (A) = inf

{ ∞∑
i=1

|Ii| : each Ii is a bounded closed interval and A ⊂
∞⋃

i=1

Ii

}
.

Remark 2. We can replace the closed intervals with open intervals and for
each A ⊂ R

n,

(5.2) L∗
n (A) = inf

{ ∞∑
i=1

|Ii| : each Ii is a bounded open interval and A ⊂
∞⋃

i=1

Ii

}
.

Theorem 5. L∗
n is a metric outer measure.

Proof. (i). μ∗ (∅) = 0 and monotonicity is trivial.
(ii). Let Ai ⊂ R

n and A = ∪∞
i=1Ai, we need to show that

(5.3) L∗
n (A) ≤

∞∑
i=1

L∗
n (Ai) .

We could assume
∑∞

i=1 L∗
n (Ai) < ∞, otherwise it is trivial. Given ε > 0, for each

Ai, there exists bounded open intervals {Iij}∞j=1, such that Ai ⊂
∞⋃

j=1

Iij and

∞∑
j=1

|Iij | ≤ L∗
n (Ai) +

ε

2i
.

Since A ⊂
∞⋃

i,j=1

Iij , we have

L∗
n (A) ≤

∞∑
i,j=1

|Iij | ≤
∞∑

i=1

(
L∗

n (Ai) +
ε

2i

)
≤

∞∑
i=1

L∗
n (Ai) + ε.

Let ε → 0, (5.3) follows.
(iii). Let A1, A2 ⊂ R

n and d = dist (A1, A2) > 0. We need to show

L∗
n (A1 ∪ A2) ≥ L∗

n (A1) + L∗
n (A2) .

We first observe that we could limit the size of Ii in the covering, in particular, for
any set A ⊂ R

n,

L∗
n (A) = inf

{ ∞∑
i=1

|Ii| : each Ii is bounded close interval, diam Ii < d and A ⊂
∞⋃

i=1

Ii

}
.
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For any ε > 0, there exists bounded close intervals {Ii}∞i=1, such that diam Ii < d,

A ⊂
∞⋃

i=1

Ii and

L∗
n (A1 ∪ A2) ≥

∞∑
i=1

|Ii| − ε.

For each i, since diam Ii < d = dist (A1, A2), we have either Ii∩A1 = ∅ or Ii∩A2 = ∅
so we can separate {Ii}∞i=1 as two disjoint subcollections {Ii}i∈Λ1

and {Ii}i∈Λ2
such

that Aj ⊂
∞⋃

i=Λj

Ii, j = 1, 2. Hence, we have

L∗
n (A1) + L∗

n (A2) ≤
∞∑

i=1

|Ii| ≤ L∗
n (A1 ∪ A2) + ε.

Theorem is proved by letting ε → 0. �

Definition 7. L∗
n is called outer Lebesgue measure on R

n. L∗
n-measurable sets

are said to be Lebesgue measurable. The restriction of L∗
n to Lebesgue measurable

sets is called Lebesgue measure and is denoted by Ln.

Corollary 1. All Borel sets are Lebesgue measurable.

Lebesgue measure is complete: All sets with L∗
n (A) = 0 are Lebesgue measur-

able and have zero Lebesgue measure.

Theorem 6. Let I be a bounded closed (or open) interval
(i). Ln (I) = |I|.
(ii). Ln (∂I) = 0.

Proof. We first assume I is a bounded closed interval. Then since I is a
covering of itself, we have from the definition,

Ln (I) ≤ |I| .
Next, for any ε > 0, there exists open intervals {Ii} which covers I , such that

Ln (I) ≥
∞∑

i=1

|Ii| − ε.

Since I is compact, there exists a finite subcollection, which we denote by {Ii}k
i=1

such that I ⊂
k⋃

i=1

Ii. We claim

(5.4) |I| ≤
k∑

i=1

|Ii| .

To see this, we observe that

χI ≤
k∑

i=1

χIi
,

so the Riemann integral∫
χIdx ≤

∫ k∑
i=1

χIidx ≤
k∑

i=1

∫
χIidx,
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and (5.4) follows. Hence, we have for any ε > 0,

Ln (I) ≥ |I| − ε.

So we conclude Ln (I) = |I|. If I =
n∏

i=1

(ai, bi) is open, we observe that for any

0 < ε < 1
3 mini |bi − ai|,

n∏
i=1

[ai + ε, bi − ε] ⊂ I ⊂
n∏

i=1

[ai − ε, bi + ε] ,

hence,

Ln

(
n∏

i=1

[ai + ε, bi − ε]

)
≤ Ln (I) ≤ Ln

(
n∏

i=1

[ai − ε, bi + ε]

)
,

and
n∏

i=1

(bi − ai − 2ε) ≤ Ln (I) ≤
n∏

i=1

(bi − ai + 2ε) .

Let ε → 0, we obtain

Ln (I) =
n∏

i=1

(bi − ai) = |I| .

Finally,
Ln (∂I) = Ln

(
I
)
− Ln

(
I̊
)

= 0.

�
Theorem 7. An arbitrary open set in R

n is a union of closed dyadic cubes
with pairwise disjoint interiors. Hence Lebesgue measure of the open set equals the
sum of the measures of these cubes.

Theorem 8. For an arbitrary set E,

L∗
n (E) = inf {Ln (U) : U is open and E ⊂ U} .

Proof. First, from monotonicity property of outer measure, we have for each
open set U such that E ⊂ U ,

L∗
n (E) ≤ Ln (U) ,

hence
L∗

n (E) ≤ inf {Ln (U) : U is open and E ⊂ U} .

Next, we use the definition (5.2) of outer measure. For any ε > 0, there exists a
covering of E by bounded open intervals {Ii}∞i=1, such that

L∗
n (E) ≥

∞∑
i=1

|Ii| − ε ≥ Ln (U) − ε

where U =
∞⋃

i=1

Ii is open. Hence,

L∗
n (E) ≥ inf {Ln (U) : U is open and E ⊂ U} − ε.

Since ε > 0 is arbitrary, we have

L∗
n (E) ≥ inf {Ln (U) : U is open and E ⊂ U}

which completes the proof. �
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Theorem 8 holds for a much bigger class of measures. Actually, we have the
following general result:

Theorem 9. Let X be a metric space and μ a measure in B (X). Suppose
that X is a union of countably many open sets of finite measure. Then for any
E ∈ B (X),

μ (E) = inf {μ (G) : G is open and E ⊂ G}
= sup {μ (F ) : F is closed and F ⊂ E} .

Proof. We define a set function μ∗ such that for any E ⊂ X,

μ∗ (E) = inf {μ (G) : G is open and E ⊂ G} .

Then following the proof of Theorem 5, we can show that μ∗ is a metric outer
measure. Hence, any Borel sets are μ∗-measurable. We only need to show μ (E) =
μ∗ (E) for any Borel set E.
Step 1: For any Borel set E, μ∗ (E) ≥ μ (E). To see this, from the definition of μ∗,
for any ε > 0, there exists open set G, E ⊂ G and

μ∗ (E) ≥ μ (G) − ε.

Since μ (G) ≥ μ (E), we have μ∗ (E) ≥ μ (E) − ε. And μ∗ (E) ≥ μ (E) follows by
letting ε → 0.
Step 2. For any open set E, μ∗ (E) = μ (E). Since E is open, from the definition
of μ∗, we have μ∗ (E) ≤ μ (E) Combining step 1, we have μ∗ (E) = μ (E).
Step 3. Let X = ∪∞

k=1Vk where each Vk is an open set with finite μ-measure.
Define, for each k, Uk = ∪k

i=1Vi, then Uk is an open set with finite μ-measure and
X = ∪∞

k=1Uk. Furthermore, Uk is monotone increasing in k. For any set E, from
step 1, we have for each k,

μ∗ (Uk) = μ∗ (Uk ∩ E) + μ∗ (Uk\E)

≥ μ (Uk ∩ E) + μ (Uk\E)

= μ (Uk) .

However, we also have from step 2 μ∗ (Uk) = μ (Uk) < ∞, hence, μ∗ (Uk ∩ E) =
μ (Uk ∩ E). Let k → ∞, Theorem 2 implies μ∗ (E) = μ (E).

μ (E) = sup {μ (F ) : F is closed and F ⊂ E}
can be proved similarly. �

It is easy to see that any set of the form B∪E, where B ∈ B (X) and L∗
n (E) = 0,

is Lebesgue measurable. We will show that any Lebesgue measurable set can be
expressed in this form. Let’s recall the definition of Gδ and Fδ sets:

Definition 8. Let X be a metric space. By a Gδ set we mean a set of the
form

A =
∞⋂

i=1

Gi,

where the sets Gi ⊂ X are open and by Fσ set we mean a set of the form

B =
∞⋃

i=1

Fi,

where the sets Fi ⊂ X are closed.
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Clearly all Gδ and Fδ sets are Borel.

Theorem 10. Let A ⊂ R
n. Then the following statements are equivalent:

1). A is Lebesgue measurable;
2). For every ε > 0 there is an open set G such that A ⊂ G and L∗

n (G\A) < ε;
3). There is a Gδ set H such that A ⊂ H and L∗

n (H\A) = 0;
4). For every ε > 0 there is a closed set F such that F ⊂ A and L∗

n (A\F ) < ε;
5). There is a Fσ set M such that M ⊂ A and L∗

n (A\M) = 0;
6). For every ε > 0, there is an open set G and a closed set F such that F ⊂ A ⊂ G
and L∗

n (G\F ) < ε.

Proof. Step 1: 2),3),4),5),6) implies 1) follows from the homework problem.
Step 2: 1) implies 2). Let A be Lebesgue measurable, we first assume Ln (A) < ∞.
For any ε > 0, Theorem 8 implies

Ln (A) > Ln (G) − ε

for some open set G such that A ⊂ G. Since Ln (G) = Ln (A)+Ln (G\A), we have
Ln (G\A) < ε. If Ln (A) = ∞, we define Ak = A∩Bk where Bk is the open ball with
radius k centered at the origin. Then Ak is Lebesgue measurable and Ln (Ak) < ∞.
So for any ε > 0, there exists open set Gk such that Ak ⊂ Gk and Ln (Gk\Ak) < ε

2k .

Let G =
∞⋃

k=1

Gk. G is open and A ⊂ G. Since G\A ⊂
∞⋃

k=1

(Gk\Ak), we have

Ln (G\A) ≤
∞∑

k=1

Ln (Gk\Ak) < ε.

Step 3. 2) imples 3). For eack k ≥ 1, let Gk be an open set containing A such that

Ln (Gk\A) < 1
k . Let H =

∞⋂
k=1

Gk, then H is a Gδ set and

Ln (G\A) ≤ Ln (Gk\A) <
1
k

for each k, hence Ln (G\A) = 0.
Step 4. 1) implies 4).

Step 5. 4) implies 5).
Step 6. 2) and 4) implies 6). �

Theorem 11. A set E ⊂ R
n has Lebesgue measure zero if and only if for every

ε > 0, E can be covered by a family of open balls {Bri (xi)} such that
∞∑

i=1

rn
i < ε.

Proof. ”⇐=”: Since E ⊂
∞⋃

i=1

Bri
(xi), we have

L∗
n (E) ≤

∞∑
i=1

L∗
n (Bri

(xi)) =
∞∑

i=1

ωnrn
i < εωn.

Let ε → 0, we have
”=⇒”: If L∗

n (E) = 0, there exists an open set U , such that E ⊂ U and Ln (U) < ε.
Since U is a union of closed dyadic cubes with pairwise disjoint interiors and each
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of cube with side length l can be covered by an open ball with radius r =
√

nl.
Hence we can cover U by a family of open balls {Bri (xi)} such that

∞∑
i=1

(
ri√
n

)n

< ε,

i.e.,
∞∑

i=1

rn
i <

(√
n
)n

ε.

�
Theorem 12. If f : R

n → R
n is Lipschitz continuous and the direct image of

Lebesgue measure zero set has Lebesgue measure zero.

Proof. Since f : R
n → R

n is Lipschitz continuous, there exists L such that
for any x, y ∈ R

n,
|f (x) − f (y)| ≤ L |x − y| .

Let E ⊂ R
n be a set with Lebesgue measure zero. Then E can be covered by a

family of open balls {Bri (xi)} such that
∞∑

i=1

rn
i < ε.

Since, f (Bri
(xi)) ⊂ BLri

(f (xi)), we have f (E) ⊂
∞⋃

i=1

BLri
(f (xi)) and

∞∑
i=1

(Lri)
n

< Lnε.

Hence, f (E) has Lebesgue measure zero. �
The Lebesgue measure is invariant under translations. The following theorem

says that this property essentially defines Lebesgue measure.

Theorem 13. If μ is a measure on B (Rn) such that μ (a + E) = μ (E) for all
a ∈ R

n, E ∈ B (Rn) and μ ([0, 1]n) = 1. Then μ (E) = Ln (E) on B (Rn).

Proof. From Theorem 9, it suffices to show μ (U) = Ln (U) for any open set
U . An arbitrary open set in R

n is a union of closed dyadic cubes with pairwise
disjoint interiors. Each of the cube is a translation of a cube of the form

[
0, 1

2k

]n
for some k. Let Qk =

(
0, 1

2k

)n. Since, μ (Q1) ≤ 1 and Q1 contains the disjoint
union of 2kn cubes, each of the cubes is a translation of Qk, we have

1 = μ (Q1) ≥ 2knμ (Qk) .

Hence, μ (Qk) ≤ 1
2kn . For each k ≥ 2, since ∂Q1 has 2n sides and each side can be

covered by 2k(n−1) cubes, each of the cubes is a translation of Qk−1, we have

μ (∂Q1) ≤ 2n · 2k(n−1) · 1
2(k−1)n

=
n

2k−n−1
.

Let k → ∞, we have μ (∂Q1) = 0. Similarly, we can show μ (∂Qk) = 0 for each
k and hence μ

(
Qk

)
≤ 1

2kn . On the other hand, since Q1 is a union of 2kn closed
cubes, each of the cubes is a translation of Qk, we have

1 = μ (Q1) ≤ 2knμ
(
Qk

)
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and μ
(
Qk

)
≥ 1

2kn . Hence μ
(
Qk

)
= 1

2kn = Ln

(
Qk

)
. μ (U) = Ln (U) follows from

the proof of Theorem 7. �

The translation invariant property of the Lebesgue measure can be used to
construct set which is not measurable.

Theorem 14 (Vitali). There is a set E ⊂ R
n which is not measurable.

Proof. We define an equivalence relation such that for any x, y ∈ [0, 1]n,
x ∼ y if each component of y − x is rational. Then [0, 1]n is the union of a family
of pairwise disjoint sets of the form

[x] = {y ∼ x : y ∈ [0, 1]n} .

It follows from the Axiom of Choice that there is a set E ⊂ [0, 1]n which contains
exactly one element from each set in the family. We claim E is not measurable.
Let Q be the collection of all points in [−1, 1]n with rational components. For any
r ∈ Q, we define Er = r + E. If E is measurable, then Er is measurable for each r
and Ln (Er) = Ln (E). Now {Er}r∈Q is pairwise disjoint and we have

[0, 1]n ⊂
⋃
r∈Q

Er ⊂ [−1, 2]n .

Hence
1 ≤

∑
r∈Q

Ln (Er) ≤ 3n

which is impossible. �

Remark 3. Any set with positive Lebesgue outer measure contains a subset
which is not measurable.

Lebesgue measure is also rotational invariant. Actually, we have the following
general result:

Theorem 15. Let f : R
n → R

n be a nondegenerate linear transformation
represented by the matrix A, then f (E) is Lebesgue measurable if and only if E is
Lebesgue measurable. Moreover,

(5.5) Ln (f (E)) = |detA|Ln (E) .

Proof. Since f is a homeomorphism, it preserves the class of Borel sets. Since
both f and f−1 are Lipschitz continuous, f preserves the class of sets of measure
zero. Therefore f preserves the class of Lebesgue measurable sets. We only need
to verify (5.5) for Borel sets since Ln (E) = 0 implies Ln (f (E)) = 0. Define a new
set function

μ (E) = Ln(f(E)).
Then it is easy to verify that μ is a translation invariant measure on Borel sets of
R

n. Let a = μ ([0, 1]n). Then 1
aμ satisfies(

1
a
μ

)
([0, 1]n) = 1.

So (13) implies 1
aμ = Ln. We need to check a = |det A|. We view a : GL (n) →

(0,∞) as a function defined on the class of invertible matrices. We have

a (A1A2) = a (A1) a (A2) .
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Any invertible matrix A can be decomposed into a product of elementary matrices

A = T1T2T3 · · ·Tk

where Ti is one of the following three types of matrices

Type I:
(

c
In−1

)
,

Type II:

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

0 0 · · · 0 1
0 1 0
...

. . .
...

0 1 0
1 0 · · · 0 0

In−i

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

Type III:

⎛
⎝ 1 1

0 1
In−2

⎞
⎠ .

Here Type I matrices multiply the first row of a matrix by a nonzero number c;
type II matrices interchange the first row of a matrix with its i-th row; the type
III matrix adds the second row of a matrix to its first row. It suffices to prove
a (A) = |det A| for these three types of elementary matrices. If T is of type I, then
a (T ) = |detT | = |c| follows from the fact that T ([0, 1]n) is a rectangular box with
Lebesgue measure |c|. If T is of type II, since T 2 = I, we have a2 (T ) = a

(
T 2

)
= 1,

so we have a (T ) = 1 = |det T | also. If T is of type III, we see T ([0, 1]n) =
D × [0, 1]n−2 where

D =
{
(x1, x2) ∈ R

2 : 0 ≤ x2 ≤ 1, x2 ≤ x1 ≤ x2 + 1
}

.

Using the translation invariant property of Lebesgue measure, we can show

Ln

(
D × [0, 1]n−2

)
= Ln ([0, 1]n) = 1.

Hence a (T ) = 1 = |detT |. �





CHAPTER 2

Integration

1. Measurable Functions

We first recall the continuity of functions:

Definition 9. Let X,Y be two topological spaces, we say a function f : X → Y
is continuous if f−1 (U) is open in X whenever U is open in Y .

Measurable functions are defined in a similar way.

Definition 10. Let (X, M) be a measurable space and Y be a topological space,
we say a function f : X → Y is measurable if f−1 (U) ∈ M whenever U is open in
Y .

Example 4. If E ⊂ X is measurable, then the characteristic function

χE : E → R

is measurable since for any open set U ⊂ R, f−1 (U) must be one of the four
measurable set ∅, E,Ec, X.

If E ⊂ X is a measurable set, then we say that f : E → Y is measurable if
f−1 (U) ∈ M whenever U is open in Y . It is easy to check that

ME = {A ∩ E : A ∈ M} ,

is a σ-algebra and measurability of f : E → Y is equivalent to measurability of f
with respect to ME .

If X itself is a topological space and M = B (X), then a measurable function
f : X → Y is said to be Borel. i.e., f is a Borel function if f−1 (U) ∈ B (X)
whenever U is open in Y . Especially, any continuous function is Borel.

Theorem 16. Let (X, M) be a measurable space, f : X → Y a measurable
function and g : Y → Z a continuous function. Then the function g ◦ f : X → Z is
measurable.

Proof. For any open set U of Z, we have

(g ◦ f)−1 (U) = f−1
(
g−1 (U)

)
which is measurable. �

Example 5. If f : X → C is measurable, then the functions |f | is measurable.

Example 6. If f : X → R is measurable, then for any polynomial P : R → R,
P (f) : X → R is measurable.

xxi
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Theorem 17. Let f : X → Y where (X, M) is a measurable space and Y is a
topological space and
(a). The set

Ω =
{
E ⊂ Y : f−1 (E) ∈ M

}
is a σ-algebra.
(b). If f is measurable and E ⊂ Y is a Borel set, then f−1 (E) ∈ M.
(c). If Y = R and f−1 ((α,∞)) ∈ M for any α ∈ R, then f is measurable.
(d). If f is measurable, if Z is another topological space and g : Y → Z is a Borel
mapping, then g ◦ f : X → Z is measurable.

Proof. (a). Direct verification.
(b). Since f is measurable, Ω contains all open sets in Y . Since Ω is a σ-algebra,

it contains all Borel sets. Hence, E ⊂ Y is a Borel set implies f−1 (E) ∈ M.
(c). Ω is a σ-algebra containing all sets of the form (α,∞) with α ∈ R. For

any β > α, we have
(α, β] = (α,∞) \ (β,∞) ∈ Ω,

and

(α, β) =
∞⋃

k=1

(
α, β − 1

k

]
∈ Ω,

(−∞, α) =
∞⋃

k=1

(−k, α) ∈ Ω.

Hence Ω contains all open intervals. Since any open set in R is a countable union
of open intervals, Ω contains all open sets. Hence, f is measurable.

(d). For any open set U of Z, we have

(g ◦ f)−1 (U) = f−1
(
g−1 (U)

)
which is measurable since g−1 (U) is Borel and (b). �

Remark 4. Let f : X → Y where (X, M) is a measurable space and (Y, τ) is
a topological space. If F is a collection of subsets of Y such that

F ⊂ Ω =
{
E ⊂ Y : f−1 (E) ∈ M

}
and τ ⊂ σ (F) ,

then f is measurable.

Theorem 18. Let (X, M) be a measurable space and Y a topological space.Let
u, v : X → R be measurable and Φ : R

2 → Y be continuous. then the function
h (x) = Φ (u (x) , v (x)) : X → Y is measurable.

Proof. Let f (x) = (u (x) , v (x)) : X → R
2. Since h = Φ ◦ f , it suffices to

prove that f is measurable. For any open rectangle R = (a, b) × (c, d), we have

f−1 (R) = u−1 ((a, b)) ∩ v−1 ((c, d)) ∈ M.

Since any open set in R
2 is a countable union of bounded open rectangles, we

conclude f is measurable. �

Corollary 2. If f, g : X → R are measurable,then f ± g and fg are measur-
able.

Theorem 19. If f : X → C is measurable, then there exists a complex mea-
surable function α : X → C such that |α| = 1 and f = α |f |.
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The set [−∞,∞] = R∪{−∞,∞} is called the extended real line. [−∞,∞] is
a topological space such that a set E ∈ [−∞,∞] is said to be open if it is of the
form (a, b) , [−∞, a) , (a,∞] or any union of segments of the type.

Theorem 20. Let (X, M) be a measurable space. Extended real function f :
X → [−∞,∞] is measurable if and only if f−1 ((α,∞]) ∈ M for any α ∈ R.

Definition 11. Let {an} be a sequence in [−∞,∞] and put

bk = sup {ai}∞i=k , β = inf {bk}∞k=1 .

We call β the upper limit of {an} and write

β = lim sup
n→∞

an.

Since bk is monotone non-increasing in k, we have β = limn→∞ bk.

Exercise 1. There exists a subsequence {ani} of {an}, such that β = limi→∞ ani .

Similarly, we have the following definition:

Definition 12. Let {an} be a sequence in [−∞,∞] and put

bk = inf {ai}∞i=k , β = sup {bk}∞k=1 .

We call β the lower limit of {an} and write

β = lim inf
n→∞ an.

Since bk is monotone nondecreasing in k, we have β = limn→∞ bk.

Remark 5. Let {an} be a sequence in [−∞,∞], we have

lim inf
n→∞ an = − lim sup

n→∞
(−an) .

Remark 6. Let {an} be a sequence in [−∞,∞]. Assume {ani
} is a subsequence

such that λ = limi→∞ ani
is defined. Then we have

lim inf
n→∞ an ≤ λ ≤ lim sup

n→∞
an.

Let {fn}∞n=1 be a sequence of extended real functions on X. We can define
functions (

sup
n

fn

)
(x) = sup

n
fn (x) ,

(
inf
n

fn

)
(x) = inf

n
f (x)(

lim sup
n→∞

fn

)
(x) = lim sup

n→∞
fn (x) ,

(
lim inf
n→∞ fn

)
(x) = lim inf

n→∞ fn (x) .

If
f (x) = lim

n→∞ fn (x)

exists for every x ∈ X, then we call f the pointwise limit of the sequence {fn}. In
this case,

f = lim sup
n→∞

fn = lim inf
n→∞ fn.

Theorem 21. If fn : X → [−∞,∞] is measurable, then

sup
n

fn, inf
n

fn, lim sup
n→∞

fn and lim inf
n→∞ fn

are measurable.



xxiv 2. INTEGRATION

Proof. For any α ∈ R,(
sup

n
fn

)−1

((α,∞]) =
∞⋃

n=1

f−1
n ((α,∞])

is measurable. Hence, supn fn is measurable. Since infn fn = − supn (−fn), infn fn

is measurable. Now,

lim sup
n→∞

fn = inf
n≥1

(
sup
k≥n

fk

)
, lim inf

n→∞ fn = sup
n≥1

(
inf
k≥n

fk

)
.

So lim supn→∞ fn and lim infn→∞ fn are measurable. �

Corollary 3. If f, g are measurable extended real functions on X, then so
are max {f, g} and inf {f, g}. In particular,

f+ = max {f, 0} and f− = −min {f, 0}
are measurable.

For pointwise limit of measurable functions, we have a very general result.

Theorem 22. The pointwise limit of a sequence of measurable functions from
a measurable space into a metric space is measurable.

Proof. Let fn : X → Y and Y be a metric space. For any open set U ⊂ Y ,
we define for each n ≥ 1, the set

Un =
{

x ∈ Y : dist (x,U c) >
1
n

}
.

Then Un is open and Un ⊂ U . We claim

f−1 (U) =
∞⋃

n=1

∞⋃
l=1

∞⋂
k=l

f−1
k (Un) .

To see this, x ∈ f−1 (U) if and only if f (x) ∈ U and f (x) ∈ U if and only if there
exists n, l such that fk (x) ∈ Un for each k ≥ l. Since fk is measurable, f−1

k (Un) is
a measurable set and hence f−1 (U) is measurable. �

Definition 13. A complex function s on a measurable space X whose range
consists of only finitely many points will be called a simple function.

If αi, 1 ≤ i ≤ n are the distinct nonzero values of a simple function s, if we set

Ai = {x : s (x) = αi} ,

then

s =
n∑

i=1

αiχAi
.

s is measurable if and only if each Ai is measurable.

Theorem 23. Let f : X → [0,∞] be measurable. There exist simple measurable
functions sn on X such that
(a). 0 ≤ s1 ≤ s2 ≤ · · · ≤ f,
(b). sn (x) → f (x) as n → ∞, for every x ∈ X.
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Proof. We define

ϕn (t) =
{

[2nt]
2n if 0 ≤ t < n,
n if n ≤ t ≤ ∞

where [x] is the integer part of x. Then ϕn (t) is monotone increasing in n and
limn→∞ ϕn (t) = t for any t ∈ [0,∞]. Furthermore, ϕn : [0,∞] → [0,∞] is a Borel
function. Let

sn (x) = ϕn (f (x)) ,

then sn is a measurable simple function which satisfies all the requirement. �
Remark 7. If f is bounded, then sn constructed above converges to f uni-

formly.
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2. Lebesgue Integrals

Throughout integration theory, one inevitably encounters ∞. We define

a + ∞ = ∞ + a = ∞ for any a ∈ [0,∞] ,

and

a · ∞ = ∞ · a =
{

∞ if 0 < a ≤ ∞
0 if a = 0.

Under this definition, one can check that if as n → ∞, 0 ≤ an ↗ a and 0 ≤ bn ↗ b,
then

anbn → ab as n → ∞.

Let (X, M, μ) be a measure space.

Definition 14. Let

(2.1) s =
n∑

i=1

αiχAi

be a measurable simple function from X into [0,∞). Here αi, 1 ≤ i ≤ n are distinct
values of s. If E ∈ M, then we define the integral of s over E∫

E

sdμ ≡
n∑

i=1

αiμ (Ai ∩ E) .

If f : X → [0,∞] is measurable, and E ∈ M, we define the Lebesgue integral of f
over E w.r.t. μ, ∫

E

fdμ = sup
∫

E

sdμ.

where the supremum being taken on all simple measurable functions s such that
0 ≤ s ≤ f .

The following properties of Lebesgue integral can be easily deduced from the
definition:

Proposition 3. (a). If 0 ≤ f ≤ g, then∫
E

fdμ ≤
∫

E

gdμ.

(b). If A ⊂ B and f ≥ 0, then ∫
A

fdμ ≤
∫

B

fdμ.

(c). If f ≥ 0 and c ∈ [0,∞) is a constant, then∫
E

cfdμ ≤ c

∫
E

fdμ.

(d). If f = 0 for all x ∈ E, then ∫
E

fdμ = 0.

(e). If μ (E) = 0, then ∫
E

fdμ = 0.
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(f). If f ≥ 0, then ∫
E

fdμ =
∫

X

fχEdμ.

Lemma 1. Let s, t : X → [0,∞) be two simple measurable functions. For
E ∈ M, we define

ϕ (E) =
∫

E

sdμ.

Then ϕ is a measure on M. Furthermore,

(2.2)
∫

X

(s + t) dμ =
∫

X

sdμ +
∫

X

tdμ.

Proof. Let

s =
n∑

i=1

αiχAi
.

We have

ϕ (E) =
∫

E

sdμ =
n∑

i=1

αiμ (Ai ∩ E) .

Obviously ϕ (∅) = 0. So it suffices to check countable additivity. Let {Ek}∞k=1 be a
disjoint collection of measurable set, we have from the countable additivity of μ,

ϕ

( ∞⋃
k=1

Ek

)
=

n∑
i=1

αiμ

(
Ai

⋂( ∞⋃
k=1

Ek

))

=
n∑

i=1

αi

∞∑
k=1

μ
(
Ai

⋂
Ek

)
=

∞∑
k=1

n∑
i=1

αiμ
(
Ai

⋂
Ek

)

=
∞∑

k=1

ϕ (Ek) .

Hence, ϕ is a measure on M. Next, let

t =
m∑

j=1

βjχBj
.

Then we have s + t = αi + βj on Eij = Ai ∩ Bj , and∫
Eij

(s + t) dμ = (αi + βj)μ (Eij) = αiμ (Eij) + βjμ (Eij)

=
∫

Eij

sdμ +
∫

Eij

tdμ.

Since X is the disjoint union of Eij , 1 ≤ i ≤ n, 1 ≤ j ≤ m, (2.2) follows from the
additivity of ϕ w.r.t. s + t, s and t. �

Theorem 24 (Lebesgue’s Monotone Convergence Theorem). Let fn : X →
[0,∞] be a sequence of measurable functions such that

fn ↗ f pointwisely as n → ∞.

Then f is measurable, and

lim
n→∞

(∫
X

fndμ

)
=
∫

X

(
lim

n→∞ fn

)
dμ =

∫
X

fdμ.
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Proof. f is measurable because it is pointwise limit of measurable functions.
Since

∫
X

fndμ is monotone increasing,

α = lim
n→∞

∫
X

fndμ

is a well defined extended real number. And since fn ≤ f for each n, we have

(2.3) α ≤
∫

X

fdμ.

Let s be any simple measurable function such that 0 ≤ s ≤ f , let c ∈ (0, 1) be a
constant. Define for each n,

En = {x : fn (x) ≥ cs (x)} .

Then En is measurable, monotone increasing in n and X =
∞⋃

n=1
En. And we have

∫
X

fndμ ≥
∫

En

fdμ ≥ c

∫
En

sdμ.

Let n → ∞, we have

lim
n→∞

(∫
X

fndμ

)
≥ c

∫
X

sdμ

here we used Lemma 1. Taking supremum on all such s, we have

lim
n→∞

(∫
X

fndμ

)
≥ c

∫
X

fdμ.

Since c can be arbitrarily close to 1, we have

(2.4) lim
n→∞

(∫
X

fndμ

)
≥
∫

X

fdμ.

The Theorem follows from (2.3) and (2.4). �

Theorem 25. Let fn : X → [0,∞], n ∈ N be a sequence of measurable func-
tions and for each x ∈ X,

f (x) =
∞∑

n=1

fn (x) .

Then ∫
X

fdμ =
∫

X

( ∞∑
n=1

fn

)
dμ =

∞∑
n=1

(∫
X

fndμ

)
.

Proof. See Theorem 1.27 in Rudin’s book. �

Theorem 26 (Fatou’s Lemma). Let fn : X → [0,∞], n ∈ N be a sequence of
measurable functions. Then∫

X

(
lim inf
n→∞ fn

)
dμ ≤ lim inf

n→∞

(∫
X

fndμ

)
.

Proof. See Theorem 1.28 in Rudin’s book. �
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Theorem 27. Let f : X → [0,∞] be measurable. For E ∈ M, we define

ϕ (E) =
∫

E

fdμ.

Then ϕ is a measure on M. And∫
X

gdϕ =
∫

X

gfdμ

for every measurable function g : X → [0,∞].

Proof. See Theorem 1.29 in Rudin’s book. �

Definition 15. We define L1 (μ) to be the collection of all complex measurable
functions f on X for which

‖f‖1 =
∫

X

|f | dμ < ∞.

We say f is Lebesgue integrable if f ∈ L1 (μ).

Remark 8. We could use L1 (μ, [−∞,∞]) to denote all extended real measur-
able functions f on X for which

‖f‖1 =
∫

X

|f | dμ < ∞.

Definition 16. If f ∈ L1 (μ), we can write f = u + iv where u, v are real
functions. We define for any E ∈ M,∫

E

fdμ =
∫

E

u+dμ −
∫

E

u−dμ + i

(∫
E

v+dμ −
∫

E

v−dμ

)
.

Remark 9. Here
∫

E
u+dμ,

∫
E

u−dμ,
∫

E
v+dμ,

∫
E

v−dμ are all finite when f ∈
L1 (μ).

Theorem 28. Suppose f, g ∈ L1 (μ) and α, β ∈ C are constants. Then αf +
βg ∈ L1 (μ), and ∫

X

(αf + βg) dμ = α

∫
X

fdμ + β

∫
X

gdμ.

Proof. See Theorem 1.32 in Rudin’s book. �

Similarly we define L1 (μ, Rn) as the class of all measurable mappings f =
(f1, f2, · · · , fn) : X → R

n such that

‖f‖1 =
∫

X

|f | dμ < ∞.

And we set ∫
X

fdμ =
(∫

X

f1dμ,

∫
X

f2dμ, · · · ,

∫
X

fndμ

)
.

Theorem 29. If f ∈ L1 (μ, Rn) or f ∈ L1 (μ, C), then∣∣∣∣
∫

X

fdμ

∣∣∣∣ ≤
∫

X

|f | dμ.
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Proof. See Theorem 1.33 in Rudin’s book for f ∈ L1 (μ, C). If f ∈ L1 (μ, Rn),
we define α =

∫
X

fdμ, then

|α|2 =
〈

α,

∫
X

fdμ

〉
=
∫

X

〈α, f〉 dμ ≤ |α|
∫

X

|f | dμ = |α|
∫

X

|f | dμ.

�
Theorem 30 (Lebesgue’s Dominated Convergence Theorem). Let fn : X → C,

n ∈ N be a sequence of measurable functions such that

f (x) = lim
n→∞ fn (x)

exists for every x ∈ X. If for some g ∈ L1 (μ),

|fn| ≤ g

holds for every n, then f ∈ L1 (μ),

(2.5) lim
n→∞

∫
X

|fn − f | dμ = 0,

and

(2.6) lim
n→∞

∫
X

fndμ =
∫

X

(
lim

n→∞ fn

)
dμ =

∫
X

fdμ.

Proof. Since |f | ≤ g and g ∈ L1 (μ), we have f ∈ L1 (μ). Since |fn − f | ≤ 2g,
we can apply Fatou’s lemma to 2g − |fn − f | and yields∫

X

2gdμ ≤ lim inf
n→∞

∫
X

(2g − |fn − f |) dμ

=
∫

X

2gdμ − lim sup
n→∞

∫
X

|fn − f | dμ.

Hence,

lim sup
n→∞

∫
X

|fn − f | dμ ≤ 0

which implies (2.5). Finally,

0 ≤
∣∣∣∣
∫

X

(fn − f) dμ

∣∣∣∣ ≤
∫

X

|fn − f | dμ → 0

which implies (2.6). �
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3. Sets of Zero or Small Measure

Definition 17. Let E ∈ M. We say ”Property P holds almost everywhere on
E” if there exists a measurable subset N of E, such that μ (N) = 0 and P holds
everywhere on E\N .

Example 7. We say fn → f a.e. on X if there is a set N ∈ M, μ (N) = 0
and fn (x) → f (x) for all x ∈ X\N .

Example 8. We say two measurable functions f = g a.e. on X if the set
{x ∈ X : f (x) 
= g (x)} has measure zero. We write f ∼ g which defines an equiv-
alence relation.

Definition 18. μ is said to be a complete measure, if all subsets of zero mea-
sure set are measurable.

Any measure constructed from an outer measure is complete. More generally,
any measure can be transformed into a complete measure through expanding its
measurable space.

Theorem 31. Let (X, M, μ) be a measurable space, let M∗ be the collection
of all E ⊂ X for which there exist sets A,B ∈ M such that A ⊂ E ⊂ B and
μ (B\A) = 0, and define μ (E) = μ (A) in this situation. Then M∗ is a σ-algebra,
and μ is a complete measure on M∗.

Hence, we may assume a measure is complete whenever it is convenient. The
general rule for completed measure is that sets of measure zero are usually negligible.

For example, we have the following version of Lebesgue’s Dominated Conver-
gence Theorem in which exceptional sets of measure zero are admitted.

Theorem 32 (Lebesgue’s Dominated Convergence Theorem). Let fn : X → C,
n ∈ N be a sequence of measurable functions such that

f (x) = lim
n→∞ fn (x)

exists for almost every x ∈ X. If for some g ∈ L1 (μ),

|fn| ≤ g

holds a.e. in X for every n, then f ∈ L1 (μ),

(3.1) lim
n→∞

∫
X

|fn − f | dμ = 0,

and

(3.2)
∫

X

fdμ =
∫

X

(
lim

n→∞ fn

)
dμ = lim

n→∞

∫
X

fndμ.

If f = g a.e. on X, then for any E ∈ M,∫
E

fdμ =
∫

E

gdμ.

On the other hand, we have

Theorem 33. (a). Suppose f : X → C is measurable and E ∈ M, and∫
E
|f | dμ = 0. Then f = 0 a.e. on E.

(b). Suppose f ∈ L1 (μ, C) and
∫

E
fdμ = 0 for any E ∈ M. Then f = 0 a.e. on

X.
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Proof. (a). Define for each n ∈ N,

En =
{

x ∈ E : |f | ≥ 1
n

}
.

Then we have ∫
E

|f | dμ ≥
∫

En

|f | dμ ≥
∫

En

1
n

dμ =
1
n

μ (En) .

Hence μ (En) = 0 for each n, and which implies

μ

( ∞⋃
n=1

En

)
= 0.

Since f = 0 on X\
∞⋃

n=1
En, we have f = 0 a.e. on E.

(b). We write f = u + iv. Let E1 = {x ∈ X : u (x) ≥ 0}, then we have

0 =
∫

E1

fdμ =
∫

E1

udμ + i

∫
E1

vdμ.

Hence we have
∫

E1
udμ = 0. Since u ≥ 0 on E1, (a) implies u = 0 a.e. on E1.

Similarly, one can prove u = 0 a.e.on Ec
1 since u ≤ 0 on Ec

1. Hence, u = 0 a.e. on
X. v = 0 a.e. on X can be proved similarly. Hence f = u + iv = 0 a.e. on X. �

A topological space is called separable if it contains a countable dense subset.

Theorem 34. If Y is a separable metric space and f : R
n → Y is Lebesgue

measurable, then there is a Borel mapping g : R
n → Y such that f = g a.e..

Next, we define convergence of functions in measure which is also called con-
vergence in probability when μ is a probability measure.

Definition 19. We say that a sequence of measurable functions fn : X → R

converges in measure to a measurable function f : X → R if for every ε > 0,

lim
n→∞μ ({x ∈ X : |f (x) − fn (x)| ≥ ε}) = 0.

And we write
fn

μ−→ f.

Theorem 35. If μ (X) < ∞ and a sequence of measurable functions fn : X →
R converges to f a.e., then it also converges in measure.

Proof. Given ε > 0, we define

En = {x ∈ X : |f (x) − fn (x)| ≥ ε} .

If fn (x) → f (x) as n → ∞, then

x ∈
∞⋃

n=1

⋂
k≥n

Ec
k.

Since fn → f a.e., we have

0 = μ

⎛
⎝X\

⎛
⎝ ∞⋃

n=1

⋂
k≥n

Ec
k

⎞
⎠
⎞
⎠ = μ

⎛
⎝ ∞⋂

n=1

∞⋃
k≥n

Ek

⎞
⎠ .
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Since μ (X) < ∞, Theorem 2 implies

lim
n→∞μ

⎛
⎝ ∞⋃

k≥n

Ek

⎞
⎠ = 0.

Since En ⊂
∞⋃

k≥n

Ek, we have

lim
n→∞μ (En) = 0.

i.e., fn
μ−→ f . �

Remark 10. μ (X) < ∞ is necessary. fn = χ[n,n+1] provides a counter exam-
ple when X = R and μ is Lebesgue measure.

Theorem 36 (Lebesgue). If a sequence of measurable functions

fn
μ−→ f.

Then there is a subsequence fni → f a.e..

Proof. For every i, there exists ni s.t. μ (Ei) ≤ 1
2i where

Ei =
{

x ∈ X : |f (x) − fni
(x)| ≥ 1

i

}
.

We can assume that ni is monotone increasing. Now we define for each k the set

Fk =
∞⋂

i=k

Ec
i = X\

∞⋃
i=k

Ei.

Then fni
(x) → f (x) uniformly on each Fk, and hence fni

(x) → f (x) pointwisely

on
∞⋃

k=1

Fk. Since

μ (X\Fk) = μ

( ∞⋃
i=k

Ei

)
≤

∞∑
i=k

1
2i

=
1

2k−1
,

we have μ

(
X\

( ∞⋃
k=1

Fk

))
= 0. Hence, fni → f a.e.. �

Remark 11. In general, fn
μ−→ f may not imply fn → f a.e.. Intuitively,

fn
μ−→ f allows the bad set jumping around to cover whole X which is not permitted

if fn → f a.e..

Theorem 37 (Egorov’s Theorem). If μ (X) < ∞ and a sequence of real valued
measurable functions fn converges to f a.e. on X. Then for any ε > 0, there exists
a measurable set E such that μ (X\E) ≤ ε and fn =⇒ f uniformly on E.

Proof. Let

En,k =
{

x ∈ X : |f (x) − fn (x)| ≥ 1
k

}
and

Fn,k =
⋃

m≥n

Em,k.
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Then Fn,k is monotone decreasing in n. Now fn (x) → f (x) implies

x 
∈
∞⋂

n=1

Fn,k.

Since fn → f a.e. and since μ (X) < ∞, we have

lim
n→∞μ (Fn,k) = μ

( ∞⋂
n=1

Fn,k

)
= 0.

Hence, given ε > 0, there exists nk such that

μ (Fnk,k) ≤ ε

2k
.

Now let

E = X\
( ∞⋃

k=1

Fnk,k

)
=

∞⋂
n=1

F c
nk,k.

Then μ (X\E) ≤ ε. Now for x ∈ E, we have

x ∈ F c
nk,k =

∞⋂
m≥nk

Ec
m,k

for each k, i.e., for any m ≥ nk,

|f (x) − fm (x)| <
1
k

.

Hence, fn =⇒ f uniformly on E. �
Egorov’s Theorem is of the same spirit as Lusin’s Theorem. Both of them can

be generalized to the situation when the target space is a separable metric space.
For example, we have

Theorem 38 (Lusin’s Theorem). Let X be a metric space and μ a measure
in B (X) such that X is a union of countably many open sets of finite measure. If
f : X → Y is a Borel mapping with values in a separable metric space, then for
every ε > 0 there is a closed set F ⊂ X such that μ (X\F ) < ε and f is continuous
on F .

We leave the proof to interested students.



4. RIESZ REPRESENTATION THEOREM xxxv

4. Riesz Representation Theorem

Let X be a topological space.

Definition 20. X is a Hausdorff space if the following is true: If p ∈ X,
q ∈ X and p 
= q, then p has a neighborhood U and q has a neighborhood V s.t.
U ∩ V = ∅.

Any metric space is a Hausdorff space.

Definition 21. A set K ⊂ X is compact if every open cover of K contains a
finite subcover. X is said to be locally compact if every point of X has a neighborhood
whose closure is compact.

The Euclidean space R
n is locally compact since any closed and bounded subset

of R
n is compact.

Definition 22. The support of a real function f on X, denoted by supp f , is
the closure of the set

{x : f (x) 
= 0} .

The collection of all continuous real functions on X whose support is compact is
denoted by Cc (X).

Cc (X) is a vector space. We say a linear functional Λ : Cc (X) → R is positive
if

Λf ≥ 0 whenever f ≥ 0.

Definition 23. Let X be a Hausdorff space. A measure μ on the Borel sets
B (X) that satisfies μ (K) < ∞ for each compact set K is called a Borel measure.
A Borel measure is said to be regular if
(i). For every E ∈ B (X),

μ (E) = inf {μ (V ) : E ⊂ V, V open} .

(iii). For every open set E,

μ (E) = sup {μ (K) : K ⊂ E, K compact} .

Remark 12. Theorem 9 implies that every Borel measure in R
n is regular.

Theorem 39 (Riesz Representation Theorem). Let X be a locally compact
Hausdorff space, and let Λ : Cc (X) → R be a positive linear functional. Then there
exists a unique regular Borel measure μ such that for any f ∈ Cc (X),

Λf =
∫

X

fdμ.

Let V ⊂ X be open and f ∈ Cc (X), we write f ≺ V if 0 ≤ f (x) ≤ 1 on X and
supp f ⊂ V . We need the following theorem

Theorem 40 (Partition of Unity). Let X be a locally compact Hausdorff space

and let A be a compact subset of X. If V1, · · · , Vn are open sets such that A ⊂
n⋃

i=1

Vi,

then there exist continuous functions fi ∈ Cc (X) such that fi ≺ V and
n∑

i=1

fi = 1 on A.
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Proof. Let x ∈ A. Then there exists some i, 1 ≤ i ≤ n such that x ∈ Vi.
Since X is a locally compact Hausdorff space, there exists a neighborhood Ux of
x with compact closure such that Ux ⊂ Vi. Since A is compact, there exists xk,
1 ≤ k ≤ m such that

A ⊂
m⋃

i=1

Uxk
.

For each i, 1 ≤ i ≤ n, we define Gi to be the union of all those Uxk
such that

Uxk
⊂ Vi. Then A ⊂

n⋃
i=1

Gi. For each i, there exists an open set Bi with compact

closure such that Gi ⊂ Bi ⊂ Bi ⊂ Vi. And from Urysohn’s theorem, there exists
a continuous function gi : X → [0, 1], such that gi (x) = 1 for all x ∈ Gi and
gi (x) = 0 for all x 
∈ Bi. There also exists a continuous function h : X → [0, 1],

such that h (x) = 1 for all x ∈ A and h (x) = 0 for all x 
∈
n⋃

i=1

Gi. Set

g (x) = (1 − h) +
n∑

i=1

gi,

then g is continuous and g (x) > 0 for all x ∈ X. Set fi = gi

g , then fi, 1 ≤ i ≤ n,
satisfy the desired properties. �

Here we present the proof of Riesz Representation Theorem when X = R
n.

Interested students should read the full proof of Theorem 2.14 in Rudin’s book.

Proof of Riesz Representation Theorem. For each open subset V of X,
we define

λ (V ) = sup {Λf : f ≺ V } .

And for any subset E ⊂ X, we define

μ (E) = inf {λ (V ) : E ⊂ V, V open} .

We claim that μ is an outer measure. μ (∅) = 0 follows from the fact that f ≺ ∅
if and only if f ≡ 0. Also, from the definition, μ is monotonic. So we only need
to check the countable subadditivity. Let En be a sequence of subsets of X, and

E =
∞⋃

n=1
En. We assume

∞∑
n=1

μ (En) < ∞

otherwise the subadditivity is trivial. For each ε > 0, and for each n ∈ N, there
exists open set Vn such that En ⊂ Vn and

λ (Vn) ≤ μ (En) +
ε

2n
.

Set V =
∞⋃

n=1
Vn. If f ≺ V holds, then K = supp f ⊂

∞⋃
n=1

Vn. Since K is compact,

there exists some m such that K ⊂
m⋃

n=1
Vn. Now Theorem of Partition of Unity

implies the existence of functions f1, · · · , fm ∈ Cc (X), such that fn ≺ Vn for
n = 1, · · · ,m and

m∑
n=1

fn = 1 on K.
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Since f ≤ ∑m
n=1 fn, we have

Λf ≤
m∑

n=1

Λfn ≤
m∑

n=1

λ (Vn) ≤
∞∑

n=1

μ (En) + ε.

Taking supremum on all f ≺ V , we have

λ (V ) ≤
∞∑

n=1

μ (En) + ε.

Since E ⊂ V , we have

μ (E) ≤ λ (V ) ≤
∞∑

n=1

μ (En) + ε.

Since ε can be arbitrary, subadditivity follows.
When X = R

n, we can show that μ is a metric outer measure. Let E, F be
two subsets of X such that

dist (E, F ) > 0,

we need to show

(4.1) μ (E ∪ F ) ≥ μ (E) + μ (F ) .

For any open set V such that E ∪ F ⊂ V , we define open sets

VE = V ∩
{

x ∈ X : dist (x, E) <
1
3

dist (E, F )
}

,

VF = V ∩
{

x ∈ X : dist (x, F ) <
1
3

dist (E, F )
}

.

Then VE ∩ VF = ∅, E ⊂ VE and F ⊂ VF . Since f1 ≺ VE , f2 ≺ VF implies
f1 + f2 ≺ V , we have

λ (V ) ≥ λ (VE) + λ (VF ) ≥ μ (E) + μ (F ) .

Taking infimum over all such V , (4.1) follows.
Since μ is a metric outer measure, all Borel sets are measurable. Now we show

that μ (K) < ∞ for each compact set K. When X = R
n, K ⊂ BR (0) for some

R > 0. Let f ∈ Cc (X) be such that f ≡ 1 on BR (0), then we have

μ (K) ≤ λ (BR (0)) ≤ Λf < ∞.

Hence μ is a Borel measure. And since X = R
n, μ is a regular Borel measure.

Next, we show

Λf =
∫

X

fdμ

for any f ∈ Cc (X). Fix an open set V such that K = supp f ⊂ V and μ (V ) < ∞.
Choose c > 0 such that |f (x)| < c for all x ∈ X. Given ε > 0, pick n s.t. 2c

n < ε.
Let yi = −c + 2c

n i, i = 0, 1, · · · , n. For each i = 1, · · · , n, let

Ai = {x ∈ K : yi−1 < f (x) ≤ yi}
⊂ Wi = {x ∈ V : yi−1 − ε < f (x) < yi + ε} .

By the regularity of μ, for each 1 ≤ i ≤ n, there exists an open set Vi such that
Ai ⊂ Vi ⊂ Wi and

μ (Vi) − μ (Ai) <
ε

n
.
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We have

K ⊂
n⋃

i=1

Vi ⊂ V.

There exist partition of unity g1, · · · , gn ∈ Cc (X) such that gi ≺ Vi and
∑n

i=1 gi = 1
on K. Since fgi ≤ (yi + ε) gi, we have

F (f) −
∫

X

fdμ =
n∑

i=1

F (fgi) −
n∑

i=1

∫
Ai

fdμ

≤
n∑

i=1

(yi + ε) F (gi) −
n∑

i=1

(yi − ε)μ (Ai)

≤
n∑

i=1

(yi + ε) μ (Vi) −
n∑

i=1

(yi − ε)μ (Ai)

=
n∑

i=1

(yi + ε) (μ (Vi) − μ (Ai)) + 2ε

n∑
i=1

μ (Ai)

≤
n∑

i=1

(c + ε)
ε

n
+ 2εμ (K) = ε (c + ε + 2μK) .

Hence, letting ε → 0, we have F (f) −
∫

X
fdμ ≤ 0. Now replace f by −f , we have

F (−f) −
∫

X

(−f) dμ ≤ 0,

i.e., F (f) −
∫

X
fdμ ≥ 0. So F (f) =

∫
X

fdμ holds.
Finally, we show the uniqueness of μ. Let μ, ν be two Borel regular measures

such that ∫
X

fdμ =
∫

X

fdν

for every f ∈ Cc (X). Let K be any compact set. Given ε > 0, there exists an
open set V such that K ⊂ V and μ (V ) ≤ μ (K)+ ε. Uryson’s Theorem implies the
existence of f ∈ Cc (X) such that f = 1 on K and f ≺ V . Since χK ≤ f ≤ χV , we
have

ν (K) =
∫

X

χKdν ≤
∫

X

fdν

=
∫

X

fdμ ≤
∫

X

χV dμ = μ (V ) ≤ μ (K) + ε.

Since ε is arbitrary, we have ν (K) ≤ μ (K). Same proof also yields μ (K) ≤ ν (K),
and so μ (K) = ν (K). Since μ, ν are inner regular, we have μ (E) = ν (E) for any
open set E. And since μ, ν are outer regular, we have μ = ν on B (X). �

Remark 13. We can expand the measurable space to make μ a complete mea-
sure.

Remark 14. Let X = R
n. We define functional

Λf =
∫

Rn

f (x) dx
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for any f ∈ Cc (Rn) where the integral is Riemann integral. Riesz representation
implies the existence of a Borel regular measure μ such that for any f ∈ Cc (Rn),∫

Rn

f (x) dx =
∫

Rn

fdμ.

One can check that μ is the restriction of Lebesgue measure on B (Rn).
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5. Product Spaces and Fubini Theorem

Let (X,S) and (Y, T ) be two measurable spaces. A measurable rectangle is a
set of the form A × B, where A ∈ S and B ∈ T .

Definition 24. S × T is defined to be the smallest σ-algebra in X × Y which
contains every measurable rectangle.

If E ⊂ X × Y , x ∈ X, y ∈ Y , the x-section and y-section of E is defined by

Ex = {y : (x, y) ∈ E} , Ey = {x : (x, y) ∈ E} .

Theorem 41. If E ∈ S × T , then Ex ∈ S and Ey ∈ S for every x ∈ X and
y ∈ Y .

Proof. Let

Ω = {E ∈ S × T : Ex ∈ S for every x ∈ X} .

It is easy to verify that Ω is a σ-algebra containing every measurable rectangle.
Hence, Ω = S × T . �

With each function f on X × Y and with each x ∈ X we define function fx on
Y by

fx (y) = f (x, y) , y ∈ Y .

Similarly, with each y ∈ Y , we can define function fy on Y by

fy (y) = f (x, y) , x ∈ X.

Theorem 42. Let f be an (S × T )-measurable function on X × Y . Then
(a). For each x ∈ X, fx is a T -measurable function on Y .
(b). For each y ∈ Y , fy is a S-measurable function on X.

Proof. For any open set V , put

Q = {(x, y) : f (x, y) ∈ V } .

Then Q ∈ S × T and
Qx = {y : fx (y) ∈ V } ∈ T ,

hence fx is a T -measurable function on Y . (b) can be proved similarly. �

We need Dynkin’s πλ-system lemma.

Definition 25. Let A be a collection of subsets of X. We say that A is a
π-system if ∅ ∈ A and A ∩ B ∈ A for any A,B ∈ A.

Definition 26. Let A be a collection of subsets of X. We say that A is a
λ-system if A has the following three properties:
(i). X ∈ A.
(ii). A ∈ A implies Ac ∈ A.

(iii). If An ∈ A, n = 1, 2, · · · are disjoint, then
∞⋃

n=1
An ∈ A.

If A is both a λ-system and a d-system, then A is a σ-algebra.

Lemma 2 (Dynkin’s lemma). Let A be a π-system. Then any λ-system con-
taining A contains also the σ-algebra generated by A.
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Proof. Denote by B be the intersection of all λ-systems containing A. Then B
is itself a λ-system. We shall show that B is also a π-system and hence a σ-algebra,
thus proving the lemma. Consider

B1 = {B ∈ B : A ∩ B ∈ B for any A ∈ A} ,

then A ⊂ B1. Now we check that B1 is also a λ-system.
(i). X ∈ B1 since X ∈ B and for any A ∈ A, A ∩ X = A ∈ A ⊂ B.
(ii). If B ∈ B1, for any A ∈ A,

A ∩ Bc = A ∩ (A ∩ B)C = (Ac ∪ (A ∩ B))c ∈ B.

So Bc ∈ B1.
(iii). If Bn ∈ B1, n = 1, 2, · · · are disjoint, then for any A ∈ A,

A ∩
∞⋃

n=1

Bn =
∞⋃

n=1

(A ∩ Bn) ∈ B.

Hence,
∞⋃

n=1
Bn ∈ B1.

So we conclude B1 = B. Next, we define

B2 = {B ∈ B : A ∩ B ∈ B for any A ∈ B} .

We can prove B2 is also a λ-system. Now A ⊂ B, so we again have B2 = B. Hence,
B is a π-system and hence a σ-algebra. �

Theorem 43. Let (X,S, μ) and (Y, T , λ) be two σ-finite measure spaces. Sup-
pose Q ∈ S × T . If

ϕ (x) = λ (Qx)

for every x ∈ X and
ψ (y) = μ (Qy)

for every y ∈ Y , then ϕ is S-measurable and ψ is T -measurable, and∫
X

ϕdμ =
∫

Y

ψdλ.

Proof. Let Ω be the class of all Q ∈ S × T for which the conclusion of the
theorem holds.

Step 1. Ω contains all measurable rectangles. Let Q = A × B, where A ∈ S,
B ∈ T , then we have

ϕ (x) = λ (Qx) =
{

λ (B) if x ∈ A,
0 if x 
∈ A

and

ψ (y) = μ (Qy) =
{

μ (A) if y ∈ B,
0 if y 
∈ B.

Hence, ϕ and ψ are measurable and∫
X

ϕdμ = λ (B) μ (A) =
∫

Y

ψdλ,

i.e., Q ∈ Ω.
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Step 2. If Qn ∈ Ω, n = 1, 2, · · · are disjoint, then Q =
∞⋃

n=1
Qn ∈ Ω. Let

ϕn (x) = λ ((Qn)x) for any x ∈ X,

ψn (y) = μ (Qy
n) for any y ∈ Y.

Then

ϕ (x) = λ (Qx) =
∞∑

n=1

ϕn (x) ,

ψ (y) = μ (Qy) =
∞∑

n=1

ψn (y) .

Since ϕn and ψn are measurable, we have ϕ and ψ are measurable, and∫
X

ϕdμ =
∞∑

n=1

∫
X

ϕndμ =
∞∑

n=1

∫
Y

ψndλ =
∫

Y

ψdλ.

So Q ∈ Ω.
Step 3. Let X be the disjoint union of S-measurable sets Xm with μ (Xm) < ∞

and Y be the disjoint union of T -measurable sets Yn with λ (Yn) < ∞. For any
m,n ∈ N and Q ∈ S × T , we claim Q∩ (Xm × Yn) ∈ Ω. Let Ωmn be the collection
of all Q ∈ S × T such that Q ∩ (Xm × Yn) ∈ Ω.

(a). Ωmn contains all measurable rectangles. Let Q = A × B, , where A ∈ S,
B ∈ T , then from step 1,

Q ∩ (Xm × Yn) = (A ∩ Xm) × (B ∩ Yn) ∈ Ω,

hence Q ∈ Ωmn.
(b). X × Y ∈ Ωmn since it is a measurable rectangle.
(c). Ωmn is closed under complement. Let Q ∈ Ωmn, i.e.,

Qmn = Q ∩ (Xm × Yn) ∈ Ω.

We have

ϕ (x) = λ ([Q ∩ (Xm × Yn)]x) =
{

λ (Qx ∩ Yn) if x ∈ Xm,
0 if x 
∈ Xm.

is measurable. Since

ϕ1 (x) = λ ([Qc ∩ (Xm × Yn)]x) =
{

λ (Qc
x ∩ Yn) if x ∈ Xm,
0 if x 
∈ Xm

=
{

λ (Yn) − ϕ (x) if x ∈ Xm,
0 if x 
∈ Xm

= λ (Yn) χXm − ϕ (x) ,

we conclude ϕ1 (x) is measurable. Similarly, since

ψ (y) = λ ([Q ∩ (Xm × Yn)]y) =
{

μ (Qy ∩ Xm) if y ∈ Yn,
0 if y 
∈ Yn.

is measurable, we have

ψ1 (y) = λ ([Qc ∩ (Xm × Yn)]y) = μ (Xm) χYn − ψ (y)



5. PRODUCT SPACES AND FUBINI THEOREM xliii

is also measurable. Moreover, we have∫
X

ϕ1dμ =
∫

X

(λ (Yn)χXm − ϕ) dμ = μ (Xm) λ (Yn) −
∫

X

ϕdμ

= μ (Xm) λ (Yn) −
∫

Y

ψdλ =
∫

Y

(μ (Xm)χYn − ψ) dλ =
∫

Y

ψ1dλ.

Hence, we have Qc ∩ (Xm × Yn) ∈ Ω, i.e., Qc ∈ Ωmn.
(d). Ωmn is closed under countable disjoint union. This follows from step 2.
(e). Let A be the collection of all measurable rectangles. Then A is a π-system.

Since Ωmn is a λ-system containing A, Dynkin’s lemma implies Ωmn ⊃ σ (A) =
S × T . Hence, Ωmn = S × T .

Step 4. For any Q ∈ S × T , Qmn = Q ∩ (Xm × Yn) ∈ Ω. From step 2,

Q =
∞⋃

m,n=1

Qmn ∈ Ω.

Hence Ω = S × T . �

Definition 27. Let (X,S, μ) and (Y, T , λ) be two σ-finite measure spaces. We
define for any Q ∈ S × T ,

(μ × λ) (Q) =
∫

X

λ (Qx) dμ =
∫

Y

μ (Qy) dλ.

Then (X × Y,S × T , μ × λ) is a measure space.

Theorem 44 (The Fubini Theorem). Let (X,S, μ) and (Y, T , λ) be two σ-finite
measure spaces and let f be an (S × T )-measurable function on X × Y . Then
(a). If 0 ≤ f ≤ ∞ and if

ϕ (x) =
∫

Y

fxdλ, x ∈ X,(5.1)

ψ (y) =
∫

Y

fydμ, y ∈ Y,

then ϕ is S-measurable, ψ is T -measurable and

(5.2)
∫

X

ϕdμ =
∫

Y

ψdλ =
∫

X×Y

fd (μ × λ) .

(b). If f is complex and if

ϕ∗ (x) =
∫

Y

|f |x dλ and
∫

X

ϕ∗dμ < ∞,

then f ∈ L1 (μ × λ).
(c). If f ∈ L1 (μ × λ), then fx ∈ L1 (λ) for almost all x ∈ X, fy ∈ L1 (μ) for
almost all y ∈ Y , ϕ, ψ defined by (5.1) a.e. are in L1 (μ) and L1 (λ), respectively,
and (5.2) holds.

Proof. (a). From Theorem 43, the conclusion holds for f = χQ for any
Q ∈ S × T . Hence, (a) holds for any measurable simple function s. Now let sn,
n ∈ N be a monotone increasing sequence of measurable simple functions such that

lim
n→∞ sn (x, y) = f (x, y) for any (x, y) ∈ X × Y.



xliv 2. INTEGRATION

Let

ϕn (x) =
∫

Y

(sn)x dλ, x ∈ X,

ψn (y) =
∫

Y

(sn)y
dμ, y ∈ Y,

then ϕn is S-measurable, ψn is T -measurable and

(5.3)
∫

X

ϕndμ =
∫

Y

ψndλ =
∫

X×Y

snd (μ × λ) .

And that

ϕ (x) =
∫

Y

fxdλ = lim
n→∞ϕn (x) , x ∈ X,

ψ (y) =
∫

Y

fydμ = lim
n→∞ψn (x) , y ∈ Y,

hence ϕ is S-measurable, ψ is T -measurable. Finally, Monotone Convergence The-
orem applied to (5.3) yields∫

X

ϕdμ =
∫

Y

ψdλ =
∫

X×Y

fd (μ × λ) .

(b). Applying (a) to |f |, (b) follows.
(c). We assume f is real. Let f = f+ − f−, then f+, f− ∈ L1 (μ × λ). Let

ϕ± (x) =
∫

Y

(
f±)

x
dλ, x ∈ X,

ψ± (y) =
∫

Y

(
f±)y

dμ, y ∈ Y,

then ϕ± are S-measurable, ψ± are T -measurable and∫
X

ϕ±dμ =
∫

Y

ψ±dλ =
∫

X×Y

f±d (μ × λ) < ∞.

Hence, ϕ±, ψ± < ∞, a.e., and so

ϕ (x) = ϕ+ (x) − ϕ− (x) =
∫

Y

fxdλ, a.e. x ∈ X,

ψ (y) = ψ+ (x) − ψ− (x) =
∫

Y

fydμ, a.e. y ∈ Y,

are well defined, and they are in L1 (μ) and L1 (λ), respectively, and (5.2) holds. �
Remark 15. The students are encouraged to check the counterexamples in 8.9

of Rudin’s book.

Remark 16. The product of complete measures may not be complete.

Let (X, M, μ) be a measurable space. We recall the construction of the com-
pletion of measure μ in Theorem 31: Let M∗ be the collection of all E ⊂ X for
which there exist sets A, B ∈ M such that A ⊂ E ⊂ B and μ (B\A) = 0, and
define μ (E) = μ (A) in this situation. Then M∗ is a σ-algebra, and μ is a complete
measure on M∗.

Theorem 45. Let μk denote Lebesgue measure on R
k. If k = r + s, r, s ≥ 1,

then μk is the completion of the product measure μr × μs.
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Proof. Let Mk be the collection of Lebesgue measurable sets in R
k and Bk

be the collection of Borel sets in R
k. Then the homework problem implies Bk ⊂

Mr×Ms. From the property of Mk, we see Mk is the completion of Bk. And since
μr × μs = μk on rectangular boxes, we claim μk is the completion of the product
measure μr × μs. �

Theorem 46. Let (X,S, μ) and (Y, T , λ) be two complete σ-finite measure
spaces. Let (S × T )∗ be the completion of S ×T , relative to the measure μ×λ. Let
f be an (S × T )∗-measurable function on X × Y . Then
(a). If 0 ≤ f ≤ ∞, then fx is T measurable for almost all x ∈ X, and fy is S
measurable for almost all y ∈ Y . Let

ϕ (x) =
∫

Y

fxdλ, a.e. x ∈ X,(5.4)

ψ (y) =
∫

Y

fydμ, a.e. y ∈ Y,

then ϕ is S-measurable, ψ is T -measurable and

(5.5)
∫

X

ϕdμ =
∫

Y

ψdλ =
∫

X×Y

fd (μ × λ) .

(b). If f is complex and if

ϕ∗ (x) =
∫

Y

|f |x dλ and
∫

X

ϕ∗dμ < ∞,

then f ∈ L1 (μ × λ).
(c). If f ∈ L1 (μ × λ), then fx ∈ L1 (λ) for almost all x ∈ X, fy ∈ L1 (μ) for
almost all y ∈ Y , ϕ, ψ defined by (5.4) a.e. are in L1 (μ) and L1 (λ), respectively,
and (5.5) holds.

Interested student should check Rudin’s book for proof.





CHAPTER 3

Lp-Spaces

1. Introduction

Let (X,μ) be a measure space.

Definition 28. For 0 < p < ∞, L̃p (μ) denotes the collection of all complex
valued measurable functions such that

‖f‖p =
(∫

X

|f |p dμ

) 1
p

< ∞

and we define Lp (μ) = L̃p (μ) / ∼, where f ∼ g if f = g a.e.. For p = ∞, we
define L̃∞ (μ) to be the collection of essentially bounded measurable functions. A
function f is said to be essentially bounded if there is M > 0 with

(1.1) |f (x)| ≤ M a.e..

We use ‖f‖∞ to denote the smallest M satisfying (1.1). We define L∞ (μ) =
L̃∞ (μ) / ∼.

If μ is a counting measure on N, then each function f : N → C can be viewed
as a sequence {f (n)}. And we have

‖f‖p =

( ∞∑
n=1

|f (n)|p
) 1

p

for 0 < p < ∞,

and
‖f‖∞ = sup

n∈N

|f (n)| .

And we denote lp = Lp (μ) in this situation.
We say a function ϕ is convex on interval (a, b) if for any x, y ∈ (a, b) and for

any λ ∈ (0, 1),
ϕ ((1 − λ)x + λy) ≤ (1 − λ)ϕ (x) + λϕ (y) .

Geometrically, this condition means that if a < x < t < y < b, then (t, ϕ (t)) lies
below or on the line connecting the points (x, ϕ (x)) and (y, ϕ (y)). It is easy to see
that ϕ is convex on (a, b) if and only if for any a < s < t < u < b,

ϕ (t) − ϕ (s)
t − s

≤ ϕ (u) − ϕ (t)
u − t

.

Hence if ϕ is pointwisely differentiable, then ϕ is convex if and only if ϕ′ is monotone
increasing.

Lemma 3. A convex function ϕ on (a, b) is continuous on (a, b).

xlvii
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Proof. Given x0 ∈ (a, b), we pick s, t ∈ (a, b) such that s < x0 < t. Then for
any x ∈ (s, t), x 
= x0, we have

ϕ (x0) − ϕ (s)
x0 − s

≤ ϕ (x) − ϕ (x0)
x − x0

≤ ϕ (t) − ϕ (x0)
t − x0

,

which implies the continuity of ϕ at x0. �

Theorem 47 (Jensen’s Inequality). Let (X, μ) be a measure space with μ (X) =
1. Let (a, b) ⊂ R be an open interval, possibly unbounded. If f is a real valued
function in L1 (μ) s.t. f (x) ∈ (a, b) for all x ∈ X and if ϕ is convex on (a, b), then

(1.2) ϕ

(∫
X

fdμ

)
≤
∫

X

ϕ (f) dμ.

Proof. Let

t =
∫

X

fdμ.

Then t ∈ (a, b). Let

β = sup
a<s<t

ϕ (t) − ϕ (s)
t − s

.

Then for any s ∈ (a, b),
ϕ (s) ≥ ϕ (t) + β (s − t) .

Hence, for any x ∈ X,

ϕ (f (x)) ≥ ϕ (t) + β (f (x) − t) .

Integrating over X and using μ (X) = 1, we have (1.2). �

Definition 29. Two positive real numbers p, q ∈ (1,∞) are called a pair of
conjugate exponents if

1
p

+
1
q

= 1.

As p → 1, we have q → ∞. Consequently 1 and ∞ are also regarded as a pair of
conjugate exponents.

Theorem 48 (Young’s Inequality). If p, q ∈ (1,∞) are a pair of conjugate
exponents. Then for any a, b ≥ 0,

ab ≤ ap

p
+

bq

q
.

Theorem 49 (Holder’s Inequality). Let (X, μ) be a measure space. If p, q ∈
(1,∞) are a pair of conjugate exponents. Then for any measurable functions f, g :
X → C measurable, ∫

X

|fg| dμ ≤ ‖f‖p ‖g‖q .

Theorem 50 (Minkowski’s Inequality). Let (X,μ) be a measure space and
p ∈ [1,∞]. Then for any measurable functions f, g : X → C measurable,

‖f + g‖p ≤ ‖f‖p + ‖g‖p .



1. INTRODUCTION xlix

Definition 30. Let K denote R or C. The normed space is a pair (X, ‖·‖),
where X is a linear space over K and

‖·‖ : X → [0,∞] .

is a function satisfying
(i). ‖x + y‖ ≤ ‖x‖ + ‖y‖ holds for all x, y ∈ X;
(ii). ‖αx‖ ≤ |α| ‖x‖ holds for all x ∈ X, α ∈ K;
(iii). ‖x‖ = 0 if and only if x = 0.

Remark 17. A normed space X is a metric space with d (x, y) = ‖x − y‖.
Definition 31. A normed space (X, ‖·‖) is called a Banach space if it is com-

plete with respect to the metric d (x, y) = ‖x − y‖.
Theorem 51. Lp (μ) is a Banach space for all 1 ≤ p ≤ ∞.

Proof. It is easy to check that Lp (μ) is a normed space for any p ∈ [1,∞].
Now we prove it’s complete. We first assume p < ∞. Let {fn}∞n=1 be a Cauchy
sequence in Lp (μ). Then there is a subsequence {fni

}∞i=1 such that∥∥fni+1 − fni

∥∥
p

<
1
2i

.

Define

gk =
k∑

i=1

∣∣fni+1 − fni

∣∣ and g =
∞∑

i=1

∣∣fni+1 − fni

∣∣ .
Then we have from Minkowski’s inequality

‖gk‖ ≤ 1 for each k ∈ N

and gk is monotone increasing with

lim
k→∞

gk (x) = g (x) .

Fatou’s lemma then implies∫
X

gpdμ ≤ lim
k→∞

∫
X

gp
kdμ = 0.

Hence, g (x) < ∞ a.e., i.e. and

fn1 +
∞∑

i=1

(
fni+1 − fni

)
is absolute convergent for almost every x ∈ X. Let

f = fn1 +
∞∑

i=1

(
fni+1 − fni

)
a.e..

Then
f (x) = lim

i→∞
fni

(x) a.e..

For any ε > 0, there exists K s.t. ‖fn − fm‖p < ε for any n,m > K. Hence
Fatou’s lemma implies for any m > K,∫

X

|f − fm|p dμ ≤ lim
i→∞

∫
X

|fni
− fm|p dμ ≤ ε.



l 3. Lp-SPACES

Hence f − fm ∈ Lp, f ∈ Lp and

lim
m→∞ ‖f − fm‖p = 0.

When p = ∞, assume {fn}∞n=1 is a Cauchy sequence in L∞ (μ). Let

Ak = {x ∈ X : fk (x) > ‖fk‖∞} ,

Bm,n = {x ∈ X : |fm (x) − fn (x)| > ‖fm (x) − fn (x)‖∞} .

Then Ak, Bm,n are measure zero set and there union E also has measure zero. For
any x ∈ Ec, {fn (x)}∞n=1 is a Cauchy sequence in X, hence

f (x) = lim
n→∞ fn (x)

is defined for almost every x ∈ X. For any ε > 0, there exists K > 0, such that
‖fn − fm‖∞ < ε for any n,m > K. Hence, for any x ∈ Ec,

|f (x) − fm (x)| = lim
n→∞ |fn (x) − fm (x)| ≤ lim

n→∞ ‖fn − fm‖∞ < ε.

So we conclude
lim

m→∞ ‖f − fm‖∞ = 0.

�
As a byproduct of the above proof, we have

Corollary 4. If 1 ≤ p ≤ ∞, {fn}∞n=1 ⊂ Lp (μ), f ∈ Lp (μ), and

lim
n→∞ ‖f − fn‖∞ = 0.

Then there exists a subsequence {fni
}∞i=1, such that fni

→ f a.e..

Theorem 52. Let S be the class of all complex, measurable, simple functions
on X s.t.

μ {x : s (x) 
= 0} < ∞.

If 1 ≤ p < ∞, then S is dense in Lp (μ).

When μ is the Lebesgue measure on R
n , we write Lp (μ) = Lp (Rn)

Theorem 53. If 1 ≤ p < ∞, then Cc (Rn) is dense in Lp (Rn).

Remark 18. This density theorem holds when μ is a regular Borel measure on
a locally compact Hausdorff space X.

Theorem 54. The completion of Cc (Rn) with respect to ‖·‖∞ is C0 (Rn), the
space of continuous functions which converges to zero at ∞.
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2. Convolution of Functions

Theorem 55. Suppose f, g ∈ L1 (Rn), then∫
Rn

|f (x − y) g (y)| dy < ∞

for almost all x. For these x, define

h (x) =
∫

Rn

f (x − y) g (y) dy.

Then h ∈ L1 (Rn), and
‖h‖1 ≤ ‖f‖1 ‖g‖1

Proof. One can verify that f (x − y) g (y) is Lebesgue measurable in R
2n.

Fubini Theorem implies∫
Rn

(∫
Rn

|f (x − y) g (y)| dy

)
dx =

∫
Rn

(∫
Rn

|f (x − y) g (y)| dx

)
dy

=
∫

Rn

(|g (y)| · ‖f‖1) dy = ‖f‖1 ‖g‖1 .

Hence ∫
Rn

|f (x − y) g (y)| dy < ∞

for almost all x and h ∈ L1 (Rn),

‖h‖1 ≤
∫

Rn

(∫
Rn

|f (x − y) g (y)| dy

)
dx ≤ ‖f‖1 ‖g‖1 .

�

We say h is the convolution of f and g, and we write h = f ∗ g. It is easy to
see

h (x) =
∫

Rn

f (y) g (x − y) dy = (g ∗ f) (x) .

We say f is locally integrable in R
n if f is integrable on any bounded subset

of R
n, and we write f ∈ L1

loc (Rn). The convolution can also be defined for f ∈
L1

loc (Rn) and g ∈ Cc (Rn).

Theorem 56. Let f ∈ L1
loc (Rn) and g ∈ Cc (Rn). Then the convolution

h (x) =
∫

Rn

f (x − y) g (y) dy

is continuous in R
n.

Proof. Assume supp g ⊂ BR (0), for some R > 0. Given x ∈ R
n, for any

x′ ∈ B1 (x), we have

|h (x) − h (x′)| =
∣∣∣∣
∫

Rn

f (y) g (x − y) dy −
∫

Rn

f (y) g (x′ − y) dy

∣∣∣∣
≤
∫

Rn

|f (y)| |g (x − y) − g (x′ − y)| dy

≤
(

sup
y

|g (x − y) − g (x′ − y)|
)∫

BR+1(x)

|f (y)| dy.
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Since g is uniformly continuous, we have

lim
x′→x

sup
y

|g (x − y) − g (x′ − y)| = 0,

hence,
lim

x′→x
h (x′) = h (x)

and h is continous. �
Theorem 57. Let f ∈ L1

loc (Rn) and g ∈ Cc (Rn) ∩ Cr (Rn) for some r ≥ 1.
Then the convolution h = f ∗ g ∈ Cr (Rn) and

Dαh (x) = f ∗ Dαg

for any index |α| ≤ r.

Proof. Let ei be a unit vector in xi direction. Fix x ∈ R. For any t ∈ R,
|t| ≤ 1,

h (x + tei) − h (x)
t

=
∫

Rn

f (y)
g (x − y + tei) − g (x − y)

t
dy,

Since f ∈ L1
loc (Rn), f (y) g(x−y+tei)−g(x−y)

t vanishes away a bounded subset Ex,
we have∣∣∣∣f (y)

g (x − y + tei) − g (x − y)
t

∣∣∣∣ ≤
∥∥∥∥ ∂

∂xi
g

∥∥∥∥
∞

|f (y)|χEx ∈ L1 (Rn) in y.

Lebesgue dominated convergence implies

lim
t→0

∫
Rn

f (y)
g (x − y + tei) − g (x − y)

t
dy =

∫
Rn

f (y)
∂

∂xi
g (x − y) dy = f ∗ ∂

∂xi
g.

So ∂
∂xi

h (x) exists, and ∂
∂xi

h (x) = f ∗ ∂g
∂xi

. Higher order derivatives follows from
mathematical induction. �

Let ϕ ∈ C∞
0 (Rn) be a function satisfying ϕ ≥ 0, suppϕ ⊂ B1 (0) and

(2.1)
∫

Rn

ϕ (x) dx = 1.

For example, we could take

ϕ (x) =

{
ce

1
|x|2−1 if |x| < 1,
0 if |x| ≥ 1

where c > 0 is a constant chosen to gurantee (2.1). For ε > 0, we define

ϕε (x) = ε−nϕ
(x

ε

)
.

Then suppϕ ⊂ Bε (0) and ∫
Rn

ϕε (x) dx = 1.

For any f ∈ L1
loc (Rn), we define

fε = f ∗ ϕε ∈ C∞ (Rn) .

We say ϕε is a mollifier and fε is a mollification of f .

Theorem 58. If f is continuous in R
n, then fε =⇒ f uniformly on any com-

pact subset as ε → 0.
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Proof.

f (x) − fε (x) = f (x) −
∫

Rn

f (x − y)ϕε (y) dy

=
∫

Bε(0)

(f (x) − f (x − y)) ϕε (y) dy.

Since f is uniform continuous on any compact set, fε =⇒ f uniformly on any
compact subset as ε → 0. �

Remark 19. If f ∈ Cc (Rn), then fε ∈ Cc (Rn) and fε =⇒ f uniformly on R
n

as ε → 0.

Lemma 4. If f ∈ Lp (Rn), 1 ≤ p < ∞, then fε ∈ Lp (Rn) and ‖fε‖p ≤ ‖f‖p.

Proof. p = 1 follows from Theorem 55. When 1 < p < ∞, let q = p′, we have

|fε (x)|p =
(∫

Rn

f (x − y) ϕε (y) dy

)p

=
(∫

Rn

f (x − y)ϕ
1
p
ε (y) ϕ

1
q
ε (y) dy

)p

≤
∫

Rn

|f (x − y)|p ϕε (y) dy

(∫
Rn

ϕε (y) dy

) p
q

= |f |p ∗ ϕε,

hence ‖fε‖p ≤ ‖f‖p follows from p = 1 case. �

Theorem 59. If f ∈ Lp (Rn), 1 ≤ p < ∞, then fε ∈ Lp (Rn) and ‖f − fε‖p →
0 as ε → 0.

Proof. For any δ > 0, there exists g ∈ Cc (Rn),

‖f − g‖p <
δ

3
.

And for such g, there exists ε0, such that for any ε ≤ ε0,

‖g − gε‖p <
δ

3
.

Hence, for any ε ≤ ε0,

‖f − fε‖p ≤ ‖f − g‖p + ‖g − gε‖p + ‖gε − fε‖p < δ.

�
Corollary 5. C∞

c (Rn) is dense in Lp (Rn), 1 ≤ p < ∞.

Proof. Since continuous functions with compact support are dense in Lp (Rn),
it suffices to prove that every compactly supported continuous function can be
approximated in Lp (Rn) by C∞

c (Rn). This, however, immediately follows from
Theorem 59, because if f vanishes outside a bounded set, then fε has compact
support. �





CHAPTER 4

Integration and Differentiation

1. Signed Measures

Definition 32. Let (X, M) be a measurable space. A set function μ : M →
[−∞,∞] is called a signed measure if
(i). μ assumes at most one of the values ∞ and −∞;
(ii). μ (∅) = 0;
(iii). μ is σ-additive.

Let μ1, μ2 be two positive measures on (X, M) such that one of them is finite.
Then μ1 − μ2 is a signed measure.

Definition 33. A measurable set A is said to be positive if μ (A ∩ E) ≥ 0 for
every E ∈ M. A measurable set A is said to be negative if μ (A ∩ E) ≤ 0 for every
E ∈ M.

Lemma 5. Let μ be a signed measure on (X, M) and let E ∈ M with μ (E) > 0.
Then there exists a positive set A ⊂ E such that μ (A) > 0.

Proof. If E is positive, then there is nothing to prove. Otherwise, there exists
some B ∈ M with B ⊂ E and −∞ < μ (B) < 0. Let n1 be the smallest positive
integer such that there is B1 with B1 ⊂ E and

μ (B1) ≤ − 1
n1

.

If E1 = E\B1 is positive, then we are done, since μ (E1) > 0 follows from

μ (E\B1) + μ (B1) = μ (E) > 0.

Otherwise, let n2 be the smallest positive integer such that there is B2 with B2 ⊂
E1 ⊂ E and

μ (B2) ≤ − 1
n2

.

And we define E2 = E1\B2. If E2 is positive, then we are done, since μ (E2) > 0.
Otherwise, we can continue this process. If this process stops at Em, then Em is
a positive set with μ (Em) > 0. Otherwise, we find a sequence of positive integers

nk and measurable sets Bk ⊂ E, k ∈ N, such that for Em = E\
(

m⋃
k=1

Bk

)
, nm+1 is

the smallest positive integer such that there is Bm+1 ∈ M with Bm+1 ⊂ Em and

μ (Bm+1) ≤ − 1
nm+1

.

Since μ (E) > 0, we have

−∞ < μ

( ∞⋃
k=1

Bk

)
≤

∞∑
k=1

− 1
nk

.

lv
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Hence,
∞∑

k=1

1
nk

< ∞.

Since nk is monotone increasing, we conclude nk → ∞ as k → ∞. Let A =

E\
( ∞⋃

k=1

Bk

)
. For any set B ⊂ A, since A ⊂ Ek, we have

μ (B) > − 1
nk+1 − 1

,

hence μ (B) ≥ 0, so A is positive. And μ (A) > 0 follows from μ (Bk) < 0 for each
k and

μ (A) +
∞∑

k=1

μ (Bk) = μ (A) > 0.

�
Theorem 60 (Hahn’s Decomposition Theorem). Let μ be a signed measure on

(X, M). Then there exist positve set A and negative set B such that X = A ∪ B
and A ∩ B = ∅.

Proof. We can assume without loss of generality that μ doesn’t assume +∞
value, otherwise we could consider −μ. Let

M = sup {μ (E) : E ∈ M is positive} .

Then there exists a sequence of positive sets En, such that

lim
n→∞μ (En) = M.

Then A =
∞⋃

n=1
En is a positive set and μ (A) = M < ∞. Let B = X\A. We

claim B is a negative set. Otherwise, there exists a set E ⊂ B with μ (E) > 0, and
Lemma 5 implies the existence of positive set E′ ⊂ E with μ (E′) > 0. Then A∪E′

will be a positive set with μ (A ∪ E′) > M , a contradiction. �
We say the pair (A,B) is a Hahn’s decomposition of X with respect to μ. Let

f ∈ L1 (μ). Then

λ (E) =
∫

E

fdμ

defines a signed measure. It is easy to see A = {x ∈ X : f (x) ≥ 0}, B = X\A
defines a Hahn’s decomposition of X with respect to λ.

Let μ be a signed measure on (X, M) and (A,B) be a Hahn’s decomposition
of X with respect to μ. We can define for any E ∈ M,

μ+ (E) = μ (A ∩ E) , μ− (E) = −μ (B ∩ E) ,

|μ| (E) = μ+ (E) + μ− (E) .

Then μ+, μ− are positive measures and μ (E) = μ+ (E) − μ− (E) for any E ∈ M.
The pair (μ+, μ−) is called the Jordan’s decomposition of μ. μ+, μ− and |μ| are
called the positive variation, the negative variation and the total variation of μ,
respectively.

Remark 20. Hahn’s decomposition may not be unique. But Jordan’s decompo-
sition is uniquely defined.
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Remark 21. Hahn’s decomposition shows that any signed measure is the dif-
ference of two positive measures.

Let M (X) be the collection of all finite signed measures on (X, M). Then
M (X) is a linear space and

‖μ‖ = |μ| (X)
defines a norm on M (X).

Theorem 61. M (X) is a Banach space.

We leave the proof to interested students.

Remark 22. Let μ be a positive measure on (X, M), then L1 (μ) is a closed
supspace of M (X).
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2. Absolute Continuity and Radon-Nikodym Theorem

Definition 34. Let μ, ν be two signed measure on (X, M). ν is said to be
absolutely continuous with respect to μ if for any E ∈ M, |μ| (E) = 0 implies
ν (E) = 0. And we denote ν � μ.

Proposition 4. ν � μ if and only if |ν| � |μ|.

Remark 23. Let μ, ν be two positive measure on (X, M). Then ν ≤ μ implies
ν � μ.

Let μ be a measure on (X, M) and f ∈ L1 (μ). Then

ν (E) =
∫

E

fdμ for E ∈ M

defines a finite signed measure which is absolutely continuous with respect to μ.
The converse statement is also true if we require that μ is σ-finite.

Theorem 62 (Radon-Nikodym). Let ν be a finite signed measure that is abso-
lutely continuous with respect to a σ-finite measure μ. Then there exists a unique
function f ∈ L1 (μ) such that

ν (E) =
∫

E

fdμ

holds for all E ∈ M.

Proof. This is a corollary of the following version on positive measures. �

Theorem 63 (Radon-Nikodym). Let μ, ν be two σ-finite measures on (X, M)
and ν � μ. Then there exists a unique nonnegative measurable function f such
that

ν (E) =
∫

E

fdμ

holds for all E ∈ M.

Proof. We first assume that ν (X) < ∞ and μ (X) < ∞. Define

Σ =
{

f ∈ L1 (μ) : f ≥ 0,
∫

E

fdμ ≤ ν (E) for any E ∈ M

}
.

Since 0 ∈ Σ, Σ is nonempty. Also for any f, g ∈ Σ, we have h = max {f, g} ∈ Σ.
Indeed, for any E ∈ M, let

E1 = {x ∈ E : f (x) ≥ g (x)} and

E2 = {x ∈ E : f (x) < g (x)} = E\E1.

Then ∫
E

hdμ =
∫

E1

hdμ +
∫

E2

hdμ =
∫

E1

fdμ +
∫

E2

gdμ

≤ ν (E1) + ν (E2) = ν (E) .

Let

a = sup
f∈Σ

∫
X

fdμ,
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then we have a ≤ ν (X) < ∞. So there exists fn ∈ Σ, such that

lim
n→∞

∫
X

fndμ = a.

Now let gn be such that
gn (x) = max

1≤k≤n
fk (x) ,

then gn ∈ Σ. Since gn is monotone increasing, we can define

g (x) = lim
n→∞ gn (x) .

Now Lebesgue’s monotone increasing theorem implies that for any E ∈ M,∫
E

gdμ = lim
n→∞

∫
E

gndμ ≤ ν (E) .

We also have ∫
X

gdμ = a.

Now we claim
∫

E
gdμ = ν (E) for any E ∈ M. We define for any E ∈ M,

λ (E) = ν (E) −
∫

E

gdμ.

Then λ is a measure. If λ (A) > 0 for some A ∈ M. Since μ (A) < ∞, there exists
ε > 0 such that

λ (A) − εμ (A) > 0.

Since λ − εμ is a signed measure with (λ − εμ) (A) > 0, there exists a measurable
set B ⊂ A which is positive with respect to λ − εμ. Now for any E ∈ M,

ν (E) −
∫

E

(g + εχB) dμ = λ (E) − εμ (E ∩ B) ≥ (λ − εμ) (E ∩ B) ≥ 0.

So g + εχB ∈ Σ. Now

(λ − εμ) (B) > 0 ⇒ λ (B) > 0 ⇒ ν (B) > 0 ⇒ μ (B) > 0

since ν � μ. Hence ∫
X

(g + εχB) dμ =
∫

X

gdμ + εμ (B) > a

which is a contradiction. Hence we have proved
∫

E
gdμ = ν (E) for any E ∈ M.

Now if ν, μ are σ-finite. Let X =
∞⋃

n=1
En where En ∈ M are disjoint and

ν (En) < ∞, μ (En) < ∞. Then ν � μ on En, hence there exists fn ∈ L1 (En, μ)
such that for any E ∈ M, E ⊂ En,

ν (E) =
∫

E

fndμ.

Let f = fn on En, then we have for any E ∈ M, ν (E) =
∫

E
fndμ.

The uniqueness is easy to proof. �

Definition 35. Two signed measures μ and ν are said to be singular (or or-
thogonal), in symbols μ⊥ν, if there exist A, B ∈ M, A ∩ B = ∅, A ∪ B = X and
|μ| (A) = |ν| (B) = 0.
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Theorem 64 (Lebesgue Decomposition Theorem). Let μ and ν be two σ-finite
measures on (X, M). Then there exist two unique measures ν1 and ν2, such that

ν = ν1 + ν2,

ν1 � μ and ν2⊥μ.

Proof. Let λ ≡ μ + ν. Since μ, ν � λ, there exist nonnegative measurable
functions f and g such that

μ (E) =
∫

E

fdλ and ν (E) =
∫

E

gdλ

holds for all E ∈ M. Let X0 = {x ∈ X : f (x) = 0} and for any E ∈ M, we define

ν1 (E) = ν (E\X0) , ν2 (E) = ν (E ∩ X0) .

Then ν1, ν2 are two measures s.t. ν = ν1+ν2. Since μ (X0) = 0 and ν2 (X\X0) = 0,
we have ν2⊥μ. On the other hand, if μ (E) = 0 for some E ∈ M, then f = 0 λ-a.e.
on E, hence, λ (E\X0) = 0, so we have

ν1 (E) = ν (E\X0) =
∫

E\X0

gdλ = 0.

Hence, ν1 � μ. �
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3. Bounded Linear Functionals on Lp

Let X,Y be two normed linear space over K, where K = R or C. A linear
transformation F : X → Y is said to be bounded if there exists M ≥ 0, such that
for any x ∈ X,

‖Fx‖Y ≤ M ‖x‖X .

We define ‖F‖ to be the smallest such M , then

‖F‖ = sup {‖Fx‖Y : x ∈ X, ‖x‖X ≤ 1} = sup
‖x‖X=1

‖Fx‖Y .

Theorem 65. The following three conditions are equivalent:
(1). F is bounded.
(2). F is continuous.
(3). F is continuous at one point of X.

Proof. (1)⇒(2): Let F be bounded. For any x1 
= x2, we have

‖Fx1 − Fx2‖Y = ‖F (x1 − x2)‖Y ≤ ‖F‖ ‖x1 − x2‖X .

So F is continuous.
(2)⇒(3) is trivial.
(3)⇒(1): Assume F is continuous at x0, then for any ε > 0, there exists δ > 0

such that ‖x − x0‖X ≤ δ implies

‖Fx − Fx0‖Y ≤ ε.

From the linearity of F , ‖x‖X ≤ δ implies

‖Fx‖Y ≤ ε.

Hence, ‖F‖ ≤ ε
δ and F is bounded. �

When Y = K, a linear transformation F : X → K is called a linear functional.
Let (X, μ) be a measure space and 1 ≤ p ≤ ∞. Then for each g ∈ Lq (μ), with

1
p + 1

q = 1, here q = ∞ if p = 1 and q = 1 if p = ∞, since∣∣∣∣
∫

X

fgdμ

∣∣∣∣ ≤
∫

X

|fg| dμ ≤ ‖f‖p ‖g‖q

for any f ∈ Lp (μ), the functional Fg defined by

Fg (f) =
∫

X

fgdμ, for any f ∈ Lp (μ) ,

is a bounded linear functional with

‖Fg‖ ≤ ‖g‖q .

On the other hand, we have

Theorem 66 (Riesz). Let (X, μ) be a σ-finite measure space and 1 ≤ p < ∞.
Let F be a bounded linear functional on Lp (μ). Then there exists a unique g ∈
Lq (μ), where 1

p + 1
q = 1, such that

F (f) =
∫

X

fgdμ

holds for any f ∈ Lp (μ) and ‖F‖ = ‖g‖q.



lxii 4. INTEGRATION AND DIFFERENTIATION

Proof. We first assume μ (X) < ∞. Define for any A ∈ M,

ν (A) = F (χA) .

Then ν (∅) = 0. And if A =
∞⋃

k=1

Ak is a disjoint union of measurable set, then we

have

(3.1)

∥∥∥∥∥
k∑

i=1

χAi − χA

∥∥∥∥∥
p

=

(
k∑

i=1

μ (Ai) − μ (A)

) 1
p

→ 0

as k → ∞. Since F is linear and continuous, we have

lim
k→∞

∣∣∣∣∣
k∑

i=1

ν (Ai) − ν (A)

∣∣∣∣∣ = 0,

i.e.,

ν (A) =
∞∑

i=1

ν (Ai) .

Hence, ν is a finite signed measure. If μ (A) = 0 for some A ∈ M, then χA = 0
a.e., and hence ν (A) = F (χA) = 0. So we have ν � μ. Radon-Nikodym theorem
implies the existence of g ∈ L1 (μ), such that

ν (A) = F (χA) =
∫

A

gdμ.

From the linearity of F , we have for any simple function s,

F (s) =
∫

X

sgdμ.

Since every f ∈ L∞ (μ) is a uniform limit of simple functions, we have

F (f) =
∫

X

fgdμ.

Now we claim f ∈ Lq (μ). When p = 1, let M > 0 be such that

EM = {x ∈ X : |g| ≥ M}
has positive μ-measure. Let f (x) = α (x)χEM

where

α (x) =

{
g(x)
|g(x)| if g (x) 
= 0,

0 if g (x) = 0.

We have ‖f‖1 = μ (EM ). Since f ∈ L∞ (μ),

|F (f)| =
∣∣∣∣
∫

X

fgdμ

∣∣∣∣ ≥ Mμ (EM ) .

On the other hand, |F (f)| ≤ ‖F‖ ‖f‖1 = ‖F‖μ (EM ), so we have M ≤ ‖F‖. Hence
g ∈ L∞ (μ), and ‖g‖∞ ≤ ‖F‖. Since L∞ (μ) is dense in L1 (μ), and

∫
X

fgdμ is
continuous for f ∈ L1 (μ),

F (f) =
∫

X

fgdμ

holds for any f ∈ L1 (μ). We also have ‖F‖ ≤ ‖g‖∞, hence ‖F‖ = ‖g‖∞.
When 1 < p < ∞, let

An = {x ∈ X : |g| ≤ n}
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and
f (x) = α |g|

q
p χAn ∈ L∞ (μ) .

Then

|F (f)| =
∣∣∣∣
∫

X

fgdμ

∣∣∣∣ =
∫

An

|g|q dμ,

and we also have

|F (f)| ≤ ‖F‖ ‖f‖p = ‖F‖
(∫

An

|g|q dμ

) 1
p

.

Hence, ∫
An

|g|q dμ ≤ ‖F‖q
.

Lebesgue monotone increasing theorem implies∫
X

|g|q dμ ≤ ‖F‖q
.

Hence, g ∈ Lq (μ) and ‖g‖q ≤ ‖F‖. Since L∞ (μ) is dense in Lp (μ), and
∫

X
fgdμ

is continuous for f ∈ Lp (μ),

F (f) =
∫

X

fgdμ

holds for any f ∈ Lp (μ). We also have ‖F‖ ≤ ‖g‖q, hence ‖F‖ = ‖g‖q. We leave
the uniqueness of g as an exercise.

Now if μ (X) = ∞, we write X =
∞⋃

n=1
Xn where Xn is monotone increasing

and μ (Xn) < ∞. Then for each n, there exists gn ∈ Lq (Xn, μ), such that for any
f ∈ Lp (X,μ), f = 0 a.e. on X\Xn,

F (f) =
∫

X

fgndμ.

From the uniqueness, the function g = gn on Xn is well defined. Since ‖gn‖q ≤ ‖F‖
and |gn| is monotone increasing, we conclude ‖g‖q ≤ ‖F‖. For any f ∈ Lp (X, μ),
since

F (fχXn
) =

∫
X

fχXn
gdμ

and fχXn → f in Lp (X, μ), we conclude

F (f) =
∫

X

fgdμ.

Finally, we also have ‖F‖ ≤ ‖g‖q, hence ‖F‖ = ‖g‖q. �

Remark 24. The proof fails when p = ∞ since (3.1) doesn’t hold for p = ∞.
Actually, consider Lebesgue measure on R

n, then C0 (Rn) is a closed subspace of
L∞ (Rn). Define a bounded linear functional δ : C0 (Rn) → K by

δ (f) = f (0) .

Then functional analysis implies that δ can be extended to a bounded linear func-
tional Fδ on L∞ (Rn), apparently Fδ can’t be represented by a function in L1 (Rn).

Remark 25. The dual space of L∞ (μ) is the space of all finitely additive
bounded measures that are absolutely continuous with respect to μ.
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4. Bounded Linear Functionals on C0 (X)

Let X be a locally compact Hausdorff space. Theorem 39 characterizes the
positive linear functionals on Cc (X). Since Cc (X) is a dense subspace of C0 (X),
any bounded linear functional on Cc (X) can be uniquely extended to a bounded
linear functional on the Banach space C0 (X).

Let μ be a Borel signed measure. Define for any f ∈ C0 (X),∫
X

fdμ ≡
∫

X

fdμ+ −
∫

X

fdμ−.

Then f →
∫

X
fdμ is a bounded linear functional on C0 (X).

Theorem 67. Let X be a locally compact Hausdorff space and F be a bounded
linear functional on the Banach space C0 (X). Then there is a unique regular signed
measure μ, such that

F (f) =
∫

X

fdμ

for any f ∈ C0 (X). Moreover,

‖F‖ = ‖μ‖ .

Proof. Define for any f ∈ Cc (X), f ≥ 0,

G (f) = sup {F (h) : h ∈ Cc (X) , |h| ≤ f} .

And for general f ∈ Cc (X), write f = f+ − f−, we define

G (f) = G
(
f+

)
− G

(
f−) .

Now we verify that G is linear. For any c ∈ R, G (cf) = cG (f) is obvious. For any
f, g ∈ Cc (X), f, g ≥ 0, since |h1| ≤ f , |h2| ≤ g imply |h1 + h2| ≤ f + g, we have

G (f + g) ≥ G (f) + G (g) .

On the other hand, if h ∈ Cc (X) , |h| ≤ f + g, let

V = {x : f (x) + g (x) > 0} ,

we define

h1 (x) =
f (x)

f (x) + g (x)
h (x) , h2 (x) =

g (x)
f (x) + g (x)

h (x) for x ∈ V ,

and h1 (x) = h2 (x) = 0 for x 
∈ V.

Then |h1| ≤ f , |h2| ≤ g and we have

G (f + g) ≤ G (f) + G (g) .

Hence G (f + g) = G (f) + G (g). Now for any f, g ∈ Cc (X), we have

(f + g)+ + f− + g− = (f + g)− + f+ + g+,

hence

G
(
(f + g)+

)
+ G

(
f−)+ G

(
g−

)
= G

(
(f + g)−

)
+ G

(
f+

)
+ G

(
g+

)
which implies

G (f + g) = G (f) + G (g) .
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Hence G is a positive linear functional on Cc (X). There exists a regular Borel
measure λ such that

G (f) =
∫

X

fdλ

for any f ∈ Cc (X). Moreover, we have

λ (X) = sup {G (f) : f ∈ Cc (X) , 0 ≤ f ≤ 1}
= sup {F (h) : h ∈ Cc (X) , |h| ≤ 1} = ‖F‖ .

Now
|F (f)| ≤ G (|f |) =

∫
X

|f | dλ = ‖f‖1 .

Since Cc (X) is dense in L1 (λ), F extends to a bounded linear functional on L1 (λ)
with norm bounded by 1, hence, there exists a Borel function g ∈ L∞ (λ), |g| ≤ 1
such that

F (f) =
∫

X

fgdλ.

Let μ = gdλ, then μ is a signed measure and for any f ∈ Cc (X),

F (f) =
∫

X

fdμ.

Now
|F (f)| ≤

∫
X

|f | d |μ| ≤ ‖f‖∞ |μ| (X) ,

we have
‖F‖ ≤ |μ| (X) .

On the other hand,since |g| ≤ 1, |μ| (X) ≤ λ (X) = ‖F‖. Hence we have

‖μ‖ = |μ| (X) = ‖F‖ .

Finally, we show μ is unique. It suffices to show that if
∫

X
fdμ = 0 holds for

all f ∈ Cc (X), then μ = 0. We write μ = gd |μ| for some g satisfying |g| = 1, pick
fn ∈ Cc (X) such that fn → g in L1 (|μ|), then we have

0 = lim
n→∞

∫
X

fndμ = lim
n→∞

∫
X

fngd |μ| =
∫

X

g2d |μ| = |μ| (X) .

Hence μ = 0.
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�

5. Derivatives of Measure and Lebesgue point

To motivate the definition of derivative of measures, we first look at a simple
theorem for measures on real line:

Theorem 68. Suppose μ is a signed Borel measure on R and

f (x) = μ ((−∞, x)) .

Then the following two statements are equivalent:
(i). f is differentiable at x and f ′ (x) = A.
(ii). To every ε > 0, there exists δ > 0, s.t.,∣∣∣∣ μ (I)

m (I)
− A

∣∣∣∣ < ε

for every open interval I satisfying x ∈ I and |I| < δ. Here m is the Lebesgue
measure on R.

Definition 36. Let μ be a signed Borel measure on R
k. The symmetric de-

rivative of μ at x is defined by

(Dμ) (x) = lim
r→0

μ (Br (x))
|Br (x)|

whenever the limit exists. Here

Br (x) =
{
y ∈ R

k : |y − x| < r
}

and |Br (x)| = m (Br (x)) where m = Lk is the Lebesgue measure on R
k.

Definition 37. Let μ be a signed Borel measure on R
k. The maximal function

of μ is defined by

(Mμ) (x) = sup
r>0

|μ| (Br (x))
|Br (x)| .

Since for each α ∈ R,{
x ∈ R

k : Mμ > α
}

=
⋃
r>0

{
x ∈ R

k :
|μ| (Br (x))
|Br (x)| > α

}

is open, the maximal function Mμ : R
k → [0,∞] is Borel measurable.

Lemma 6. If W is the union of a finite collection of balls Bri
(xi), 1 ≤ i ≤ N ,

then there is a set S ⊂ {1, 2, · · · , N} so that
(a). the balls Bri (xi) with i ∈ S are disjoint,
(b). W ⊂ ⋃

i∈S

B3ri (xi) and

(c). m (W ) ≤ 3km (Bri
(xi)).

Proof. We assume r1 ≥ r2 ≥ · · · ≥ rN and we write Bi = Bri
(xi). Put

i1 = 1. Discard all Bk that intersect Bi1 . Let Bi2 be the first of the remaining
Bk if there are any. Discard all Bk that intersect Bi2 . Let Bi3 be the first of the
remaining Bk if there are any. This process stops after a finite number of steps and
gives S = {i1, i2, · · · }. (a) is clear to hold. Since each discarded Bk intersect with
some Bri

(xi), i ∈ S with larger radius, Bk ⊂ B3ri
(xi). Hence (b) holds. Finally,

(c) follows from (b). �
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Theorem 69. If μ is a signed Borel measure on R
k, then for any t > 0,

(5.1) m ({Mμ > t}) ≤ 3k

t
‖μ‖ .

Proof. We assume ‖μ‖ < ∞. Given t > 0. Let K be a compact subset of
{Mμ > t}. Then each x ∈ K is the center of an open ball B for which |μ| (B) >
t |B|. Some finite collection of these B’s covers K, and the covering lemma gives
us a disjoint subcollection, say {B1, · · · , Bn}, such that

m (K) ≤ 3k
n∑

i=1

m (Bi) <
3k

t

n∑
i=1

|μ| (Bi) ≤
3k

t
|μ|

(
R

k
)

=
3k

t
‖μ‖ .

Taking supremum over all such K, we have (5.1). �

Let f ∈ L1
(
R

k
)
. Then μ = fdm defines a signed Borel measure on R

k with
‖μ‖ = ‖f‖1. And we can define the maximal function of f

(Mf) (x) = (Mμ) (x) = sup
r>0

1
|Br (x)|

∫
Br(x)

|f | dm.

Corollary 6. For any t > 0,

m ({Mf > t}) ≤ 3k

t
‖f‖1 .

Definition 38. A Lebesgue measurable function f is said to belong to weak
L1, if

tm ({|f | > t})
is a bounded function of t on (0,∞).

Hence f ∈ L1
(
R

k
)

implies that Mf belongs to weak L1.

Definition 39. Let f ∈ L1
(
R

k
)
. A point x ∈ R

k is said to be a Lebesgue
point of f if

lim
r→0

1
|Br (x)|

∫
Br(x)

|f (y) − f (x)| dy = 0.

If x is a Lebesgue point of f , then

f (x) = lim
r→0

1
|Br (x)|

∫
Br(x)

fdm.

Theorem 70. Let f ∈ L1
(
R

k
)
. Then almost every point x ∈ R

k is a Lebesgue
point of f .

Proof. Define for x ∈ R
k, r > 0,

(Trf) (x) =
1

|Br|

∫
Br(x)

|f (y) − f (x)| dy.

Let

(Tf) (x) = lim sup
r→0

(Trf) (x) .
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For any n ∈ N, there exists g ∈ Cc

(
R

k
)
, such that ‖f − g‖1 < 1

n . Let h = f − g.
Since g is continuous, Tg ≡ 0. Since

(Trh) (x) =
1

|Br|

∫
Br(x)

|h (y) − h (x)| dy ≤ 1
|Br|

∫
Br(x)

|h (y)| dy + |h (x)|

≤ Mh (x) + |h (x)| ,
we have

(Th) (x) ≤ Mh (x) + |h (x)| .
Since Trf ≤ Trg + Trh, we have

(Tf) (x) ≤ (Th) (x) ≤ Mh (x) + |h (x)| .
Now for any ε > 0,

{Tf > 2ε} ⊂ {Mh > ε}
⋃

{|h| > ε} ≡ En
ε ,

and hence

{Tf > 2ε} ⊂
∞⋂

n=1

En
ε .

Since

m (En
ε ) ≤

(
3k + 1

) 1
nε

,

m

( ∞⋂
n=1

En
ε

)
= 0.

Since Lebesgue measure is complete, {Tf > 2ε} is measurable with Lebesgue mea-
sure zero. Since ε is arbitrary, Tf = 0 m-a.e.. �

Let E be a Lebesgue measurable subset of R
k. The metric density of E at x is

defined by

lim
r→0

m (E ∩ Br (x))
m (Br (x))

if the limit exists.

Corollary 7. The metric density of E

lim
r→0

m (E ∩ Br (x))
m (Br (x))

= χE

a.e..

Theorem 71. Suppose μ is a signed Borel measure on R
k, and μ � m. Let f

be the Radon-Nikodym derivative of μ w.r.t. m. Then Dμ = f m-a.e..

Proof. At any Lebesgue point of f ,

f (x) = lim
r→0

1
|Br|

∫
Br(x)

fdm = lim
r→0

μ (Br)
|Br|

= Dμ.

�

Theorem 72. Let μ be a Borel measure on R
k, and let A be a Borel set such

that μ (A) = 0. Then
Dμ (x) = 0 m-a.e. on A.
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Proof. If Dμ (x) 
= 0, then we must have

(D∗μ) (x) = lim sup
r→0

μ (Br (x))
|Br (x)| > 0.

We only need to show that for any ε > 0, the set

Eε = {x ∈ A : (D∗μ) (x) > ε}
has Lebesgue measure zero. Let K be a compact subset of Eε and V be an open
set containing A, then for each x ∈ K, there exists a ball Br (x) ⊂ V such that

μ (Br (x))
|Br (x)| > ε.

Since K is compact, some finite collection of these balls covers K, and the covering
lemma gives us a disjoint subcollection, say {B1, · · · , Bn}, such that

m (K) ≤ 3k
n∑

i=1

m (Bi) <
3k

ε

n∑
i=1

μ (Bi) ≤
3k

ε
μ (V ) .

Since μ is regular and μ (A) = 0, we can choose V with arbitrarily small μ (V ),
hence m (K) = 0. Finally, since m is regular, m (K) = 0 for all compact K ⊂ A
implies m (Eε) = 0. �

Corollary 8. Let μ be a Borel measure on R
k such that μ⊥m. Then

Dμ (x) = 0 m-a.e. on R
k.

Proof. Since μ⊥m, μ (A) = 0 for some Borel set A with m (Ac) = 0. Now
μ (A) = 0 implies that Dμ (x) = 0 m-a.e. on A and m (Ac) = 0 then implies
Dμ (x) = 0 m-a.e. on R

k. �
Theorem 73. If f ∈ L1 (R) and

F (x) =
∫ x

−∞
fdm,

then F ′ (x) = f (x) at every Lebesgue point of f , hence m-a.e..

Proof. Let x be a Lebesgue point, then for any h 
= 0,∣∣∣∣F (x + h) − F (x)
h

− f (x)
∣∣∣∣ =

∣∣∣∣∣ 1h
∫ x+h

x

(f (y) − f (x)) dy

∣∣∣∣∣
≤ 1

|h|

∣∣∣∣∣
∫ x+h

x

|f (y) − f (x)| dy

∣∣∣∣∣ ≤ 2
1

2 |h|

∫ x+|h|

x−|h|
|f (y) − f (x)| dy.

Hence

lim
h→0

∣∣∣∣F (x + h) − F (x)
h

− f (x)
∣∣∣∣ = 0,

i.e., F ′ (x) = f (x). �
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6. Differentiability of monotone functions

Let f : R → R be a monotone function. Then the set of all discontinuities of f
is at most countable, moreover, we have

Theorem 74. Every monotone function is differentiable almost everywhere.

Proof. Let f : R → R be a monotone function. By replacing f with −f if
necessary, we could assume that f is monotone increasing. Now we define for any
x ∈ R,

f∗ (x) = lim
y→x+

f (y) .

Then f∗ is also increasing. Now for any x ∈ R, let xn ∈ R be such that f is
continuous at xn and xn ↘ x, then we have

f∗ (x+) = lim
n→∞ f∗ (xn) = lim

n→∞ f (xn) = f∗ (x) .

Hence, f∗ is right continuous. Moreover, we can check that for any x ∈ R,

f∗ (x+) − f∗ (x−) = f (x+) − f (x−) .

The third homework shows that f∗ induces a Borel measure μ = μf∗ , such that
for any a < b,

μ ((a, b)) = f∗ (b−) − f∗ (a) ,

μ ([a, b]) = f∗ (b) − f∗ (a−) .

Let μ = μ1 + μ2 be the Lebesgue decomposition with respect to Lebesgue measure
m such that μ1 � m and μ2⊥m. Let h be the Radon-Nikodym derivative of μ1

w.r.t. m. Let

A = {x ∈ R : x is Lebesgue point of h and (Dμ2) (x) = 0} .

Then Theorem 70 and Corollary 8 implies m (Ac) = 0. Let x ∈ A, we claim that
for any ε > 0, there exists δ > 0, such that

(6.1)
∣∣∣∣μ (a, b)

b − a
− h (x)

∣∣∣∣ < ε

whenever 1
3 |Iab| ≤ b−a < δ, where Iab = (x − t, x + t) and t = max (|b − x| , |a − x|).

To see this, ∣∣∣∣μ (a, b)
b − a

− h (x)
∣∣∣∣ ≤

∣∣∣∣μ1 (a, b)
b − a

− h (x)
∣∣∣∣+

∣∣∣∣μ2 (a, b)
b − a

∣∣∣∣
≤ 1

b − a

∫ b

a

|h (y) − h (x)| +
∣∣∣∣μ2 (Iab)

b − a

∣∣∣∣
≤ 3

|Iab|

∫
Iab

|h (y) − h (x)| + 3
∣∣∣∣μ2 (Iab)

|Iab|

∣∣∣∣
which approaches zero as |Iab| → 0, and hence as b − a → 0. Now for any x′ such
that 0 < x′ − x < δ, we can find an,bn such that x < an < bn < x′, b − a ≥ 1

3 |Iab|
and lim an = x, lim bn = x′, then we have

f (x′) − f (x)
x′ − x

− h (x) ≥ μ (an, bn)
x′ − x

− h (x)

≥ (bn − an) (h (x) − ε)
x′ − x

− h (x) .
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Letting n → ∞, we have
f (x′) − f (x)

x′ − x
− h (x) ≥ −ε.

Similarly, choosing an,bn such that an < x < x′ < bn, |bn − an| < δ, bn − an ≥
1
3 |Iab| and lim an = x, lim bn = x′, we can prove

f (x′) − f (x)
x′ − x

− h (x) ≤ ε.

Hence

lim
x′→x+

f (x′) − f (x)
x′ − x

= h (x) .

Similarly, we can show

lim
x′→x−

f (x′) − f (x)
x′ − x

= h (x) .

Hence
f ′ (x) = h (x) .

So we have proved f ′ (x) = h (x) for any x ∈ A. Now m (Ac) = 0 implies f ′ (x) =
h (x) m-a.e.. �

Remark 26. From the proof, we see f ′ (x) captures the absolute continuous
part of μ. It is not difficult to see that each jump discontinuity contributes a delta
function to the singular part of μ. However, in general, μ2 is not the summa-
tion of delta functions from jump discontinuities. Actually, there exists continuous
monotone function such that the singular part μ2 is not zero.

Proposition 5. Let f : R → R be a monotone function, then f ′ exists a.e.,
and f ′ ∈ L1

loc (R). Moreover,

(6.2) f (b) − f (a) ≥
∫ a

b

f ′ (x) dx

for any a < b.

Proof. Since f ′ = h, and μ1 is locally finite measure, f ′ ∈ L1
loc (R). Now for

any c, d such that a < c < d < b, we have

f (b) − f (a) ≥ μ (c, d) ≥ μ1 (c, d) =
∫ d

c

f ′ (x) dx,

let c → a and d → b, we have (6.2). �
Remark 27. There exists a strictly increasing function whose derivative equals

to zero a.e.. Hence
f (b) − f (a) 
=

∫ a

b

f ′ (x) dx

in general. On the other hand, if f : R → R is differentiable at every point of [a, b]
and f ′ ∈ L1 on [a, b], then

f (b) − f (a) =
∫ a

b

f ′ (x) dx

for any a < b. This is Theorem 7.21 in Rudin’s book.
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7. Functions of Bounded Variation

Let [a, b] be a bounded interval of R. P = {t0, t1, · · · , tn} is said to be a
partition of [a, b] if

a = t0 < t1 < · · · < tn = b.

Let f : [a, b] → R be a function. Then the total variation of f over [a, b] is defined
to be

b∨
a

f = sup

{
n∑

i=1

|f (ti) − f (ti−1)| : P = {t0, t1, · · · , tn} is a partition of [a, b]

}
.

Definition 40. f : [a, b] → R is said to be of bounded variation if
b∨
a

f < ∞.

We write f ∈ BV [a, b].

Proposition 6. If f, g ∈ BV [a, b] and α ∈ R, then so are f + g, αf, fg and
|f |.

Proof. It is easy to see that
b∨
a

(f + g) ≤
b∨
a

f +
b∨
a

g,

b∨
a

αf = |α|
b∨
a

f,

b∨
a

(fg) ≤
b∨
a

f sup
x∈[a,b]

|g (x)| +
b∨
a

g sup
x∈[a,b]

|f (x)| ,

b∨
a

|f | ≤
b∨
a

f.

Hence f + g, αf, |f | ∈ BV [a, b]. And since functions of bounded variation are
bounded, fg ∈ BV [a, b] as well. �

Proposition 7. If f ∈ BV [a, b], and F is a Lipschitz function on the range
of f , then F (f) ∈ BV [a, b].

Proof. Let L be the Lipschitz constant for F . Then
b∨
a

F (f) ≤ L

b∨
a

f.

�

Example 9. If f ∈ BV [a, b], then sin f ∈ BV [a, b]. And if f ∈ BV [a, b],
f ≥ c > 0, then 1

f ∈ BV [a, b].

Clearly, a monotone function f on [a, b] is of bounded variation with
b∨
a

f = |f (b) − f (a)| .

On the other hand, we have
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Theorem 75. If f : [a, b] → R is of bounded variation, then f is the difference
of two increasing functions.

Proof. It is easy to check that
x∨
a

f , as a function of x, is increasing on [a, b].

Actually for any x < y,
x∨
a

f +
y∨
x

f =
y∨
a

f.

Now define

g (x) =
x∨
a

f − f (x) ,

then for any x < y,

g (y) − g (x) =
y∨
x

f − [f (y) − f (x)]

≥ |f (y) − f (x)| − [f (y) − f (x)] ≥ 0.

Hence g is also increasing. Since f (x) =
x∨
a

f − g (x), theorem follows. �

Corollary 9. If f : [a, b] → R is of bounded variation, then
(i). The discontinuity of f is at most countable;
(ii). f is differentiable almost everywhere.
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8. Absolutely Continuous Functions

Definition 41. A function f : [a, b] → R is said to be absolutely continuous
if for every ε > 0, there exists δ > 0 such that whenever (a1, b1) , · · · , (an, bn) are
disjoint open intervals in [a, b] satisfying

n∑
i=1

(bi − ai) < δ,

we have
n∑

i=1

|f (bi) − f (ai)| < ε.

And we write f ∈ AC [a, b].

Example 10. Lipschitz functions are absolute continuous.

Theorem 76. AC [a, b] ⊂ BV [a, b].

Proof. Assume f ∈ AC [a, b]. Then there exists δ > 0 such that whenever
(a1, b1) , · · · , (an, bn) are disjoint open intervals in [a, b] satisfying

n∑
i=1

(bi − ai) < δ,

we have
n∑

i=1

|f (bi) − f (ai)| < 1.

Now let n be the integer part of
b − a

δ
+ 1,

then we have b−a
n < δ. let P = {t0, t1, · · · , tn} be a partition of [a, b] such that

ti = a + i
b − a

n
, 0 ≤ i ≤ n.

Then since ti − ti−1 < δ, from the definition of total variation, we have
ti∨

ti−1

f ≤ 1.

Hence,
b∨
a

f =
n∑

i=1

ti∨
ti−1

f ≤ n.

So f ∈ BV [a, b]. �

Proposition 8. If f ∈ AC [a, b], then f is continuous.

Proposition 9. If f, g ∈ AC [a, b] and α ∈ R, then so are f + g, αf, fg and
|f |.

Proof. This is similar to the proof of Proposition 6 for BV [a, b]. �

Proposition 10. If f ∈ AC [a, b], and F is a Lipschitz function on the range
of f , then F (f) ∈ AC [a, b].
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If f ∈ L1 [a, b], then

F (x) =
∫ x

a

f (t) dt

is absolutely continuous on [a, b]. On the other hand, we have

Theorem 77. If F ∈ AC [a, b], then f = F ′ is defined a.e., and f ∈ L1 [a, b].
Moreover, for each x ∈ [a, b], we have

F (x) =
∫ x

a

f (t) dt.

Proof. Let μF be the finite Borel regular signed measure generated by func-
tion F . Since F is continuous, we have

μF ((x, y)) = F (y) − F (x)

for any a ≤ x < y ≤ b. Now we claim μF � m where m is the Lebesgue measure.
Let ε > 0 and δ > 0 be the number in the definition of absolutely continuous
functions. For any Borel set A ⊂ (a, b) with m (A) = 0, there exists an open set
U ⊂ (a, b) such that A ⊂ U , m (U) < δ and

|μF (U) − μF (A)| < ε.

Let U =
∞⋃

i=1

(ai, bi), then we have from m (U) < δ,

|μF (U)| ≤
∞∑

i=1

|μF (ai, bi)| =
∞∑

i=1

|F (bi) − F (ai)| ≤ ε.

Hence |μF (A)| < 2ε. Since ε is arbitrary, we have μF (A) = 0. So we have μF � m
and f = F ′ is the Radon-Nikodym derivative of μF w.r.t. m. Hence f ′ ∈ L1 [a, b]
and for each x ∈ [a, b], we have

F (x) =
∫ x

a

f (t) dt.

�

Theorem 78. Let f, g ∈ AC [a, b]. Then fg ∈ AC [a, b],

(fg)′ = f ′g + fg′

almost everywhere on [a, b] and the integration by parts formula∫ b

a

f ′gdm = fg|ba −
∫ b

a

g′fdm

holds.

Theorem 79. If f ∈ AC [a, b], then
b∨
a

f =
∫ b

a

|f ′| dm.

Proof. Step 1:
b∨
a

f ≤
∫ b

a

|f ′| dm.
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Step 2: If f ′ ∈ C [a, b], then
b∨
a

f =
∫ b

a
|f ′| dm.

Step 3: For general f ∈ AC [a, b], let gn ∈ C [a, b] and gn → f ′ in L1. And we
define

Gn (x) =
∫ x

a

gn (x) .

Then we have
b∨
a

f ≥
b∨
a

Gn −
b∨
a

(Gn − f) ≥
∫ b

a

|gn| dm −
∫ b

a

|gn − f ′| dm.

Let n → ∞, we have
b∨
a

f ≥
∫ b

a

|f ′| dm.

The conclusion follows by combining step 1 and 3. �
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9. Lipschitz continuous functions

Let (X, dX) , (Y, dY ) be two metric spaces and A ⊂ X. f : A → Y is said to be
Lipschitz continous if there exists constant L̃ > 0 such that for any x1, x2 ∈ A,

dY (f (x1) , f (x2)) ≤ L̃dX (x1, x2) .

The smallest such L̃,
L = Lip f

is called the Lipschitz constant of f .
It is easy to see Lipschitz continous function is continuous.

Theorem 80 (Mcshane-Whitney). Let (X, dX) be a metric space and A ⊂ X.
Let f : A → R be Lipschitz continous with

Lip f = L.

Then there exists a Lipschitz continuous function f̃ : X → R with Lip f̃ = L and
f̃
∣∣∣
A

= f .

Proof. It is easy to verify that

f̃ (x) = inf
a∈A

(f (a) + LdX (x, a))

satisfies all requirements. �

Remark 28. Let

f∗ (x) = sup
a∈A

(f (a) − LdX (x, a)) .

Then if g is a Lipschitz extension of f with Lip g = L. Then for any x ∈ X,

f∗ (x) ≤ g (x) ≤ f̃ (x) .

Corollary 10. Let (X, dX) be a metric space and A ⊂ X. Let f : A → R
n

be Lipschitz continuous with
Lip f = L.

Then there exists a Lipschitz continuous function f̃ : X → R
n with Lip f̃ ≤ √

nL

and f̃
∣∣∣
A

= f .

Proof. We can extend each component of f . �

The extra factor
√

n can be dropped if X = R
m.

Theorem 81 (Kirszbraun’s theorem). Let A ⊂ R
m and f : A → R

n be Lip-
schitz continuous. Then there exists a Lipschitz function f̃ : R

m → R
n such that

Lip f̃ = Lip f and f̃
∣∣∣
A

= f .

Now we discuss the differentiability of Lipschitz functions. Since a Lipschitz
function f : R → R is absolutely continuous, it is differentiable a.e.. In higher
dimensional case, let’s recall the definition of differentiability: is said to be differ-
entiable at a ∈ R

m if there exists a constant vector, denoted by Df (a) ∈ R
m, such

that

lim
x→a

|f (x) − f (a) − Df (a) · (x − a)|
|x − a| = 0.
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Theorem 82. Let Ω be a domain in R
m and f : Ω → R be Lipschitz continuous.

Then f is differentiable a.e. in Ω.

Proof. By extending f if necessary, we can assume f : R
m → R is Lipschitz

continuous with Lip f = L.
Step 1: For any v ∈ S

n−1, the directional derivative Dvf (x) is defined a.e.. Let

B = {x ∈ R
m : Dvf doesn’t exist at x} .

Then

B =
{

x ∈ R
m : lim inf

t→0

f (x + tv) − f (x)
t

< lim sup
t→0

f (x + tv) − f (x)
t

}

is Borel measurable since Borel measurability of both lim inft→0
f(x+tv)−f(x)

t and
lim supt→0

f(x+tv)−f(x)
t can be proved using the same argument as Theorem 21.

Since on each line l parallel to v, f is absolutely continuous and hence Dvf exists a.e.
on l, so B ∩ l has Lebesgue measure zero. Fubini theorem then implies m (B) = 0.

Step 2: From step 1, �f (x) ≡
(

∂f
∂x1

, · · · , ∂f
∂xm

)
is defined a.e.. Now we check

that for any v ∈ S
n−1,

Dvf (x) = v · �f (x) a.e..
Let ϕ ∈ C1

0 (Rm). Since |Dvf (x)| ≤ L a.e., we have∫
Rm

Dvf (x) ϕ (x) dx =
∫

Rm

lim
t→0

f (x + tv) − f (x)
t

ϕ (x) dx

= lim
t→0

∫
Rm

f (x + tv) − f (x)
t

ϕ (x) dx = lim
t→0

∫
Rm

ϕ (x − tv) − ϕ (x)
t

f (x) dx

= −
∫

Rm

f (x) Dvϕ (x) dx = −v ·
∫

Rm

f (x) �ϕ (x) dx = v ·
∫

Rm

�f (x) ϕ (x) dx

=
∫

Rm

v · �f (x)ϕ (x) dx.

Hence from Lemma 7, Dvf (x) = v · �f (x) a.e..
Step 3: For almost every x ∈ R

m, f is differentiable at x and Df (x) = �f (x).
Let {vi}∞i=1 be a countable dense subset of S

n−1 and

A = {x ∈ R
m : �f (x) and Dvi

f (x) exists for every i = 1, 2, · · · } .

For any ε > 0, since S
n−1 is compact, there exists N , such that for any v ∈ S

n−1,
there exists 1 ≤ i ≤ N such that |vi − v| < ε. Given x ∈ A, there exists δ > 0, such
that for any 0 < |t| < δ ∣∣∣∣f (x + tvi) − f (x)

t
− Dvif (x)

∣∣∣∣ < ε

holds for 1 ≤ i ≤ N . For any v ∈ S
n−1, let 1 ≤ i ≤ N be such that |vi − v| < ε, we

have for any 0 < |t| < δ,∣∣∣∣f (x + tv) − f (x)
t

− v · �f (x)
∣∣∣∣

≤
∣∣∣∣f (x + tvi) − f (x)

t
− vi · �f (x)

∣∣∣∣+ L |vi − v| + |�f (x)| |vi − v|

< ε + Lε +
√

mLε.
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Hence, f is differentiable at x and Df (x) = �f (x). Since Ac has measure zero, f
is differentiable a.e.. �

Proof.

Lemma 7. If g ∈ L1
loc (Rm) satisfies, for any ϕ ∈ C1

0 (Rm),∫
Rm

g (x)ϕ (x) dx = 0,

then g = 0 a.e. on R
m.

�
Proof. Let ϕε be the standard mollifier. Then we have for any x ∈ R

m,

gε (x) =
∫

Rm

g (y)ϕ (x − y) dy = 0.

Theorem 59 implies gε → g locally in L1, hence g = 0 a.e. on R
m.
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�

10. The change-of-variables theorem

Let V be an open set in R
k. A mapping T : V → R

k is said to be differentiable
at x ∈ V if there exists a linear mapping A : R

k → R
k, such that

lim
h→0

|T (x + h) − T (x) − Ah|
|h| = 0.

Linear mapping A can be represented by a matrix which is called Jacobian matrix
and we have

A =
(

∂Ti

∂xj

)
k×k

≡ T ′ (x) .

Its determinant is called the Jacobian and we write JT (x) = detT ′ (x).

Theorem 83. Let V be an open set in R
k and T : V → R

k is one-to-one and
differentiable at every point of V . Then for every measurable function f : R

k →
[0,∞], ∫

T (V )

fdm =
∫

V

f |JT | dm.
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11. Distribution functions and maximal functions

Let (X, μ) be a σ-finite positive measure. Let f : X → [0,∞] be measurable.
The function

μ {f > t} = μ ({x ∈ X : f (x) > t})
is called the distribution function of f . μ {f > t} is a decreasing function and hence
it is Borel measurable.

Theorem 84. Let ϕ : [0,∞] → [0,∞] be monotone increasing, absolutely con-
tinuous on [0, T ] for any T < ∞ and ϕ (0) = 0, limt→∞ ϕ (t) = ϕ (∞). Then

(11.1)
∫

X

ϕ ◦ fdμ =
∫ ∞

0

μ {f > t}ϕ′ (t) dt.

Proof. Let
E = {(x, t) ∈ X × [0,∞) : f (x) > t} .

Then E is measurable. For any t ∈ [0,∞), we define

Et = {x ∈ X : (x, t) ∈ E} .

Then

μ {f > t} = μ
(
Et
)

=
∫

X

χE (x, t) dμ (x) .

So we have by applying Fubini’s theorem∫ ∞

0

μ {f > t}ϕ′ (t) dt

=
∫ ∞

0

[∫
X

χE (x, t) dμ (x)
]

ϕ′ (t) dt

=
∫

X

dμ (x)
∫ ∞

0

χE (x, t) ϕ′ (t) dt.

Since ∫ ∞

0

χE (x, t)ϕ′ (t) dt =
∫ f(x)

0

ϕ′ (t) dt = ϕ (f (x)) ,

we have (11.1). �

A special case is when ϕ (t) = t:

Corollary 11. Let f : X → [0,∞] be measurable. Then∫
X

fdμ =
∫ ∞

0

μ {f > t} dt.

This corollary implies that any Lebesgue integral can be replaced by a Lebesgue
integral on R with Lebesgue measure.

Recall that for any locally integrable function f : R
k → R, the maximal function

of f is defined by

(Mf) (x) = sup
r>0

1
|Br (x)|

∫
Br(x)

|f | dm.

And we show that f ∈ L1
(
R

k
)

implies that Mf belongs to weak L1, i.e., tm ({|f | > t})
is a bounded function of t on (0,∞). On the other hand, if f ∈ L∞ (

R
k
)
, it is easy

to see Mf ∈ L∞ (
R

k
)
. In general, we have
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Theorem 85 (Hardy-Littlewood). If 1 < p < ∞ and f ∈ Lp
(
R

k
)
, then

Mf ∈ Lp
(
R

k
)
.

Proof. Without loss of generality, we assume f ≥ 0. Let c ∈ (0, 1) which will
be chosen later. For each t ∈ (0,∞), we define

gt (x) = f (x) χ{f(x)>ct}, ht (x) = f (x) − gt (x) = f (x)χ{f(x)≤ct}.

Then we have f = gt + ht and ht ≤ ct. Hence gt ∈ L1 and ht ∈ L∞. Since

Mf ≤ Mgt + Mht ≤ Mgt + ct,

we have

m ({Mf > t}) ≤ m ({Mgt > (1 − c) t})

≤ 3k

(1 − c) t
‖gt‖1 =

3k

(1 − c) t

∫
{f(x)>ct}

f (x) dx.

Now ∫
Rk

(Mf)p
dm = p

∫ ∞

0

m ({Mf > t}) tp−1dt

≤ 3kp

(1 − c)

∫ ∞

0

(∫
{f(x)>ct}

f (x) dx

)
tp−2dt

=
3kp

(1 − c)

∫
Rk

f (x) dx

∫ f(x)
c

0

tp−2dt

=
3kp

(1 − c) (p − 1) cp−1

∫
Rk

fp (x) dx.

When c = p−1
p = 1

q , the constant in the right hand side achieves minimum, and we
have

‖Mf‖p ≤ Cp ‖f‖p

where

Cp =
(

3kp

(1 − c) (p − 1) cp−1

) 1
p

=
(
3kpqp

) 1
p .

We remark that Cp → 1 as p → ∞ and Cp → ∞ as p → 1. �

Remark 29. In general, f ∈ L1
(
R

k
)

doesn’t imply Mf ∈ L1
(
R

k
)
. For exam-

ple, f = χB1(0), then Mf decays like 1
rk at ∞, hence Mf 
∈ L1

(
R

k
)
.



CHAPTER 5

Hausdorff Measure

1. Introduction

Let X be a metric space. Let s ≥ 0. Given ε > 0, we define for any E ⊂ X a
set function

Hs
ε (E) = inf

{ ∞∑
i=1

ωs

(
diam Ai

2

)s

: E ⊂
∞⋃

i=1

Ai and diamAi < ε

}
.

Here

ωs =
π

s
2

Γ
(
1 + s

2

)
is the volume of s-dimensional unit ball where we recall the Gamma function is
defined by

Γ (s) =
∫ ∞

0

ts−1e−tdt.

Since for each E ⊂ X, Hs
ε (E) is monotone decreasing in ε, we can define a new

set function

Hs (E) = lim
ε→0

Hs
ε (E) .

Theorem 86. Hs is a metric outer measure on X.

Proof. Step 1: Hs is an outer measure. It is easy to see Hs (E) ∈ [0,∞] for
any E ⊂ X, Hs (∅) = 0 and monotonicity property holds. So we only need to check

countable subadditivity. Let E ⊂
∞⋃

n=1
En. We can assume

∞∑
n=1

Hs (En) < ∞.

For each ε > 0,
∞∑

n=1

Hs
ε (En) ≤

∞∑
n=1

Hs (En) < ∞.

Given δ > 0, for each n, there exists a covering of En, En ⊂
∞⋃

i=1

An,i with

diam An,i < ε, such that

Hs
ε (En) ≥

∞∑
i=1

ωs

(
diam An,i

2

)s

− δ

2n
.

lxxxiii
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Then we have E ⊂
∞⋃

n=1

∞⋃
i=1

An,i, and hence

Hs
ε (E) ≤

∞∑
n=1

∞∑
i=1

ωs

(
diam An,i

2

)s

≤
∞∑

n=1

Hs
ε (En) + δ ≤

∞∑
n=1

Hs (En) + δ.

Letting δ → 0, we have

Hs
ε (E) ≤

∞∑
n=1

Hs (En) .

Hence,

Hs (E) = lim
ε→0

Hs
ε (E) ≤

∞∑
n=1

Hs (En) .

Step 2: Let E,F ⊂ X with dist (E,F ) = δ > 0. Then for any 0 < ε < δ, since
any set A with diam A < ε can’t intersect both E and F , we have

Hs
ε (E ∪ F ) = Hs

ε (E) + Hs
ε (F ) .

Letting ε → 0, we obtain

Hs (E ∪ F ) = Hs (E) + Hs (F ) .

�

Definition 42. Hs is called the s-dimensional Hausdorff measure on X.

Proposition 11. (i). H0 is the counting measure.
(ii). If s < t, then Hs (E) < ∞ implies Ht (E) = 0.
(iii). If s < t, then Ht (E) > 0 implies Hs (E) = ∞.

Proof. (i). Trivial.
(ii) and (iii) follows from the observation that for any ε > 0,

Ht
ε (E) ≤ ωt

ωs

(ε

2

)t−s

Hs
ε (E) .

�

Definition 43. For any nonempty set E, the Hausdorff dimension of E is
defined by

dimH E = sup {s : Hs (E) = 0} = inf {s : Hs (E) = ∞} .

Theorem 87. Let E ⊂ R
n.

(i). Hs is rotation and translation invariant;
(ii). Hs (λE) = λsHs (E) for any λ > 0;
(iii). Hs (E) = 0 for any s > n.

Remark 30. If we use only balls to cover the set E in the definition of Haus-
dorff measure, the resulting measure is called s-dimensional spherical measure Ss.
It is easy to check Hs ≤ Ss ≤ 2sSs. However, Hs 
= Ss in general.
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2. Isodiametric Inequality and Hn = Ln

Theorem 88 (Isodiametric Inequality). For any A ⊂ R
n,

L∗
n (A) ≤ ωn

(
diam A

2

)n

.

Proof. We will use Steiner symmetrization. �
Lemma 8. Let Q = [0, 1]n. For any δ > 0, there exists disjoint balls {Bri (xi)}∞i=1

such that Bri
(xi) ⊂ Q, ri < δ and

(2.1) Ln

(
Q\

∞⋃
i=1

Bri
(xi)

)
= 0.

Proof. Choose Br1 (x1) ⊂ Q such that r1 = min
{

δ
2 , 1

2

}
. Assuming {Bri

(xi)}k
i=1

are chosen, we define

r∗k+1 = sup

{
r : Br (x) ⊂ Q\

k⋃
i=1

Bri
(xi) for some x ∈ Q

}
.

And we choose Brk+1 (xk+1) ⊂ Q\
k⋃

i=1

Bri (xi) such that rk+1 = min
{

δ
2 ,

r∗
k+1
2

}
.

Then since
∞⋃

i=1

Bri (xi) ⊂ Q, we have

∞∑
i=1

ωnrn
i ≤ 1.

Especially, we have limi→∞ ri = 0, so there exists K > 0 such that rk = r∗
k

2 for
k ≥ K. From the definition of r∗k, we have for any k ≥ K,

Q ⊂
k⋃

i=1

Bri+2r∗
k+1

(xi) .

Hence,
k∑

i=1

ωn

(
ri + 2r∗k+1

)n ≥ 1.

Now for any ε > 0, we choose Kε > K so that
∞∑

i=Kε+1

ωnrn
i < ε.

Hence, for any k > Kε, we have

1 ≤
k∑

i=1

ωn

(
ri + 2r∗k+1

)n =
Kε∑
i=1

ωn

(
ri + 2r∗k+1

)n +
k∑

i=Kε+1

ωn

(
ri + 2r∗k+1

)n

≤
Kε∑
i=1

ωn

(
ri + 2r∗k+1

)n +
k∑

i=Kε+1

ωn

(
ri + 2r∗k+1

)n

≤
Kε∑
i=1

ωn

(
ri + 2r∗k+1

)n +
k∑

i=Kε+1

ωn (5ri)
n ≤

Kε∑
i=1

ωn

(
ri + 2r∗k+1

)n + 5nε.
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Let k → ∞, we have
Kε∑
i=1

ωnrn
i + 5nε ≥ 1,

and hence
∞∑

i=1

ωnrn
i ≥

Kε∑
i=1

ωnrn
i ≥ 1 − 5nε.

Since ε can be arbitrarily small,
∞∑

i=1

ωnrn
i ≥ 1.

Hence
∞∑

i=1

ωnrn
i = 1

and (2.1) holds. �

Theorem 89. Hn = L∗
n on R

n.

Proof. Step 1. For any A ⊂ R
n, Ln (A) ≤ Hn (A). Fix ε > 0 and let {Ai}∞i=1

be covering of A such that diamAi < ε. Applying isodiametric inequality,
∞∑

i=1

ωn

(
diam Ai

2

)n

≥
∞∑

i=1

L∗
n (Ai) ≥ L∗

n (A) .

Taking infimum over all such covering, we obtain

Hn
ε (A) ≥ L∗

n (A) .

Letting ε → 0, we have Hn (A) ≥ L∗
n (A).

Step 2. For any A ⊂ R
n, Hn (A) ≤ c (n)L∗

n (A) for some constant c (n). For
any ε > 0, we have

Hn
ε (A) ≤ inf

{ ∞∑
i=1

ωn

(
diam Qi

2

)n

: A ⊂
∞⋃

i=1

Qi and diamQi < ε

}

≤ c (n) inf

{ ∞∑
i=1

Ln (Qi) : A ⊂
∞⋃

i=1

Qi and diamQi < ε

}

= c (n)L∗
n (A) .

Here the last identity is obvious when A is open, and it is true for general A since
Ln is regular.

Step 3. Hn (A) ≤ L∗
n (A). We first assume A = Q is a cube. For any δ > 0,

from Lemma 8, there exists disjoint balls {Bri (xi)}∞i=1 such that Bri (xi) ⊂ Q,
ri < δ

2 and

Ln

(
Q\

∞⋃
i=1

Bri (xi)

)
= 0.

Hence from step 2,

Hn

(
Q\

∞⋃
i=1

Bri (xi)

)
= 0.
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Now,

Hn
δ (Q) ≤

∞∑
i=1

Hn
δ (Bri (xi)) ≤

∞∑
i=1

ωnrn
i = Ln (Q) .

Letting δ → 0, Hn (Q) ≤ Ln (Q). For open A, Hn (A) ≤ Ln (A) follows from cube
decomposition of A. And for general A, Hn (A) ≤ L∗

n (A) again follows from the
fact that Ln is regular. �

Similarly, we can prove

Theorem 90. Sn = L∗
n on R

n.


