CHAPTER 1

Measure Theory

1. Topology and Metric Space

DEFINITION 1. A collection T of subsets of a set X is said to be a topology in
X if 7 has the following three properties:
(i) DeT and X € 7.
(ii). If V, et fori=1,--- ,n, then ViNVon---NV, €.
(1it). If {V.} is an arbitrary collection of members of T, then U,V,, € T.

If 7 is a topology in X, then X is called a topological space, and the members
of 7 are called the open sets in X. A set FE is said to be closed if E°¢ is open.

EXAMPLE 1. (3). 7 ={0, X} is a topology.
(ii). T = 2% is a topology.
(iti). Let Eq, Es be two nonempty subsets of X, then
7 ={0,Ey, By, Ex N Ey, By U By, X}
is a topology of X . This topology has 6 open sets if all the listed subsets are different.

DEFINITION 2. A metric space is a set X in which a distance function p :
X x X — R7T is defined with the following properties:
(a). 0 < p < oo forallz,y € X.
(b). p(z,y) =0 if and only if x = y.
(c). p(z,y)=p(y,x) for allz,y € X.
(d). p(x,y) < pl(x,2)+p(2z,y) forall xz,y,z € X.

A metric space (X, p) has a natural topology which is the collection of all sets
E C X which are arbitrary unions of open balls of the form

B(z,r)={ye X :p(z,y) <r}.
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2. o-algebra

DEFINITION 3. A collection M of subsets of a set X is said to be a o-algebra
in X if M has the following three properties:
(i). X e M.
(i1). If A€ M, then A° € M.
(iii). If A, e M, n=1,2,---, then A =U2 A, € M.

If M is a o-algebra in X, then (X, M) is called a measurable space, and the
members of M are called the measurable sets in X.

EXAMPLE 2. (i). M ={0,X} is a o-algebra.
(ii). M = 2% is a o-algebra.
(it1). Let E # X be a nonempty subset of X, then

M={0,E,X\E, X}

s a o-algebra of X.

PROPOSITION 1. Let (X, M) be a measurable space. Then
(i). e M.
(ii). A, B € M implies A\B € M.
(i1i). M is closed under finite unions, finite or countable intersections.

PRrROOF. (i) 0 = X¢ e M.
(ii). A\B=ANB°=(A°UB)".
(iii). Let A € M, 1 < k < n. We define Ay, = () for K > n + 1. Then the finite
union

U A = U Ap e M
k=1 k=1
and the finite intersection
) Ax = ( Ag) € M.
k=1 k=1

Let Ay € M, k > 1. Then the countable intersection

k=1 k=1
g

It is easy to verify from the definition of o-algebra that any intersection of
o-algebras is a o-algebra:

PROPOSITION 2. If{Mq},cp i a family of o-algebras in a set X, then NaeaMa
s also a o-algebra in X.

THEOREM 1. If F is any collection of subsets of X , there exists a smallest
o-algebra M* in X such that F C M*.

We say M™ is the o-algebra generated by F, which can be defined as the
intersection of all F containing o-algebras in X.

Let (X, 7) be a topological space. Let B be the o-algebra generated by 7. The
members of B are called the Borel sets of X. In particular, closed sets are Borel
sets, and so are all countable unions of closed sets and all countable intersections
of open sets.
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3. Measure

DEFINITION 4. A positive measure is a function p, defined on a o-algebra M,
whose range is in [0, 00], which satisfies
(i). u(0) =0.
(ii). (Countable additivity) If {A;};-, is a pairwise disjoint collection of members

of M, then
K <UA1> = ZH(Ai)-
i=1 i=1

The triple (X, M, u) is called measure space.

If 4 (X) < oo, then p is said to be a finite measure.
If 4 (X) =1, then p is a probability measure.

(oo}
IfX = UAi where A; € M and p(4;) < oo foralli=1,2,3,--, then we say
i=1
that p is o-finite.
EXAMPLE 3. (i). Trivial measure p = 0.
(i1). Counting measure: For any A € M, u(A) =4 of elements in A.
(i1i). Dirac measure: Given xg € X, we have for any A€ M, p(A)=1ifzg€ A
and p(A) =0 if xo & A.

A complex (real) measure is a complex-valued (real-valued) countably additive
function defined on a c-algebra.

THEOREM 2. Let (X, M, 1) be a measure space.
(i). (Finite additivity) If {A;};_, is a pairwise disjoint collection of members of

M, then
K (UA1> = Z#(Ai) :
i=1 i=1

(i1). (Monotonicity) A C B implies u(A) < u(B) if A,B € M.
(iv). Let A1 C Ag C A3 C -+ be members in M and A= |J A;, then
i=1

(3

lim pi(A,) = i (4).

n—oo

(v). Let Ay D Ay D Az --- be members in M, u (A1) is finite and A = () A;, then

=1

Jim g1 (An) = p(A).
PROOF. (i). Using countable additivity on {A;},°, with A; =0 for i > n +1.
(ii). Write B = AU (B\A), then use finite additivity.
(iii). Let By = Ay, B; = A;\A;_1 for i > 2, then {B,},°, are pairwise disjoint and
A = |J B;. Hence countable additivity implies
i=1

oo

p(A) =D p(Bi) = lim ¥ pu(Bi) = lim pu(An)
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where, in the last step, we used finite additivity.

(iv). Consider C; = A1\ A;, then we have C; /" and A1\A = |J C}, so (iv) implies
=1

p(A\A) = lim g (Cy) .
Since pu (A1) < 00, p(A1\A) = p (A1) —p (A) and pu (C;) = 1 (A1) — p (A;), we have
p(A) = lim p(An).
U

REMARK 1. The assumption "u (A1) is finite” is necessary in part (v) of the
above theorem. For example, let 1 be the Lebesgue measure and A, = (n,00), then

we have for each n, u(A,) = oo while u ( N An) =0.
n=1
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4. Outer Measure and Caratheodory Construction

DEFINITION 5. Let X be a set. A function
p* 2% — [0, 00]

1s called an outer measure if

(i). p* (D) = 0;
(ii). (Monotonicity) A C B implies p* (A) < p* (B);
(iii). (Countable Sub-additivity) for all sets A; C X,

w (U Ai) < ZM(Ai) :
i=1 i=1
We call a set E C X p*-measurable if for any A C X,
p(A) =p* (ANE) +p” (A\E).
This criterion is called Caratheodory condition. Since
p*(A) S p" (ANE) + p* (A\E)
holds for any A, E C X, Caratheodory condition is equivalent to the one-sided

inequality
i (A) 2 @' (AN E) + p* (A\E).

THEOREM 3. The pu*-measurable sets form a o-algebra M* and p* restricted
to M* is a measure.

PROOF. Step 1. X € M*.
Step 2. If E € M*, then E¢ € M* since Caratheodory condition is symmetric in
FE and E°.
Step 3. If E, F € M*, then E U F € M*. To see this, for any A C X, we have
from Caratheodory condition,

pt(A) = p" (ANE) +p" (A\E),
p (A\E) =y (A\E) N F) +p~ (A\E)\F)
=p (A\E)NF) +p" (A\(EUF)),
pr(AN(EUFR) =p (AN(EUF)NE)+p" (AN(EUF))\E)
= p* (

T(ANE)+pu" (AAE)NF).

which yields p* (A) = p* (AN (EUF)) + u* (A\ (EUF)). Hence, EU F € M*.
Step 4. If E, F € M*, then E\F € M* since E\F = (E°UF)*.
Step 5. If £, € M*, n=1,2,.-- are pairwise disjoint, then we have for any A C X,

Zu* (ANE,) =p" <Aﬁ <U En>> .
n=1 n=1
First, from the Caratheodory condition and the measurability of F;, we have

p (AN (ELU Ep)) = p* (AN (ELU E2)) N Ey) +p" (AN (ELU Ez)) \Ey)
:u*(AﬂEl)—i—u* (AOEQ)

S (an(Ur)) < (a0 (0s))

Hence,



X 1. MEASURE THEORY

iu* (ANE;) <p” (Aﬂ (G E))

iu* (ANE;) > p” (Aﬂ (GE>)

i=1

Let n — oo, we have
On the other hand,

follows from countable sub-additivity.
Step 6. If E, € M*, n=1,2,--- are pairwise disjoint, then £ = U2 | E,, € M*.
For any A C X, we need to show

pe(A) = p* (AN E) + p" (A\E) .

We could assume p* (4) < oo, otherwise the inequality is trivial. Since U | E; €
M* | we have

Sscmos (o(01])
i (ANE;) +p* (A\(U ))

ﬂ*< () (1))

Step 7. It £, € M*, n=1,2,---, then F = U2, E,, € M*. To see this, let

F1 = E1 and
n
= (U E1> \F,_1 for n > 2.

i=1
Then F,, € M* are pairwise disjoint and hence from step 6,

E:GEn:GFneM*.
n=1

n=1

Let n — oo, we have

I
h
D

8
=

-
&

Step 8. From Steps 1,2,7, we see M* is a o-algebra. p* is a measure on M*
follows from step 5 with A = X. O

A measure p is said to be complete if every subset of zero measure set is
measurable. It is easy to see that u* constructed above is complete.
Let (X, p) be a metric space. For E, F C X, we define

dist (E,F) = inf .
ist (B, F) ze;ﬂr}yer(x,y)

DEFINITION 6. An outer measure p* defined on subsets of a metric space (X, p)
18 called metric outer measure if

W (EUF) = " (E) + " (F)
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whenever E,F C X and dist (E, F) > 0.

THEOREM 4. If pu* is a metric outer measure, then all Borel sets are p*-
measurable.

PROOF. We only need to show that any open set is p*-measurable. Let O be
an open set. For any A C X, we need to prove

(4.1) W (A) > 1 (ANO) + i* (A\0).
We assume p* (A) < oo, otherwise (4.1) is trivial. Let

n

O, = {ac € O : dist (z,0°) > 1}.
Then
dist (AN O,,A\O) >0
and we have
p'(A) = p (AN (O\On)) = p* (AN Oy) + p* (A\O)
(1.2) > it (ANO) - i* (AN (0\0)) + 1 (4\0)
where the last inequality follows from subadd1t1v1ty. Next7 for any n > 1, we define

D,, = 0,41\0,,. Then
O\O,, = | J Ds.

k=n
Since mutual distances between Dy, D3, D5, - - - are positive, we have for any n > 1,

zn:M* (AN Dagj—1) = p* <Aﬂ (O D2k—1>> <p(A).

k=1 k=1
Let n — oo, we have

St (AN Do) < w7 (4).

k=1
Similarly,
> (AN Dy) < p* (A).
k=1
Thus,
> w (AN D,) < 2u* (A) < oo.
n=1
So we have
(4.3) w* (AN (0O\Oy)) = u* (U (Aka)> =) p(ANDy) — 0asn— oo.
k=n k=n

Finally, (4.1) follows from (4.2) and (4.3). O
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5. Lebesgue Measure
A bounded closed interval of R™ is a set of the form
I = [al,bl] X [ag,bg] X e X [an,bn}

where a; < b;, 1 <7 < n. The volume of I is defined by

n

|I|:H(bk_ak)-

k=1
We define a set function L7 such that for any subset A C R,
(5.1)
o0 oo
Ly (A) = inf {Z |I;] : each I; is a bounded closed interval and A C U Ii} .
i=1 i=1

REMARK 2. We can replace the closed intervals with open intervals and for
each A C R™,

(5.2) L) (A) =inf {Z |I;| : each I; is a bounded open interval and A C U Il} .

i=1 i=1
THEOREM b. L} s a metric oulter measure.

PROOF. (i). p* (0) = 0 and monotonicity is trivial.
(ii). Let A; C R™ and A = U52, A;, we need to show that

(53) L) <3 L ().
i=1

We could assume )=, L* (A4;) < oo, otherwise it is trivial. Given e > 0, for each

o0
A;, there exists bounded open intervals {Iij};’il, such that A; C |J I;; and
j=1

ad e
D Il < Ly (A) + 7
j=1

o0
Since A C |J I;j, we have
iyj=1

(oo} oo (oo}
* * € *
L) < 3 Il <0 (L (A0 +57) < Y Li(A) +e.
ij=1 i=1 i=1
Let € — 0, (5.3) follows.
(iii). Let A1, Ay C R™ and d = dist (41, A3) > 0. We need to show
LY (A UAy) > L (A1) + L (Ag).

We first observe that we could limit the size of I; in the covering, in particular, for
any set A C R™,

L} (A) = inf {Z |7;] : each I; is bounded close interval, diam I; < d and A C U Il} .

i=1 i=1
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For any € > 0, there exists bounded close intervals {I;};-,, such that diam I; < d,

o0
Ac U L and
i=1

L (AyUAy) > L] —e.
i=1

For each i, since diam I; < d = dist (A1, As), we have either I;NA; = @ or I;NAs =0
so we can separate {I;};2; as two disjoint subcollections {I;},., and {I;},., such
that A; C | I, j =1,2. Hence, we have
Z:AJ
Ly (A1) + Ly (A2) <D LI < L (Ay U Ag) +e.
i=1

Theorem is proved by letting € — 0. O

DEFINITION 7. L} is called outer Lebesgue measure on R". L} -measurable sets
are said to be Lebesque measurable. The restriction of L} to Lebesgue measurable
sets is called Lebesgue measure and is denoted by L., .

COROLLARY 1. All Borel sets are Lebesgue measurable.

Lebesgue measure is complete: All sets with L (A) = 0 are Lebesgue measur-
able and have zero Lebesgue measure.

THEOREM 6. Let I be a bounded closed (or open) interval
(i). Ly, (1) = |1|.
(ii). L, (0I) = 0.

PrROOF. We first assume I is a bounded closed interval. Then since I is a
covering of itself, we have from the definition,

Ly (I) < 1.

Next, for any € > 0, there exists open intervals {I;} which covers I , such that
o0
Lo(I) > |L| —e.
i=1

Since I is compact, there exists a finite subcollection, which we denote by {Ii}le

k
such that I C |J I;. We claim
i=1

1=

k
(5.4) HEDYIAP
i=1
To see this, we observe that

k
X1 < Z XI5
i=1

so the Riemann integral

k k
/X]d.’ES /ZXLdeZ/XLdl‘v
i=1 =1
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and (5.4) follows. Hence, we have for any € > 0,
So we conclude L, (I) = |I|. If I = [] (ai,b;) is open, we observe that for any

i=1
O<e< %IIHDZ“)Z —CL,L'|7

H[ai—&—s,bi—s]CICH[ai—E,bi—i—EL
i=1

i=1
hence,
n n
(H al+€b—s])<L" <L”<H E,bi—i—s]),
i=1 =1
and . .
[1 i —ai—2e) <L (1) <[] (b — @i + 22).
i=1 i=1
Let ¢ — 0, we obtain
= —ai)=11].
=1

Finally,
Lo (01) = Lo (T) = Ly (1) = 0.
O

THEOREM 7. An arbitrary open set in R™ is a union of closed dyadic cubes
with pairwise disjoint interiors. Hence Lebesgue measure of the open set equals the
sum of the measures of these cubes.

THEOREM 8. For an arbitrary set E,
Ly (E)=inf{L, (U) : U is open and E C U}.
PROOF. First, from monotonicity property of outer measure, we have for each
open set U such that £ C U,
L, (E) < L, (U),
hence
L (FE)<inf{L, (U):U is open and E C U}.
Next, we use the definition (5.2) of outer measure. For any € > 0, there exists a
covering of E by bounded open intervals {I;};-,, such that

E)ZZ|Ii|_€ZL7L(U)_€

(oo}
where U = | I; is open. Hence,

i=1
L} (E) >inf{L, (U): U isopen and E C U} —e.
Since € > 0 is arbitrary, we have
Ly (E)>inf{L, (U) : U is open and E C U}
which completes the proof. O
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Theorem 8 holds for a much bigger class of measures. Actually, we have the
following general result:

THEOREM 9. Let X be a metric space and p a measure in B(X). Suppose
that X is a union of countably many open sets of finite measure. Then for any
E e B(X),

w(E) =1inf{u(G) : G is open and E C G}
=sup{u(F) : F is closed and F C E}.
PROOF. We define a set function p* such that for any £ C X,
p (E) =inf{u(G) : Gisopen and E C G}.

Then following the proof of Theorem 5, we can show that p* is a metric outer

measure. Hence, any Borel sets are p*-measurable. We only need to show u (E) =

u* (E) for any Borel set F.

Step 1: For any Borel set E, p* (E) >

for any € > 0, there exists open set G, F C G and
w(E) = p

) = p(G) —e.

Since u (G) > p(E), we have p* (E) > p(E) —e. And p* (E) > p(E) follows by
letting € — 0.

Step 2. For any open set E, p* (E) = p(E). Since E is open, from the definition
of p*, we have p* (F) < p (F) Combining step 1, we have u* (E) = u (E).

Step 3. Let X = U2, Vi where each Vj is an open set with finite y-measure.
Define, for each k, Uj, = U¥_, V;, then Uy, is an open set with finite y-measure and
X = U2 U. Furthermore, Uy is monotone increasing in k. For any set E, from
step 1, we have for each k,

1 (Uk) = p* (Ux N E) + p* (Up\E)
> p U NE) + p(Uk\E)
= u(Ug).

However, we also have from step 2 u* (Ug) = pu(Ux) < oo, hence, u* (Uy N E) =
(U N E). Let k — oo, Theorem 2 implies p* (E) = pu (E).

u (E). To see this, from the definition of u*,

w(E)=sup{u(F): F is closed and F C E}
can be proved similarly. O

It is easy to see that any set of the form BUE, where B € B (X ) and L}, (E) =0,
is Lebesgue measurable. We will show that any Lebesgue measurable set can be
expressed in this form. Let’s recall the definition of G5 and Fj sets:

DEFINITION 8. Let X be a metric space. By a Gs set we mean a set of the

form
oo
A=(G,
i=1
where the sets G; C X are open and by F, set we mean a set of the form
o0
B=|JF,
i=1

where the sets F; C X are closed.
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Clearly all G5 and Fj sets are Borel.

THEOREM 10. Let A C R™. Then the following statements are equivalent:
1). A is Lebesgue measurable;
2). For every € > 0 there is an open set G such that A C G and L} (G\A) < ¢;
3). There is a Gs set H such that A C H and LY (H\A) = 0;
4). For every e > 0 there is a closed set F' such that F C A and L% (A\F) < ¢
5). There is a F, set M such that M C A and L}, (A\M) = 0;
6). For everye > 0, there is an open set G and a closed set F' such that F C ACG
and LY (G\F) < e.

PROOF. Step 1: 2),3),4),5),6) implies 1) follows from the homework problem.
Step 2: 1) implies 2). Let A be Lebesgue measurable, we first assume L,, (4) < oo.
For any € > 0, Theorem 8 implies

L, (A) > L, (G)—¢

for some open set G such that A C G. Since L,, (G) = L,, (A) + L,, (G\A), we have
L, (G\A) <e. If L,, (A) = o0, we define A, = ANBy, where By, is the open ball with
radius k centered at the origin. Then Ay, is Lebesgue measurable and L,, (4x) < oo.
So for any £ > 0, there exists open set Gy, such that Ay C Gy, and L, (G \Ax) <

Let G = |J Gg. G is open and A C G. Since G\A C |J (Gi\Ax), we have
k=1

k=1

n (G\A) < Ly (GR\Ay) <
k=1

Step 3. 2) imples 3). For eack k > 1, let G be an open set containing A such that
(oo}
L, (Gy\A) < £. Let H= [ Gy, then H is a G5 set and

k=1

L, (G\A) < L, (Gy\4) <

el

for each k, hence L,, (G\A) = 0.
Step 4. 1) implies 4).
Step 5. 4) implies 5).
Step 6. 2) and 4) implies 6). O

THEOREM 11. A set E C R™ has Lebesgue measure zero if and only if for every
€ >0, E can be covered by a family of open balls { By, (x;)} such that

o0

ZT? <e.

i=1

o0
PROOF. 7<«<=": Since E C | By, (z;), we have

i=1

E) < iL; (By, (x;)) = iwnr? < Ewn,.
i=1 i=1

Let ¢ — 0, we have
=": If L% (E) = 0, there exists an open set U, such that £ C U and L, (U) < e.
Since U is a union of closed dyadic cubes with pairwise disjoint interiors and each
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of cube with side length [ can be covered by an open ball with radius r = /nl.
Hence we can cover U by a family of open balls {B,, (x;)} such that

S(5) <=

Zr? < (vn)"e.

i.e.

O

THEOREM 12. If f : R™ — R"™ is Lipschitz continuous and the direct image of
Lebesgue measure zero set has Lebesgue measure zero.

PRrROOF. Since f : R® — R" is Lipschitz continuous, there exists L such that
for any z,y € R",
[f (@)= fyl < Lz -yl
Let £ C R™ be a set with Lebesgue measure zero. Then E can be covered by a
family of open balls {B,, (z;)} such that

oo

n
E < e.
i=1

Since, f (By, (z;)) C Brr, (f (z;)), we have f (E) C 'f:j1 B, (f (z;)) and

K2

> (Lry)" < L.

i=1

Hence, f (F) has Lebesgue measure zero. O

The Lebesgue measure is invariant under translations. The following theorem
says that this property essentially defines Lebesgue measure.

THEOREM 13. If u is a measure on B (R™) such that p(a + E) = p(E) for all
a€R" Ee€B(R") and 11 ([0,1]") = 1. Then p(E) = L, (E) on B(R").
PROOF. From Theorem 9, it suffices to show u (U) = L, (U) for any open set

U. An arbitrary open set in R™ is a union of closed dyadic cubes with pairwise
disjoint interiors. Each of the cube is a translation of a cube of the form [O, 2%]”

for some k. Let Qi = (0, 2%)” Since, 1 (Q1) < 1 and @4 contains the disjoint
union of 25" cubes, each of the cubes is a translation of Qj,, we have

1= p(Q1) 22" 1 (Qu).-

Hence, 1 (Qg) < ﬁ For each k > 2, since 9Q1 has 2n sides and each side can be
covered by 25("=1) cubes, each of the cubes is a translation of Qj_1, we have

1 n

k(n—1 —
1 (0Q1) < 2n-2 b o(k—1)n — 9k—n—1°

Let k — oo, we have p(0Q1) = 0. Similarly, we can show p(0Qx) = 0 for each
k and hence p (@) < 2% On the other hand, since @ is a union of 2™ closed
cubes, each of the cubes is a translation of Qy, we have

1=p(Q1) < 2" (Qx)
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and p (Qr) > 5. Hence 1 (Qr) = 54+ = Ln (Qx). p(U) = Ly, (U) follows from
the proof of Theorem 7. d

The translation invariant property of the Lebesgue measure can be used to
construct set which is not measurable.

THEOREM 14 (Vitali). There is a set E C R™ which is not measurable.
PRrROOF. We define an equivalence relation such that for any z,y € [0,1]",
x ~ y if each component of y — x is rational. Then [0,1]" is the union of a family

of pairwise disjoint sets of the form

[2] ={y ~z:y€[0,1]"}.
It follows from the Axiom of Choice that there is a set E C [0,1]" which contains
exactly one element from each set in the family. We claim E is not measurable.
Let Q be the collection of all points in [—1,1]" with rational components. For any
r € @, we define E,. = r + E. If E is measurable, then E,. is measurable for each r
and Ly, (E) = L, (E). Now {E,}, ., is pairwise disjoint and we have

0,1"c | J B c[-1,2]"

reQ
Hence
1< Ly (B,) <3"
reQ
which is impossible. O

REMARK 3. Any set with positive Lebesque outer measure contains a subset
which is not measurable.

Lebesgue measure is also rotational invariant. Actually, we have the following
general result:

THEOREM 15. Let f : R™ — R™ be a nondegenerate linear transformation
represented by the matriz A, then f (E) is Lebesque measurable if and only if E is
Lebesgue measurable. Moreover,

(5.5) Lo (f () = |det A| L, (E).

PROOF. Since f is a homeomorphism, it preserves the class of Borel sets. Since
both f and f~! are Lipschitz continuous, f preserves the class of sets of measure
zero. Therefore f preserves the class of Lebesgue measurable sets. We only need
to verify (5.5) for Borel sets since L,, (F) = 0 implies L,, (f (E)) = 0. Define a new
set function

1(E) = La(f(E)).
Then it is easy to verify that p is a translation invariant measure on Borel sets of
R". Let a =t ([0,1]"). Then % satisfies

(iu)qalv>=1.

So (13) implies 14 = L,,. We need to check a = |det A|. We view a : GL (n) —
(0,00) as a function defined on the class of invertible matrices. We have

a (AlAQ) =a (Al) a (AQ) .
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Any invertible matrix A can be decomposed into a product of elementary matrices
A=TNToTs---T}

where T; is one of the following three types of matrices

c
Type I: ( 1. ) ,

00 - 01
0 1 0

Type II: 5
10

10 0 0

1 1
Type III: 0 1
In72
Here Type I matrices multiply the first row of a matrix by a nonzero number c;
type II matrices interchange the first row of a matrix with its i-th row; the type
III matrix adds the second row of a matrix to its first row. It suffices to prove
a (A) = |det A| for these three types of elementary matrices. If T is of type I, then
a(T) = |det T| = |c| follows from the fact that 7' ([0,1]") is a rectangular box with
Lebesgue measure |c|. If T'is of type II, since T2 = I, we have a® (T) = a (T?) =1,
so we have a(T) = 1 = |detT| also. If T is of type III, we see T ([0,1]") =
D % [0,1]"7 where

D:{(xl,x2)€R2:0§x2§1,x2§x1 <ap+1}.
Using the translation invariant property of Lebesgue measure, we can show
Ly (D % [0, 1]”*2) = L, ([0,1]") = 1.
Hence a (T) =1 = |det T. O






CHAPTER 2

Integration

1. Measurable Functions
We first recall the continuity of functions:

DEFINITION 9. Let X, Y be two topological spaces, we say a function f : X —Y
is continuous if f=1(U) is open in X whenever U is open inY .

Measurable functions are defined in a similar way.

DEFINITION 10. Let (X, ) be a measurable space and 'Y be a topological space,
we say a function f: X — Y is measurable if =1 (U) € M whenever U is open in
Y.

EXAMPLE 4. If E C X is measurable, then the characteristic function
xg:F—-R

is measurable since for any open set U C R, f~1(U) must be one of the four
measurable set (), E, E¢, X.

If E C X is a measurable set, then we say that f : E — Y is measurable if
f~1(U) € 9 whenever U is open in Y. It is easy to check that

Mp={ANE:AcMm},

is a o-algebra and measurability of f : F — Y is equivalent to measurability of f
with respect to Mg.

If X itself is a topological space and 9t = 9B (X), then a measurable function
f X — Y is said to be Borel. i.e., f is a Borel function if f=!1(U) € B (X)
whenever U is open in Y. Especially, any continuous function is Borel.

THEOREM 16. Let (X,9N) be a measurable space, f : X — Y a measurable
function and g :' Y — Z a continuous function. Then the function go f : X — Z is
measurable.

PROOF. For any open set U of Z, we have
(go M W) =F" (g7 ()
which is measurable. O
EXAMPLE 5. If f : X — C is measurable, then the functions |f| is measurable.

EXAMPLE 6. If f: X — R is measurable, then for any polynomial P : R — R,
P(f): X — R is measurable.

xxi



xxii 2. INTEGRATION

THEOREM 17. Let f : X — Y where (X,9M) is a measurable space and'Y is a
topological space and
(a). The set

Q={EcY:f'(E)em}

1 a o-algebra.
(b). If f is measurable and E C'Y is a Borel set, then f~!(E) € M.
(c). If Y =R and f~! ((a,00)) € M for any o € R, then f is measurable.
(d). If f is measurable, if Z is another topological space and g :Y — Z is a Borel
mapping, then go f : X — Z is measurable.

PROOF. (a). Direct verification.
(b). Since f is measurable, {2 contains all open sets in Y. Since Q is a o-algebra,
it contains all Borel sets. Hence, E C Y is a Borel set implies f~! (E) € 9.
(c). Q is a o-algebra containing all sets of the form (a,o00) with o € R. For
any 3 > a, we have
(O@ﬁ] = (O‘a OO) \ (ﬁv OO) €,

and
o0

(e.8) = <a,ﬂ;] €qQ,

k=1
9]

(—o0, ) = U (—k,a) € Q.

k=1
Hence €2 contains all open intervals. Since any open set in R is a countable union
of open intervals, Q contains all open sets. Hence, f is measurable.
(d). For any open set U of Z, we have

(go )M W) =" (g7 ()
which is measurable since g=1 (U) is Borel and (b). O

REMARK 4. Let f: X — Y where (X,9M) is a measurable space and (Y,T) is
a topological space. If § is a collection of subsets of Y such that

FcQ={ECY:f"(E)eM} and T C0(3),
then f is measurable.

THEOREM 18. Let (X, M) be a measurable space andY a topological space.Let

u,v : X — R be measurable and ® : R?2 — Y be continuous. then the function
h(z) =@ (u(x),v(x)): X =Y is measurable.

PROOF. Let f(x) = (u(x),v(x)) : X — R2 Since h = ® o f, it suffices to
prove that f is measurable. For any open rectangle R = (a,b) X (¢,d), we have
FHR) =ut ((a,0))Nv~t ((c,d)) € M.

Since any open set in R? is a countable union of bounded open rectangles, we
conclude f is measurable. O

COROLLARY 2. If f,g: X — R are measurable,then f £ g and fg are measur-
able.

THEOREM 19. If f : X — C is measurable, then there exists a complex mea-
surable function oo : X — C such that |o| =1 and f = a|f].
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The set [—00, 0] = RU{—00,00} is called the extended real line. [—o0, 0] is
a topological space such that a set E € [—o00, 0] is said to be open if it is of the
form (a,b),[—00,a), (a,00] or any union of segments of the type.

THEOREM 20. Let (X,9) be a measurable space. Extended real function f :
X — [~00,00] is measurable if and only if f~1 ((ar, 0]) € M for any o € R.
DEFINITION 11. Let {a,} be a sequence in [—oo, 0] and put
b =sup{a;}ioy , B =1inf {by}= .
We call 8 the upper limit of {a,} and write

8 = lim sup a,,.
n—oo

Since by, is monotone non-increasing in k, we have § = lim,, ., bg.
EXERCISE 1. There exists a subsequence {an,} of {an}, such that f = lim; . apn, .
Similarly, we have the following definition:

DEFINITION 12. Let {a,} be a sequence in [—oo, 0] and put
b =inf {a;};o, , 8 =sup {bx}e; -
We call 8 the lower limit of {an} and write

8 = liminf a,,.
n—oo

Since by, is monotone nondecreasing in k, we have 8 = lim,, o bg-

REMARK 5. Let {a,} be a sequence in [—oo, 0], we have

liminf a,, = — limsup (—ay,) .
n—00 n— oo
REMARK 6. Let {a,} be a sequence in [—00,00]. Assume {an,} is a subsequence
such that A = lim;_, oo an, is defined. Then we have

liminf a,, < X < limsupa,.
n—00 n—00
Let {f,},—, be a sequence of extended real functions on X. We can define
functions

(500 4. ) (2) = sup £ o). (i 1) () =t £ (o)

<lim sup fn) (z) = limsup f, (z), <lirginf fn) (z) = liminf f, (z).

If
f (@)= lim_f, (2)
exists for every x € X, then we call f the pointwise limit of the sequence {f,}. In
this case,
f =limsup f,, = liminf f,.
THEOREM 21. If f,, : X — [—00, 0] is measurable, then
sup fp, inf f,,, limsup f,, and liminf f,

are measurable.
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PRrOOF. For any a € R,
—1 fe%e]
Gm@<@w=Uﬁwmb
n n=1

is measurable. Hence, sup,, f,, is measurable. Since inf,, f,, = — sup,, (— f»), inf, fn
is measurable. Now,

limsup f, = inf <sup fk) ,liminf f,, = sup (inf fk> .
n— o0 n>1 k>n n— o0 n>1 k>n
So limsup,, ,, fn and liminf,,_, f, are measurable. O

COROLLARY 3. If f,g are measurable extended real functions on X, then so
are max {f,g} and inf {f,g}. In particular,

[T =max{f,0} and f~ = —min{f,0}
are measurable.

For pointwise limit of measurable functions, we have a very general result.

THEOREM 22. The pointwise limit of a sequence of measurable functions from
a measurable space into a metric space is measurable.

PRrROOF. Let f,, : X — Y and Y be a metric space. For any open set U C Y,
we define for each n > 1, the set

n

1
Un:{$€Y:dist(x,Uc)>}.

Then U, is open and U,, C U. We claim

oo oo o0

Fro=UUNL U

n=1[1=1k=l

To see this, z € f~1 (U) if and only if f () € U and f (z) € U if and only if there
exists n, [ such that fi (v) € U, for each k > [. Since f is measurable, f, ' (U,) is
a measurable set and hence f~! (U) is measurable. O

DEFINITION 13. A complex function s on a measurable space X whose range
consists of only finitely many points will be called a simple function.

If a;,1 < i < n are the distinct nonzero values of a simple function s, if we set
Ay ={x:s(x) = a;},
then

n
s=_aixa,.
i=1

s is measurable if and only if each A; is measurable.

THEOREM 23. Let f : X — [0, 00] be measurable. There exist simple measurable
functions s, on X such that
(@) 0<s1<s2<--- < f,
(b). sp(x) — f(x) as n — oo, for every x € X.
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PROOF. We define

Pn (t) =

B i 0o<t<n,
n if n<t<oo

where [z] is the integer part of z. Then ¢, (¢) is monotone increasing in n and
limy, 00 on, (t) =t for any ¢t € [0, 00]. Furthermore, ¢, : [0,00] — [0, o0] is a Borel
function. Let

Sn (Z‘) = ¥n (f (.13)) )

then s,, is a measurable simple function which satisfies all the requirement. O

REMARK 7. If f is bounded, then s, constructed above converges to f uni-
formly.
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2. Lebesgue Integrals
Throughout integration theory, one inevitably encounters co. We define
a+ 00 =00+ a= oo for any a € [0, 00],

and

oo if 0<a<oo

0 if a=0.

Under this definition, one can check that ifasn — 00,0<a,, /aand 0<b, /b,
then

CL'OO:OO'Gz{

anpb, — ab as n — oo.

Let (X, 9, 1) be a measure space.

DEFINITION 14. Let
n
(21) S = ZO@'XAi
=1

be a measurable simple function from X into [0,00). Here c;, 1 < i < n are distinct
values of s. If E € M, then we define the integral of s over E

/ sduEZam(AiﬁE).
E

i=1
If f: X — [0,00] is measurable, and E € M, we define the Lebesque integral of f

over B w.r.t. u,
/ fdu:sup/ sdp.
E E

where the supremum being taken on all simple measurable functions s such that
0<s<f.

The following properties of Lebesgue integral can be easily deduced from the
definition:

PROPOSITION 3. (a). If 0 < f < g, then

/E fdu < /E gd.
/A fdu < /B fd.

(c). If f >0 and c € [0,00) is a constant, then

/chd,ugc/Efdu.

(d). If f =0 for all x € E, then
/fduzO.
E

/Efduzo.

(b). If AC B and f >0, then

(e). If n(E) =0, then
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/E fdu = /X Fxedp.

LEMMA 1. Let s,t : X — [0,00) be two simple measurable functions. For
E € M, we define

(f). If f =0, then

o (E) = /E s

Then ¢ is a measure on M. Furthermore,
(2.2) / (s—l—t)d,u:/ sdu-i—/ tdp.
X X X

PRrROOF. Let .
s = Z QX A; -
i=1

We have N
p(E) = /Esdu = Z%M(Ai NE).
i=1
Obviously ¢ (@) = 0. So it suffices to check countable additivity. Let {Ej},—, be a
disjoint collection of measurable set, we have from the countable additivity of f,

(Y] ee (40 (0))

:éaigu(m&)zgéw(mm)
:i<ﬁ(Ek)
k=1

Hence, ¢ is a measure on 9. Next, let

m
t= ZﬂjXBj'
j=1

Then we have s +t = o; + 3; on E;; = A; N B;, and

/E (s +1)dp = (o + B;) 1 (Eij) = i (Eij) + B (Eij)

ij
:/ sdu—i—/ tdy.
E E

Since X is the disjoint union of F;;,1 < i < n,1 < j < m, (2.2) follows from the
additivity of ¢ w.r.t. s+t¢,s and t. O

THEOREM 24 (Lebesgue’s Monotone Convergence Theorem). Let f, : X —
[0,00] be a sequence of measurable functions such that

fn /[ pointwisely as n — oo.

Then f is measurable, and

i ([ o) = [ Qg 1) = [ o
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PROOF. f is measurable because it is pointwise limit of measurable functions.
Since [ « fndp is monotone increasing,

a = lim fndu
n—oo X
is a well defined extended real number. And since f,, < f for each n, we have

(2.3) aS/deu.

Let s be any simple measurable function such that 0 < s < f, let ¢ € (0,1) be a
constant. Define for each n,

E,={z: fn(x) >cs(x)}.

o0
Then F,, is measurable, monotone increasing in n and X = |J F,. And we have

n=1
/ fnduz/ fdch/ sdp.
lim (/ fnd,u) > c/ sdp

here we used Lemma 1. Taking supremum on all such s, we have

nl:n;o (/X fndu> > C/X fdu.

Since ¢ can be arbitrarily close to 1, we have

(2.4) lim. ( /X fndu> > /X fdp.

The Theorem follows from (2.3) and (2.4). O

Let n — oo, we have

THEOREM 25. Let f, : X — [0,00], n € N be a sequence of measurable func-
tions and for each x € X,

F@) =2 falx).

Then
fau= [ (3 fu )= (/’ﬂﬂu>.
PROOF. See Theorem 1.27 in Rudin’s book. O

THEOREM 26 (Fatou’s Lemma). Let f, : X — [0,00], n € N be a sequence of
measurable functions. Then

/ (liminf fn> dy < liminf ( / fndu).
X n—oo n—oo X

PROOF. See Theorem 1.28 in Rudin’s book. O
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THEOREM 27. Let f: X — [0,00] be measurable. For E € 9, we define

¢ (E) = /Efdu-

Then ¢ is a measure on M. And

/ng<p=/ngdu

for every measurable function g : X — [0, 00].

PROOF. See Theorem 1.29 in Rudin’s book. O

DEFINITION 15. We define L' (11) to be the collection of all complex measurable
functions f on X for which

1l = /X fldu < oo.

We say f is Lebesgue integrable if f € L' (u).

REMARK 8. We could use L' (i, [—00, 00]) to denote all extended real measur-
able functions f on X for which

1l = /X [fldu < oo,

DEFINITION 16. If f € L' (u), we can write f = u + iv where u,v are real
functions. We define for any E € 9N,

/Efdu/Eu+dp/Eudu+i(/Ev+du/Evdu).

REMARK 9. Here [putdp, [Lu™du, [pvtdu, [ v dp are all finite when f €
LY ().

THEOREM 28. Suppose f,g € L* (1) and o, 3 € C are constants. Then of +
Bg € L1 (), and

[ @r+spau=a [ san+s [ gin
X X X
PRrROOF. See Theorem 1.32 in Rudin’s book. O

Similarly we define L! (i, R™) as the class of all measurable mappings f =
(f1, fo, -, fn) : X — R™ such that

1l = /X fldu < oc.

/xfdﬂ:(/Xfld“’/xhdﬂ"”’/xfndu)-

THEOREM 29. If f € L' (1, R"™) or f € L' (u,C), then

’/deu S/leldu-

And we set
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PROOF. See Theorem 1.33 in Rudin’s book for f € L' (u,C). If f € L* (u, R™),
we define a = [y fdu, then

|a|2=<a,Lfdu>:A<a,f>dus|a|/X|f|du=a|/Xf|du.

THEOREM 30 (Lebesgue’s Dominated Convergence Theorem). Let f,, : X — C,
n € N be a sequence of measurable functions such that

f @) =l fo (2)

exists for every x € X. If for some g € L (),

0

[ful <g
holds for every n, then f € L' (u),
(2.5) i [ 1f,— fldu=0,
n—oo X
and
(2.6) lim [ fodp = / ( lim fn) dy = / Fdp.

PROOF. Since |f| < gand g € L' (), we have f € L' (u). Since |f, — f| < 2g,
we can apply Fatou’s lemma to 2g — |f,, — f| and yields

/ 2gdp < liminf/ (29 = |fu — fl) dp
X n—oo X
X X

n—oo

Hence,

n—oo

timsup [ 1f, ~ fldu <0
X
which implies (2.5). Finally,
J = nanl < [ 15 - slau—o
X X
which implies (2.6). O

0<
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3. Sets of Zero or Small Measure

DEFINITION 17. Let E € 9. We say ”Property P holds almost everywhere on
E7 if there exists a measurable subset N of E, such that u(N) = 0 and P holds
everywhere on E\N.

EXAMPLE 7. We say f, — f a.e. on X if there is a set N € MM, u(N) =0
and fn (x) — f(x) for all z € X\N.

ExamMpPLE 8. We say two measurable functions f = g a.e. on X if the set
{r € X : f(x)# g(x)} has measure zero. We write f ~ g which defines an equiv-
alence relation.

DEFINITION 18. u is said to be a complete measure, if all subsets of zero mea-
sure set are measurable.

Any measure constructed from an outer measure is complete. More generally,
any measure can be transformed into a complete measure through expanding its
measurable space.

THEOREM 31. Let (X,9M, 1) be a measurable space, let M* be the collection
of all E C X for which there exist sets A,B € I such that A C E C B and
w(B\A) =0, and define p (E) = u(A) in this situation. Then IM* is a o-algebra,
and [ is a complete measure on IM*.

Hence, we may assume a measure is complete whenever it is convenient. The
general rule for completed measure is that sets of measure zero are usually negligible.

For example, we have the following version of Lebesgue’s Dominated Conver-
gence Theorem in which exceptional sets of measure zero are admitted.

THEOREM 32 (Lebesgue’s Dominated Convergence Theorem). Let f,, : X — C,
n € N be a sequence of measurable functions such that

f (@)= lim_fu(2)

exists for almost every x € X. If for some g € L (1),

[fnl <y
holds a.e. in X for every n, then f € L' (u),
(3.1) im [ |fu— fldp=0,
n—oo X

and

(3.2) / fdu = / ( lim fn> dp = lim / fndis.
If f =g a.e. on X, then for any E € I,

/Efdu=/Egdu~

THEOREM 33. (a). Suppose f : X — C is measurable and E € M, and
S |fldn=0. Then f =0 a.e. on E.
(b). Suppose f € L* (u,C) and [, fdu =0 for any E € M. Then f =0 a.e. on
X.

On the other hand, we have
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PROOF. (a). Define for each n € N,

n

Then we have

\fldu> [ |fldp> [ —du=—p(E,).
Jonnz [ iz [, Son=g

n

Hence u (E,) = 0 for each n, and which implies

MQQEJ:Q

Since f =0 on X\ |J E,, we have f =0 a.e. on E.
n=1

(b). We write f = u+iv. Let By = {x € X : u(z) > 0}, then we have

0= fdu:/ udu—i—i/ vdpu.
Eq Eq Eq

Hence we have fEl udp = 0. Since uw > 0 on Ey, (a) implies u = 0 a.e. on Ej.
Similarly, one can prove u = 0 a.e.on Ef since u < 0 on EY. Hence, v = 0 a.e. on
X. v=0a.e. on X can be proved similarly. Hence f =u+iv=0a.e. on X. O

A topological space is called separable if it contains a countable dense subset.

THEOREM 34. If Y is a separable metric space and f : R™ — Y is Lebesgue
measurable, then there is a Borel mapping g : R™ — Y such that f = g a.e..

Next, we define convergence of functions in measure which is also called con-
vergence in probability when p is a probability measure.

DEFINITION 19. We say that a sequence of measurable functions f, : X — R
converges in measure to a measurable function f : X — R if for every e > 0,

Tim (o € X< |f (2) - fu ()] 2 €}) = 0.
And we write
fo 5 f.

THEOREM 35. If u(X) < 0o and a sequence of measurable functions f,, : X —
R converges to [ a.e., then it also converges in measure.

PROOF. Given € > 0, we define
En={zeX:|f(z) - fo(z)] = €}
If £, (z) — f(x) as n — oo, then

Since f,, — f a.e., we have

o=u{X\N{UNE)| =2 UE

n=1k>n n=1k>n
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Since p (X) < 0o, Theorem 2 implies

oo
lim p U E, | =o.
n— o0 ko
Since E, C |J E, we have
k>n
lim p(E,) =0.
ie., fn -5 f. O

REMARK 10. p(X) < 00 is necessary. fn = Xin,n+1) provides a counter evam-
ple when X =R and p is Lebesque measure.

THEOREM 36 (Lebesgue). If a sequence of measurable functions
fn = f.
Then there is a subsequence fy,, — f a.e..

PROOF. For every 4, there exists n; s.t. p(E;) < 2 where

7

Bi={a e X:1f @)~ fu @2 1 .

We can assume that n; is monotone increasing. Now we define for each k the set

oo oo
Fo=(E =x\|JE:
i=k i=k

Then f,, () — f (z) uniformly on each Fy, and hence f,, (x) — f (z) pointwisely
on |J Fj. Since
Pt

=1

p (X\Fy) = p (U Ez) = Z% = 21@1717
i=k

i=k
we have p (X\ ( U Fk)> = 0. Hence, f,, — f a.e.. O
k=1

REMARK 11. In general, f, —— f may not imply f, — f a.e.. Intuitively,
fn -2 F allows the bad set jumping around to cover whole X which is not permitted

if fo— [ a.e..

THEOREM 37 (Egorov’s Theorem). If u(X) < oo and a sequence of real valued
measurable functions f, converges to f a.e. on X. Then for any e > 0, there exists
a measurable set E such that p (X\FE) < ¢ and f, = f uniformly on E.

PROOF. Let
Bui={oe X 1 @)~ fu0)] 2 ¢

and
Fn,k: = U Em,k-

m>n
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Then F, j is monotone decreasing in n. Now f, (x) — f (z) implies

€T Q ﬂ Fn,k-

n=1

Since f, — f a.e. and since p (X) < oo, we have

nlirrgou(Fnk) =u (ﬂ Fnk> =0.
n=1

Hence, given € > 0, there exists ng such that
€
14 (Fnk,k) < 27k
Now let

8

E =X\ (U Fnk,k> =) FS i

k=1
Then p (X\E) <e. Now for « € E, we have

o
e ﬂ E k

m>ng

for each k, i.e., for any m > ny,

1
|f(31‘) - fm (x)‘ < %
Hence, f,, = f uniformly on F. O

Egorov’s Theorem is of the same spirit as Lusin’s Theorem. Both of them can
be generalized to the situation when the target space is a separable metric space.
For example, we have

THEOREM 38 (Lusin’s Theorem). Let X be a metric space and p a measure
in B (X) such that X is a union of countably many open sets of finite measure. If
f X — Y is a Borel mapping with values in a separable metric space, then for
every € > 0 there is a closed set F' C X such that u (X\F) < ¢ and f is continuous
on F.

We leave the proof to interested students.
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4. Riesz Representation Theorem
Let X be a topological space.

DEFINITION 20. X is a Hausdorff space if the following is true: If p € X,
q € X and p # q, then p has a neighborhood U and q has a neighborhood V s.t.
unv =40.

Any metric space is a Hausdorff space.

DEFINITION 21. A set K C X is compact if every open cover of K contains a
finite subcover. X is said to be locally compact if every point of X has a neighborhood
whose closure is compact.

The Euclidean space R™ is locally compact since any closed and bounded subset
of R™ is compact.

DEFINITION 22. The support of a real function f on X, denoted by supp f, is
the closure of the set

a: (@) #0}.
The collection of all continuous real functions on X whose support is compact is
denoted by C. (X).
C. (X) is a vector space. We say a linear functional A : C. (X) — R is positive
if
Af > 0 whenever f > 0.
DEFINITION 23. Let X be a Hausdorff space. A measure p on the Borel sets
B (X) that satisfies u (K) < oo for each compact set K is called a Borel measure.

A Borel measure is said to be regular if
(i). For every E € B (X),

w(E)=inf{u(V): ECV,V open}.
(iii). For every open set E,
w(E)=sup{p(K): K C E,K compact}.
REMARK 12. Theorem 9 implies that every Borel measure in R™ s reqular.

THEOREM 39 (Riesz Representation Theorem). Let X be a locally compact
Hausdorff space, and let A : C. (X) — R be a positive linear functional. Then there
exists a unique reqular Borel measure (1 such that for any f € C. (X),

Af:/deu.

Let V C X be open and f € C. (X), we write f < Vif 0 < f(z) <1on X and
supp f C V. We need the following theorem

THEOREM 40 (Partition of Unity). Let X be a locally compact Hausdorff space
and let A be a compact subset of X. If V4, ,V,, are open sets such that A C J V;,
i=1

1=

then there exist continuous functions f; € C.(X) such that f; <V and

zn:fi =1 on A.
i=1



XXXV 2. INTEGRATION

PROOF. Let x € A. Then there exists some i, 1 < i < n such that x € V.
Since X is a locally compact Hausdorff space, there exists a neighborhood U, of
x with compact closure such that U, C V;. Since A is compact, there exists x,
1 < k < m such that

m
Ac U,
i=1
For each ¢, 1 < i < n, we define G; to be the union of all those U,, such that
n
Uz, CVi. Then A C |J G;. For each 4, there exists an open set B; with compact
i=1
closure such that G; C B; C B; C V;. And from Urysohn’s theorem, there exists
a continuous function g; : X — [0,1], such that g; () = 1 for all z € G; and
gi (x) = 0 for all ¢ B;. There also exists a continuous function h : X — [0,1],

such that h(z) =1forallz € Aand h(z) =0forall z ¢ |J G;. Set
i=1

9@ =1-n+3 g
i=1

then g is continuous and g () > 0 for all x € X. Set f; = %, then f;, 1 <i <n,

satisfy the desired properties. O
Here we present the proof of Riesz Representation Theorem when X = R”.

Interested students should read the full proof of Theorem 2.14 in Rudin’s book.

PROOF OF RIESZ REPRESENTATION THEOREM. For each open subset V' of X,

we define
AV)y=sup{Af:f<V}.
And for any subset £ C X, we define
w(E)=inf{\(V): ECV,V open}.

We claim that p is an outer measure. (@) = 0 follows from the fact that f < 0
if and only if f = 0. Also, from the definition, y is monotonic. So we only need
to check the countable subadditivity. Let E, be a sequence of subsets of X, and
E = | E,. We assume

n=1 -
> (B, < oo
n=1

otherwise the subadditivity is trivial. For each ¢ > 0, and for each n € N, there
exists open set V,, such that E,, C V,, and

(V) < 1 (Bn) + g

Set V.= U V,. If f <V holds, then K =supp f C |J V,,. Since K is compact,
1 n=1

n=

m
there exists some m such that K C |J V. Now Theorem of Partition of Unity
n=1

implies the existence of functions fi,---, fm € C.(X), such that f, < V,, for
n=1,---,m and

ifnzlonK.
n=1
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Since f < Y | fn, we have

Af< ZlAfn < Z;Aw < Zlﬂ(En)+5~

Taking supremum on all f < V| we have
AV <Y (B e
n=1
Since £ C V, we have
W(E) SAWV)<S (Bt e
n=1

Since € can be arbitrary, subadditivity follows.
When X = R™, we can show that p is a metric outer measure. Let E, F' be
two subsets of X such that
dist (E, F) > 0,

we need to show
(4.1) W(EUF) > u(E) + u(F).
For any open set V' such that £ U F C V, we define open sets

Ve zVﬂ{xeX:dist(x,E) < ;dist(E,F)},

1
VeE=Vn {SL’ € X :dist(x,F) < 3dist(E,F)}.
Then Ve NVry =0, E C Vg and F C Vg. Since fi < Vg, fo < Ve implies
f1+ f2 <V, we have
AWV)ZA(VE) +A(Ve) 2 pn(E) 4+ p(F).
Taking infimum over all such V, (4.1) follows.

Since p is a metric outer measure, all Borel sets are measurable. Now we show
that p(K) < oo for each compact set K. When X = R", K C Bg(0) for some
R > 0. Let f € C.(X) be such that f =1 on Bg (0), then we have

1 (K) < A (Br (0) < Af < oc.

Hence p is a Borel measure. And since X = R"™, u is a regular Borel measure.

Next, we show
A7 = [ au
X

for any f € C.(X). Fix an open set V such that K =supp f C V and (V) < oco.

Choose ¢ > 0 such that |f (z)| < ¢ for all € X. Given € > 0, pick n s.t. 2¢ <e.

Letyi:fc+%i,i:0,1,~o,n. Foreacht=1,--- ,n, let
Ai={z e K :y_1 < f(x) <y}
CWi={z eV :y_1—e< f(z) <y +e}.

By the regularity of u, for each 1 < ¢ < n, there exists an open set V; such that
A; CV; c W; and

n(Vi) = (A) <
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We have
n
Kcl|Jvicw
i=1
There exist partition of unity g1, - -+ , gn € C¢ (X) such that g; < V;and 31" g; =1
on K. Since fg; < (y; + €) gi, we have

F(f)—/deu=ZF(fgi)—Z/Avfdu

<Y Wit F(g) - (i — ) (A
=1 i=1

SZ(yﬁs)u(%)*Z(wa)u(Ai)

= Z (yi +e) (u(Vi) — pu(Ai)) + QEZM (A)

€
SZ(C+€)E+25M(K)zs(c—i—s—i—ZMK).
=1

Hence, letting € — 0, we have F (f) — [, fdu < 0. Now replace f by —f, we have
F-f- [ -Hduzo,
X

ie, F(f)— [y fdu>0.So F(f)= [y fdu holds.
Finally, we show the uniqueness of u. Let u, v be two Borel regular measures

such that
[ gau= | sav
X X

for every f € C.(X). Let K be any compact set. Given ¢ > 0, there exists an
open set V such that K C V and (V) < pu(K)+¢e. Uryson’s Theorem implies the
existence of f € C. (X) such that f =1 on K and f < V. Since xx < f < xv, we

have
V(K):/XKdug/ fdv
X b'e

=/ fdué/ xvdp = p (V) < p(K) +e.
X X

Since ¢ is arbitrary, we have v (K) < p (K). Same proof also yields p (K) < v (K),
and so p (K) = v (K). Since u,v are inner regular, we have u (F) = v (E) for any
open set E. And since u, v are outer regular, we have y = v on B (X). O

REMARK 13. We can expand the measurable space to make p a complete mea-
sure.

REMARK 14. Let X =R". We define functional

Af = f(z)dz
R’n
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for any f € C.(R™) where the integral is Riemann integral. Riesz representation
implies the existence of a Borel reqular measure p such that for any f € C. (R™),

(z)dx = fdu.
RVL R"'L

One can check that 1 is the restriction of Lebesque measure on B (R™).
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5. Product Spaces and Fubini Theorem

Let (X,S) and (Y,7) be two measurable spaces. A measurable rectangle is a
set of the form A x B, where A € S and Be 7.

DEFINITION 24. S x T is defined to be the smallest o-algebra in X XY which
contains every measurable rectangle.

IfECXxY, zeX,yeY, the z-section and y-section of E is defined by
E,={y:(x,y) € E}, EY ={x: (z,y) € E}.
THEOREM 41. If E € S x T, then E, € S and EY € S for every x € X and
yevy.
ProoOF. Let
N={EecSxT:E,cSforeveryzec X}.

It is easy to verify that 2 is a o-algebra containing every measurable rectangle.
Hence, Q =8 x 7. g

With each function f on X x Y and with each x € X we define function f, on
Y by
foy)=f(zy),yeY.
Similarly, with each y € Y, we can define function f¥ on Y by

Yy =f(r,y),reX.

THEOREM 42. Let f be an (S x T )-measurable function on X xY. Then
(a). For each x € X, f, is a T-measurable function on'Y.
(b). For eachy €Y, f¥ is a S-measurable function on X.

PROOF. For any open set V', put

Q={(z,y): f(z,y) €eV}.
Then Q € § x T and
Qx:{y:fx(y)EV}eT,

hence f, is a 7-measurable function on Y. (b) can be proved similarly. O
We need Dynkin’s mA-system lemma.

DEFINITION 25. Let A be a collection of subsets of X. We say that A is a
mw-system if ) € A and ANB € A for any A, B € A.

DEFINITION 26. Let A be a collection of subsets of X. We say that A is a
A-system if A has the following three properties:
(1). X € A.
(ii). A € A implies A® € A.
oo
(iii). If A, € A, n=1,2,-- are disjoint, then |J A, € A.

n=1

If A is both a A-system and a d-system, then A is a o-algebra.

LEMMA 2 (Dynkin’s lemma). Let A be a w-system. Then any \-system con-
taining A contains also the o-algebra generated by A.
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PRrROOF. Denote by B be the intersection of all A-systems containing A. Then B
is itself a A-system. We shall show that B is also a 7-system and hence a o-algebra,
thus proving the lemma. Consider

Bi={BeB:ANB e Bforany Ac A},

then A C By. Now we check that B is also a A-system.
(i). X € Bysince X e Band forany Ac A, ANX=Ac ACB.
(ii). If B € By, for any A € A,

ANB =AN(ANB)° = (A°U(ANB)) € B.

So B¢ € B;.
(iii). If B, € By, n =1,2,--- are disjoint, then for any A € A,
An|JBn=JANB,) eB.
n=1 n=1

o0
Hence, |J B, € Bs.

n=1
So we conclude B; = B. Next, we define

By={BeB:ANB e Bforany A€ B}.

We can prove By is also a A-system. Now A C B, so we again have By = B. Hence,
B is a m-system and hence a o-algebra. O

THEOREM 43. Let (X,S,un) and (Y, 7T, \) be two o-finite measure spaces. Sup-
pose Q€S xT. If

o (z) = A(Qx)
for every x € X and
¥ (y) = n(QY)

for every y € Y, then ¢ is S-measurable and v is T -measurable, and

/chdu:/ywd)\.

PrOOF. Let Q be the class of all Q € S x 7 for which the conclusion of the
theorem holds.

Step 1. 2 contains all measurable rectangles. Let Q = A x B, where A € S,
B € T, then we have

Lp(gg):A(QI):{ AN(B) if z€A,

0 if x¢A

and
w(y)=u(Qy)={ “(OA) i z;gf

Hence, ¢ and 1) are measurable and

[ edn=rBra) = [ wir
X Y
ie., Q€ Q.
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Step 2. If Q, € Q, n=1,2,--- are disjoint, then Q = |J @, € Q. Let
n=1

A((Qn),) for any x € X,
1 (QY) for any y € Y.

Pn (x)
¥ (y)

Then

P () =MQu) =D (@),

YY) =p@Q) =D tnly).
n=1

Since ,, and v,, are measurable, we have ¢ and v are measurable, and

/Xsodu=§/x<pndu:§/ywnd/\:/y¢dx
So Q € Q.

Step 3. Let X be the disjoint union of S-measurable sets X,,, with p (X,,) < oo
and Y be the disjoint union of 7-measurable sets Y,, with A (Y,,) < co. For any
m,n € Nand Q € § x T, we claim Q N (X,, x Y,) € Q. Let Q,,, be the collection
of all @ € & x T such that QN (X,, x Yy,) € Q.

(a). Qmp contains all measurable rectangles. Let Q = A x B, , where A € S,
B € T, then from step 1,

QN(X, xY,) =(ANX,) x(BNY,) € Q,

hence Q € Q.
(b). X XY € Qyy since it is a measurable rectangle.
(¢). Qnn is closed under complement. Let @ € Qy, ie.,

Qun = QN (X, xY,) €.
We have

@ (2) = A ([QN (X x Vo)) { N e

is measurable. Since

1@ = 2(@°0 (X x vl,) = § MO 2 T
{ )\(Yn)()_(p(x) ii iz))((rjn’ =AYn) xx,, —¢(x),

we conclude ¢ (x) is measurable. Similarly, since

B ) =M ([QN (X x 1) = { #(@ ) v et

is measurable, we have

U1 (y) = A([Q° N (Xm x Yo)I") = p(Xm) xv,, — ¢ (y)
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is also measurable. Moreover, we have
/ 901du=/ (A (V) xx,, = @) dp = pu (X)) A (V) —/ pdp
X X X

=u(Xm>A<Yn>—/ﬂdh/y(u(xm)m—zmdxzfywldx.

Hence, we have Q° N (X, x Yy,) € Q, ie., Q° € Q.

(d). Qunn is closed under countable disjoint union. This follows from step 2.

(e). Let A be the collection of all measurable rectangles. Then A is a w-system.
Since Q. is a A-system containing A, Dynkin’s lemma implies Q,,, D o (A) =
S x 7. Hence, Q,,, =S xT.

Step 4. For any Q € S X T, Qun = QN (X, x Y,,) € Q. From step 2,

m,n=1

Hence Q =S x 7. O

DEFINITION 27. Let (X, S, ) and (Y, 7, \) be two o-finite measure spaces. We
define for any Q € S x T,

(x N (@ = [

X

AMQq) dp = / 1 (QY) dA.
Y
Then (X XY, 8 X T, x A) is a measure space.

THEOREM 44 (The Fubini Theorem). Let (X, S, pu) and (Y, 7, \) be two o-finite
measure spaces and let f be an (S x T )-measurable function on X x Y. Then
(a). If 0 < f < oo and if

(5.1) p(x) = /Y fzd\,x € X,

Y (y) = /nydu,y €y,

then ¢ is S-measurable, ¥ is T -measurable and

(5.2) / wdp = / Yd\ = fd(pxN).
X Y X XY

(b). If f is complex and if

P (96):/ |fl, dX and / @*dp < oo,
Y X

then f € L (u x \).

(c). If f € L' (n x \), then f, € L' (\) for almost all x € X, f¥ € L' (u) for
almost all y €Y, ¢, 1 defined by (5.1) a.e. are in L' (u) and L* ()\), respectively,
and (5.2) holds.

PRrROOF. (a). From Theorem 43, the conclusion holds for f = x¢ for any
@ € 8 x T. Hence, (a) holds for any measurable simple function s. Now let s,,
n € N be a monotone increasing sequence of measurable simple functions such that

lim s, (z,y) = f(z,y) for any (z,y) € X x Y.
n—oo
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Let
on (x) = / (sn), d\,z € X,
Y

U () = /Y (sn)! dpy € Y,

then ¢,, is S-measurable, 1, is 7-measurable and

(5.3) o= [wnar= [ saduxn.
X Y XxY
And that

o(x) = / fedXA = lim ¢, (z),z € X,
Y n—oo

v = [ fau= lim b, @)y e,

hence ¢ is S-measurable, v is 7-measurable. Finally, Monotone Convergence The-
orem applied to (5.3) yields

(b). Applying (a) to |f|, (b) follows.
(c). We assume f is real. Let f = f* — f=, then f*, f~ € L' (u x )\). Let

<pi(x):/y(fi)wd)\,x€X,
wﬂy):/y(f*)ydu,yex

then pT are S-measurable, 1)* are T-measurable and

/Xgoiduz/yz/)id)\:/xxyfid(ux/\)<oo.

Hence, p*,¢* < 0o, a.e., and so

)=t () — o (z) = a.e. T
w()so()so()/yfmdx, e X,

0w =t @) =v @ = [ Pl yey,
are well defined, and they are in L (1) and L! ()\), respectively, and (5.2) holds. [

REMARK 15. The students are encouraged to check the counterexamples in 8.9
of Rudin’s book.

REMARK 16. The product of complete measures may not be complete.

Let (X,9M, u) be a measurable space. We recall the construction of the com-
pletion of measure p in Theorem 31: Let 9t* be the collection of all E C X for
which there exist sets A,B € 9 such that A C E C B and p(B\A4) = 0, and
define p (E) = p (A) in this situation. Then 9M* is a o-algebra, and u is a complete
measure on 9",

THEOREM 45. Let i denote Lebesque measure on R¥. Ifk =r 4 s, r,.s > 1,
then uy is the completion of the product measure i, X fis.
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PROOF. Let 9, be the collection of Lebesgue measurable sets in R¥ and B,
be the collection of Borel sets in R¥. Then the homework problem implies B C
M, x M. From the property of My, we see M, is the completion of By. And since
W X s = pj on rectangular boxes, we claim py is the completion of the product
measure b, X fs. O

THEOREM 46. Let (X,S,u) and (Y,7T,)\) be two complete o-finite measure
spaces. Let (S x T)" be the completion of S x T, relative to the measure ju x \. Let
f be an (S x T)"-measurable function on X x Y. Then
(a). If 0 < f < oo, then f, is T measurable for almost all x € X, and fY is S
measurable for almost ally € Y. Let

(5.4) p(x) = /Yfmd/\, a.e. € X,

Y (y) = /nydu, a.e. y €Yy,

then o is S-measurable, 1 is T -measurable and

(5.5) /Xgod,u:/ywd)\:/xxyfd(,ux/\).
(b). If [ is complex and if

o) = [ 17 dvand [ gdn <o,
Y X

then f € L' (u x A).

(c). If f € L' (ux \), then f, € L' (\) for almost all x € X, fY € L' (u) for
almost all y €Y, o, ¥ defined by (5.4) a.e. are in L' (u) and L* (\), respectively,
and (5.5) holds.

Interested student should check Rudin’s book for proof.






CHAPTER 3
LP-Spaces

1. Introduction
Let (X, u) be a measure space.

DEFINITION 28. For 0 < p < oo, LP (1) denotes the collection of all complex
valued measurable functions such that

T (/X flpdu>p < o0

and we define LP () = LP(p) ) ~, where f ~ g if f = g a.e.. For p = oo, we
define L™ () to be the collection of essentially bounded measurable functions. A
function f is said to be essentially bounded if there is M > 0 with

(1.1) |f ()| < M a.e..

We use ||f||,, to denote the smallest M satisfying (1.1). We define L™ (n) =
L () [~

If u is a counting measure on N, then each function f : N — C can be viewed
as a sequence {f (n)}. And we have

1£1l, = (Zf(n)|p> for 0 <p < oo,

n=1
and

[fllse = sup[f (n)].
neN

And we denote [P = LP (i) in this situation.
We say a function ¢ is convex on interval (a,b) if for any =,y € (a,b) and for
any A € (0,1),
p((1=Nz+Xy) <(1=Np(x)+Ap(y).
Geometrically, this condition means that if a < z <t < y < b, then (¢, (¢)) lies
below or on the line connecting the points (z,¢ (z)) and (y, ¢ (y)). It is easy to see
that ¢ is convex on (a,b) if and only if for any a < s <t < u < b,

p(t)—pls) _ ) —o(t)
t—s - u—t

Hence if ¢ is pointwisely differentiable, then ¢ is convex if and only if ¢’ is monotone
increasing.

LEMMA 3. A convex function ¢ on (a,b) is continuous on (a,b).

xlvii
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PROOF. Given z( € (a,b), we pick s,t € (a,b) such that s < zy < t. Then for
any x € (s,t), x # xo, we have

¢ (o) —¢(s) - p(x) —p (@) _ ¢(t) = ¢ (o)
To— S - Tr — T - t—xg

which implies the continuity of ¢ at xg. O

THEOREM 47 (Jensen’s Inequality). Let (X, u) be a measure space with pn (X) =
1. Let (a,b) C R be an open interval, possibly unbounded. If f is a real valued
function in L* (1) s.t. f(z) € (a,b) for allx € X and if ¢ is convex on (a,b), then

(1.2) ¢7</;fdu> S./;w(f)dﬂo
PrROOF. Let
t:/deu.

B = sup M

a<s<t t—s

Then ¢ € (a,b). Let

Then for any s € (a,b),
p(s)Z@(t)+0(s—1).
Hence, for any x € X,

e(f(x) Ze®)+B8(f(x)—1).
Integrating over X and using p (X) = 1, we have (1.2). O

DEFINITION 29. Two positive real numbers p,q € (1,00) are called a pair of
conjugate exponents if
4o =1
p q
As p — 1, we have ¢ — oco. Consequently 1 and oo are also regarded as a pair of
conjugate exponents.
THEOREM 48 (Young’s Inequality). If p,q € (1,00) are a pair of conjugate
exponents. Then for any a,b > 0,
I X
ab < “ + —.
p q

THEOREM 49 (Holder’s Inequality). Let (X, pu) be a measure space. If p,q €
(1,00) are a pair of conjugate exponents. Then for any measurable functions f,g :
X — C measurable,

[ 1ssldn <151, o,
X

THEOREM 50 (Minkowski’s Inequality). Let (X,u) be a measure space and
p € [1,00]. Then for any measurable functions f,g: X — C measurable,

1+ gll, < UIf1l, + llgll, -
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DEFINITION 30. Let K denote R or C. The normed space is a pair (X,|-]]),
where X is a linear space over K and

-] - X' =10, 00] .

s a function satisfying

(i). llz+yll < ||zl + ||yl holds for all x,y € X;
(ii). ||ax|| < |a|||z|| holds for allz € X, o € K;
(i3). ||z|| = 0 if and only if v = 0.

REMARK 17. A normed space X is a metric space with d (z,y) = ||z — y||.

DEFINITION 31. A normed space (X, |-||) is called a Banach space if it is com-
plete with respect to the metric d (z,y) = ||z — y||.

THEOREM 51. LP (1) is a Banach space for all 1 < p < oo.

PROOF. It is easy to check that LP (u) is a normed space for any p € [1, 00].
Now we prove it’s complete. We first assume p < oo. Let {f,},—, be a Cauchy

sequence in L? (). Then there is a subsequence { [, }.=, such that

foes — ]l < o

p<§.

Define
a‘nd g= Z |fni+1 - f’n,i .

i=1

k
9k = Z ’fnq:+1 - fm
i=1
Then we have from Minkowski’s inequality
llgell <1 for each k € N
and gy is monotone increasing with

lim g, (z) = g ().

k—o0

Fatou’s lemma then implies

/gpdug lim/gzduzo.
X k—oo [x

Hence, g (x) < o0 a.e., i.e. and

fn1 + Z (fni+1 - fni)

=1

is absolute convergent for almost every x € X. Let

f=1Fu+ Z (frips — fni) ace.

i=1
Then
f(x)=lim f,, (z) ae.

For any ¢ > 0, there exists K s.t. | f, — fm|, < ¢ for any n,m > K. Hence
Fatou’s lemma implies for any m > K,

/If—fmlpduélim/ o — flP dp < c.
X 1— 00 X
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Hence f — f,, € LP, f € LP and
i [[f ~ full, = 0.
When p = oo, assume {f,},-, is a Cauchy sequence in L™ (u). Let
Ap ={z e X: fr (@) > | fill o}
Bimn ={x € Xt [fm (x) = fn ()| > [|fm () = fr (2) o } -

Then Ay, B,y ,, are measure zero set and there union E also has measure zero. For
any z € E¢, {f, (z)},—, is a Cauchy sequence in X, hence

f @)= Jim_fu (@)

is defined for almost every z € X. For any € > 0, there exists K > 0, such that
|| fr — fmllo, <€ for any n,m > K. Hence, for any z € E°,

£ (@) = fn @) = 1m0 |f (@)~ fon ()] < T [ fi— finlloo <.

So we conclude
i [1f ~ full = 0.

As a byproduct of the above proof, we have
COROLLARY 4. If1 <p < oo, {fu}rey CLP(n), f € LP (n), and
n—oo
Then there exists a subsequence {fn,};oy, such that fn, — f a.e..

THEOREM 52. Let S be the class of all complex, measurable, simple functions
on X s.t.

plz:s(z) #0} < oo.
If 1 <p<oo, then S is dense in LP (u).

When p is the Lebesgue measure on R™ | we write LP (u) = LP (R™)
THEOREM 53. If 1 < p < oo, then C. (R™) is dense in LP (R™).

REMARK 18. This density theorem holds when p is a regular Borel measure on
a locally compact Hausdorff space X .

THEOREM 54. The completion of C. (R™) with respect to |||, s Co (R™), the
space of continuous functions which converges to zero at co.
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2. Convolution of Functions

THEOREM 55. Suppose f,g € L' (R™), then

/ |f (z—y)g(y)|dy < oo
Rn,

for almost all x. For these x, define
h(z)= [ f(z—y)g(y)dy.
RTI,

Then h € L' (R™), and
120 < 11£1ly Nlglly

PROOF. One can verify that f(z —y)g(y) is Lebesgue measurable in R?".
Fubini Theorem implies

/n </Rn |f(x—y)g(y)|dy>dx:/n (/n |f($—y)g(y)|dx>dy

= /Rn (g @A) dy = 171 Nlglly -
Hence
[ 17 =gy <o
for almost all z and h € L* (R™),

< [ ([ 1f@=naldr) o<, lol,.
0

We say h is the convolution of f and g, and we write h = f % g. It is easy to
see

h(z) = Rnf(y)g(x*y)dy:(g*f)(m)-

We say f is locally integrable in R™ if f is integrable on any bounded subset
of R", and we write f € L} (R"™). The convolution can also be defined for f €

loc
L}, (R") and g € C, (R™).

THEOREM 56. Let f € L} . (R™) and g € C. (R™). Then the convolution

loc

h(z) = A flx—y)g(y)dy
is continuous in R™.

PROOF. Assume suppg C Bg(0), for some R > 0. Given z € R”, for any
x’ € By (z), we have

() = h(2)] =

f@Wg(@—y)dy— f(y)g(w’—y)dy’
R» R
§/n If Wllg(z—y) —g @ —y)ldy

su z—y)—g(z — dy.
< (suplo o)~ g’ ) /BR+1(z)|f<y>| y
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Since g is uniformly continuous, we have
lim sup |g (z —y) — g (' —y)| =0,
=z oy

hence,
lim h(z') =h(z)

x'—x

and h is continous. O
THEOREM 57. Let f € L}, (R") and g € C. (R") N C" (R™) for some r > 1.
Then the convolution h = f x g € C" (R™) and
D%h (z) = f* D%

for any index |a| < r.
PROOF. Let e; be a unit vector in z; direction. Fix z € R. For any ¢t € R,

t <1,
h(z+te;)) —h(x glx—y+te)—glx—y
( t) ()_Rf(y)( t) (z —y)

Since f € Li,. (R™), f(y) g(wfyﬂez)*g(w*y) vanishes away a bounded subset E,,
we have

f(y)g(w—yﬂe;)—g(w—y)‘ <‘

Lebesgue dominated convergence implies

fylEoytte)—g@=y), W 519(3«“—1/”9:]6*819'

dy,

If (W) xe, € L' (R™) in y.

g

’ oo

o;

lim
t—0 Rn t

So %h (z) exists, and %h () = f= E%]i' Higher order derivatives follows from
mathematical induction. 0

Let ¢ € C§° (R™) be a function satisfying ¢ > 0, supp ¢ C B; (0) and

(2.1) / ¢ (z)dz = 1.

For example, we could take

1
_ ) ocelrP1 if x| <1,
» (@) { 0 it ol >1

where ¢ > 0 is a constant chosen to gurantee (2.1). For & > 0, we define
x

pe (@) =70 (2).

€

Then supp ¢ C B. (0) and

/ e (z)dx = 1.
For any f € L} . (R"), we define

loc
fe=Ffxp- € CR").
We say ¢, is a mollifier and f. is a mollification of f.

THEOREM 58. If f is continuous in R™, then f. = f uniformly on any com-
pact subset as € — 0.
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PROOF.

f@) = 1@ = @)= [ Fe=uem
~ [ t@-ra-wewa
B:(0)

Since f is uniform continuous on any compact set, f. = f uniformly on any

compact subset as € — 0. O

REMARK 19. If f € C. (R™), then f. € C. (R™) and fe = f uniformly on R™

as e — 0.
LEmMMA 4. If f € LP(R"), 1 <p < oo, then f. € LP (R") and | f|, < | fIl,-

PRrROOF. p =1 follows from Theorem 55. When 1 < p < oo, let ¢ = p’, we have

1 1

|fe (2)F = </Rnf(x—y) e (y) dy>p = ( Rnf(w—y) 0 (y) @l () dy)p

S/ [ (@ =) ¢e (y) dy (/ soe(y)dy> = |1 = e,
Rﬂ, Rn
hence | f[|, < [|f]|, follows from p =1 case. O

THEOREM 59. If f € LP(R"), 1 < p < oo, then f. € LP (R") and ||f — f[|, —
0 ase—0.

PROOF. For any § > 0, there exists g € C, (R"),
1
|U—Mb<§
And for such g, there exists £g, such that for any ¢ < g,
H d
9= 9ell, <3
Hence, for any ¢ < ¢,

1f = fell, < F =gl +llg = gell, + llge — f=ll, <.

COROLLARY 5. C° (R™) is dense in LP (R™), 1 < p < oco.

PROOF. Since continuous functions with compact support are dense in L? (R™),
it suffices to prove that every compactly supported continuous function can be
approximated in LP (R™) by C2° (R™). This, however, immediately follows from
Theorem 59, because if f vanishes outside a bounded set, then f. has compact
support. O






CHAPTER 4

Integration and Differentiation

1. Signed Measures

DEFINITION 32. Let (X,9) be a measurable space. A set function p : 9 —
[—00, 0] is called a signed measure if
(i). p assumes at most one of the values co and —oo;
(ii). 1(0) = 0;
(iii). w is o-additive.

Let p1, po be two positive measures on (X, 9) such that one of them is finite.
Then p1 — po is a signed measure.

DEFINITION 33. A measurable set A is said to be positive if u (AN E) >0 for
every E € M. A measurable set A is said to be negative if p (ANE) <0 for every
Eem.

LEMMA 5. Let p be a signed measure on (X, 9M) and let E € MM with u (F) > 0.
Then there exists a positive set A C E such that p(A) > 0.

PRrOOF. If F is positive, then there is nothing to prove. Otherwise, there exists
some B € M with B C E and —oo < p(B) < 0. Let n; be the smallest positive
integer such that there is B; with By C E and

1
By) < ——.
p(Br) < o
If By = E\Bjy is positive, then we are done, since u (E7) > 0 follows from

p(E\B1) + p(B1) = p(E) > 0.

Otherwise, let ny be the smallest positive integer such that there is By with By C

FE{ C F and 1
By) < ——.
p(B2) < s

And we define E5 = E1\Bs. If Es is positive, then we are done, since p (E3) > 0.
Otherwise, we can continue this process. If this process stops at E,,, then E,, is
a positive set with u (E,,) > 0. Otherwise, we find a sequence of positive integers

m

ni and measurable sets By C E, k € N, such that for E,, = E\ ( U Bk>, N1 18
k=1

the smallest positive integer such that there is B,,11 € 9 with B,,+1 C E,, and

Since p (E) > 0, we have



Ivi 4. INTEGRATION AND DIFFERENTIATION

Hence,
=1
Z — < Q.
=1 "k
Since my is monotone increasing, we conclude ny — oo as k — oo. Let A =

o0
E\ ( U Bk). For any set B C A, since A C E}, we have
k=1

1
B)> —,
n(B) P
hence p (B) > 0, so A is positive. And p(A) > 0 follows from p (Bg) < 0 for each
k and

p(A)+>  p(Bi) = p(4) >0,
k=1
O

THEOREM 60 (Hahn’s Decomposition Theorem). Let p be a signed measure on
(X, 9). Then there exist positve set A and negative set B such that X = AU B
and ANB =10.

PROOF. We can assume without loss of generality that u doesn’t assume 400
value, otherwise we could consider —pu. Let

M =sup{p(E): E € M is positive} .
Then there exists a sequence of positive sets E,, such that
lim p(E,) = M.

n—oo

Then A = |J E, is a positive set and p(4) = M < co. Let B = X\A. We
n=1

claim B is a negative set. Otherwise, there exists a set £ C B with u (E) > 0, and

Lemma 5 implies the existence of positive set E' C E with p (E") > 0. Then AUE’

will be a positive set with p (AU E’) > M, a contradiction. d

We say the pair (A4, B) is a Hahn’s decomposition of X with respect to u. Let
f € L' (n). Then

ME) = [ pa

defines a signed measure. It is easy to see A = {zr € X : f(z) >0}, B = X\A
defines a Hahn’s decomposition of X with respect to .

Let p be a signed measure on (X, ) and (A, B) be a Hahn’s decomposition
of X with respect to u. We can define for any E € 901,

i+ (E) = p (AN E), i~ (E) = —u (BN E),

ul (E) = p* (BE) + = (E).
Then u™, ;= are positive measures and pu (E) = p* (E) — u~ (E) for any E € 9.
The pair (u, ™) is called the Jordan’s decomposition of . p*, u~ and |u| are

called the positive variation, the negative variation and the total variation of p,
respectively.

REMARK 20. Hahn’s decomposition may not be unique. But Jordan’s decompo-
sition is uniquely defined.
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REMARK 21. Hahn’s decomposition shows that any signed measure is the dif-
ference of two positive measures.

Let M (X) be the collection of all finite signed measures on (X,9). Then
M (X) is a linear space and

el = el (X)
defines a norm on M (X).

THEOREM 61. M (X) is a Banach space.
We leave the proof to interested students.

REMARK 22. Let ju be a positive measure on (X,9), then L' (1) is a closed
supspace of M (X).
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2. Absolute Continuity and Radon-Nikodym Theorem

DEFINITION 34. Let pu,v be two signed measure on (X,9M). v is said to be
absolutely continuous with respect to p if for any E € M, |u| (E) = 0 implies
v(E) =0. And we denote v < pu.

PROPOSITION 4. v < if and only if |[v| < |ul.

REMARK 23. Let p,v be two positive measure on (X,9M). Then v < p implies
v L .

Let i be a measure on (X,91) and f € L' (). Then

V(E):/EfduforEeim

defines a finite signed measure which is absolutely continuous with respect to pu.
The converse statement is also true if we require that p is o-finite.

THEOREM 62 (Radon-Nikodym). Let v be a finite signed measure that is abso-
lutely continuous with respect to a o-finite measure p. Then there ezists a unique
function f € L' (1) such that

v(E) = [ fin
E
holds for all E € M.
PRrOOF. This is a corollary of the following version on positive measures. [

THEOREM 63 (Radon-Nikodym). Let u,v be two o-finite measures on (X, 9M)
and v < . Then there exists a unique nonnegative measurable function f such
that

v() = [ sdu
E
holds for all E € 9.

PRrROOF. We first assume that v (X) < oo and g (X) < co. Define

E:{fELl(M):sz, /Efdugu(E) foranyEGim}.

Since 0 € X, ¥ is nonempty. Also for any f,g € X, we have h = max{f, g} € 2.
Indeed, for any E € I, let

Ei={ze€E: f(x)>g(z)} and

By={zcE: f(x) <g(a)} = E\Ey.

/hdu:/ hdu+/ hdp = fd/Hr/ gdu
E E1 E2 El E2

SV(El)'i‘V(EQ):V(E).

Then

Let

a= Sup/ fdu,
fexJx
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then we have a < v (X) < co. So there exists f, € X, such that

lim frndu = a.
X

n—oo
Now let g,, be such that

gn () = max fr (),

then g,, € X. Since g,, is monotone increasing, we can define
g (x) = lim g, (z).
n—oo

Now Lebesgue’s monotone increasing theorem implies that for any £ € 90,

/gdu= lim /gndMSV(E)~
E n—oo E

/ gdp = a.
X

Now we claim [}, gdp = v (E) for any E € M. We define for any E € 9,

AME)=v(E) - /Egdu.

Then A is a measure. If A (A) > 0 for some A € M. Since p (A4) < oo, there exists
€ > 0 such that

We also have

A(A) —en(A) > 0.
Since A\ — ep is a signed measure with (A — ep) (4) > 0, there exists a measurable
set B C A which is positive with respect to A — eu. Now for any E € 90,

V(E)*/E(gﬁLgXB)d,LL:)\(E)fé‘,u(EﬂB)Z(/\felu)(EﬁB)ZO.
So g +exp € X. Now
A—eu)(B)>0=A(B)>0=v(B)>0=u(B)>0

since v < u. Hence
/ (9+exn)du :/ gdp+ep(B) >a
X X

which is a contradiction. Hence we have proved | 5 9dp = v (E) for any £ € M.
(oo}
Now if v, p are o-finite. Let X = |J E, where E,, € 9 are disjoint and

n=1
v(E,) < oo, pi(E,) < co. Then v < p on E,, hence there exists f, € L' (E,, i)
such that for any £ € 9, E C E,,

V(E):/Efnd,u.

Let f = f, on E,, then we have for any E € M, v (E) = [, fudp.
The uniqueness is easy to proof. O

DEFINITION 35. Two signed measures p and v are said to be singular (or or-
thogonal), in symbols plv, if there exist A/B € M, ANB =10, AUB =X and
lul (A) = [v[(B) =0.
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THEOREM 64 (Lebesgue Decomposition Theorem). Let p and v be two o-finite
measures on (X,9M). Then there exist two unique measures v and va, such that

v=v+ Vo,
v1 < poand vo L.

PRrROOF. Let A = 4+ v. Since pu,v < A, there exist nonnegative measurable
functions f and g such that

w(E) :/ fdX\ and v (E) = / gdA
E E
holds for all E € M. Let Xo = {z € X : f(z) =0} and for any E € M, we define
1 (E) =V (E\Xo) , V2 (E) =V (E n Xo) .

Then v, v, are two measures s.t. v = v; +vo. Since pu (Xo) = 0 and vz (X\Xo) =0,
we have vo L. On the other hand, if u (E) = 0 for some E € 9, then f =0 M-a.e.
on E, hence, A (F\X() = 0, so we have

v (E) =v(E\Xyp) = [E\X gdX\ = 0.

Hence, 11 < pu. d
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3. Bounded Linear Functionals on LP

Let X,Y be two normed linear space over K, where K = R or C. A linear
transformation F' : X — Y is said to be bounded if there exists M > 0, such that
for any = € X,

[Fzlly <M |zl

We define ||F|| to be the smallest such M, then
[F]l = sup{[[Fz]ly : x € X, [zl x <1} = sup [[Faly .

lzll x=1

THEOREM 65. The following three conditions are equivalent:
(1). F is bounded.
(2). F is continuous.
(8). F is continuous at one point of X.

PROOF. (1)=(2): Let F be bounded. For any 1 # x2, we have
[Fzy = Faolly = [|F (21 — z2)[ly < [Fl l21 = 22 x -

So F' is continuous.

(2)=(3) is trivial.

(3)=(1): Assume F is continuous at x¢, then for any £ > 0, there exists § > 0
such that ||z — xo|| y < ¢ implies

|Fx — Fxolly <e.
From the linearity of F, ||z| < ¢ implies
|Faly <e.
Hence, || F|| < § and F' is bounded. O

When Y = K, a linear transformation F': X — K is called a linear functional.
Let (X, 1) be a measure space and 1 < p < oo. Then for each g € L9 (i), with
+%:1, here g =0 if p=1and ¢ =1 if p = oo, since

[ toa| < [ 1galdn <151, Lo,
X X
for any f € L? (1), the functional F, defined by

1
p

By (1) = [ fodn, for any f & 17 1),
X
is a bounded linear functional with

IEll < llgll, -
On the other hand, we have

THEOREM 66 (Riesz). Let (X, p) be a o-finite measure space and 1 < p < 0o.
Let F be a bounded linear functional on LP (u). Then there exists a unique g €
L9 (u), where % + % =1, such that

F(f)=/ngdu

holds for any f € LP (p) and |[F| = ||g|[,-
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PROOF. We first assume p (X) < oo. Define for any A € 90,

v(A) = F(xa).
(o)
Then v (@) = 0. And if A = |J Ay is a disjoint union of measurable set, then we
k=1
have
k k »
(3.1) D xa—xal| = <Zu(Ai)—u(A)> -0
i=1 i=1

P
as k — oo. Since F is linear and continuous, we have

lim v(A;) —v(A)

k—o0 |4
=1

=0,

ie.,

v(A)=> v(4).
i=1
Hence, v is a finite signed measure. If p(A) = 0 for some A € 9, then x4 = 0
a.e., and hence v (4) = F (x4) = 0. So we have v < p. Radon-Nikodym theorem
implies the existence of g € L' (i), such that

v(A) = F(xa) :/Agdu-

From the linearity of F', we have for any simple function s,

F(s):/ngdu.

Since every f € L (u) is a uniform limit of simple functions, we have

F(f) = / fgdp.
X
Now we claim f € L7 (u). When p =1, let M > 0 be such that
Ey={xzecX:|g|>M}
has positive p-measure. Let f (x) = a(z) xg,, where
9(x)
a@) =1 Ty I g(@)#0,
0 if g(z)=0.
We have || f||; = ¢t (Eam). Since f € L™ (u),

Fol=|f fgdu‘zMu(EM).

On the other hand, |F (f)| < [|F|[||fll; = I|F|l # (Enr), so we have M < ||F'||. Hence
g € L (), and ||g| ., < [|[F|. Since L* (u) is dense in L' (u), and [y fgdu is
continuous for f € L (1),

F(f):/ngdu

holds for any f € L' (1). We also have ||F|| < ||g|., hence ||F| = ||g|| -
When 1 < p < o0, let

A, ={ze X g <n}
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and \
f(x) =algl? xa, € L= ().
Then

Hi= ‘/X fgdu‘ = /A lg|* dp,

[E DI IETIAL = 171 (/A Iglqdu>p

n

and we also have

Hence,

[t <

A’VL

Lebesgue monotone increasing theorem implies

[t au < e,
X

Hence, g € L9 () and ||g]|, < [|F||. Since L (u) is dense in LP (y), and [y fgdp
is continuous for f € L (u),
= / fgdu
b's

holds for any f € L? (u). We also have ||F'[| < ||g||,, hence ||F']| = ||g]|,. We leave
the uniqueness of g as an exercise.

Now if 4 (X) = oo, we write X = |J X,, where X,, is monotone increasing
n=1
and p (X,,) < oco. Then for each n, there exists g, € L? (X, 1), such that for any
ferP (X, p), f=0ae on X\X,,

fH= /X fond

From the uniqueness, the function g = g, on X,, is well defined. Since [|g,[|, < || F]|
and |gn| is monotone increasing, we conclude |[[g[|, < [|F'||. For any f € L? (X, n),
since

F(fxx,) / fxx,gdp
and fxx, — f in LP (X, u), we conclude

/ fod.

Finally, we also have ||F|| < |gl|,, hence [|F'[| = ||g]|,- O

REMARK 24. The proof fails when p = oo since (3.1) doesn’t hold for p = oo
Actually, consider Lebesgue measure on R™, then Co (R™) is a closed subspace of
L (R™). Define a bounded linear functional § : Co (R™) — K by

§(f)=r(0).
Then functional analysis implies that 6 can be extended to a bounded linear func-

tional Fs on L* (R™), apparently Fs can’t be represented by a function in L' (R™).

REMARK 25. The dual space of L (u) is the space of all finitely additive
bounded measures that are absolutely continuous with respect to j.
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4. Bounded Linear Functionals on Cj (X)

Let X be a locally compact Hausdorff space. Theorem 39 characterizes the
positive linear functionals on C. (X). Since C, (X) is a dense subspace of Cy (X),
any bounded linear functional on C. (X) can be uniquely extended to a bounded
linear functional on the Banach space Cj (X).

Let u be a Borel signed measure. Define for any f € Cy (X),

/X fdu= /X fdu* - /X fdu.

Then f — [y fdu is a bounded linear functional on Cj (X).

THEOREM 67. Let X be a locally compact Hausdorff space and F be a bounded
linear functional on the Banach space Cy (X). Then there is a unique regular signed
measure p, such that

F(f)=/deu
for any f € Cy (X). Moreover,
= Nl -
PROOF. Define for any f € C. (X), f >0,
G (f) =sup{F (h):heCc(X),[n| < f}.
And for general f € C, (X), write f = f+ — f~, we define
G(H=G(fH)-G(f).

Now we verify that G is linear. For any ¢ € R, G (¢f) = ¢G (f) is obvious. For any
fag € Cc (X)7 fag > 07 since |h1| < fa |h2| < g lmply |hl +h2‘ S f+gv we have

G(f+9)=2G()+G(g).
On the other hand, if h € C, (X),|h| < f+ g, let
V=A{z:f(z)+g(x)>0},

we define

_ [ _ 9@
hi(z) = mh (), he (z) = n h(x) for z € V,
and hy (z) = ho (x) =0 for z ¢ V.
Then |hq| < f, |ha| < g and we have
G(f+9)=G(f)+G(g).
Hence G (f +g) = G(f) + G (g). Now for any f,g € C. (X), we have
(F+o)" +f +g =(+9) +f +g",
hence
G((f+g)+) +G(f)+G(9) :G((f+g)_) +G(f)+G(g")
which implies

G(f+9) =G +G(9)-
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Hence G is a positive linear functional on C. (X). There exists a regular Borel
measure A such that

G = [ sax
for any f € C. (X). Moreover, we have
AMX) =sup{G(f): feCc(X),0<f<1}
=sup{F (h):he€ Cc(X),[h] <1} =|F].
Now

F () <G (f) :/X A= £

Since C, (X) is dense in L* (\), F extends to a bounded linear functional on L (\)
with norm bounded by 1, hence, there exists a Borel function g € L*> (}), |g] < 1
such that

F( = [ soix
Let p = gd), then p is a signed measure and for any f € C. (X),

F(f)=/deu~
Now
F (/) s/ Ll < [ Fll 1] (),
X

we have
VP < 1 (X).
On the other hand,since |g| < 1, || (X) < A (X) = ||F||. Hence we have
el = |l (X) = [ F]|.
Finally, we show p is unique. It suffices to show that if f « Jdp = 0 holds for
all f € C.(X), then p =0. We write u = gd |u| for some g satisfying |g| = 1, pick
fn € C.(X) such that f,, — g in L' (Ju|), then we have

0= lim [ fudu= lim / Fogd ] = / 2] = [u] (X).

Hence p = 0.
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5. Derivatives of Measure and Lebesgue point

To motivate the definition of derivative of measures, we first look at a simple
theorem for measures on real line:

THEOREM 68. Suppose p is a signed Borel measure on R and

[ (@) = p((—o0,2)).

Then the following two statements are equivalent:
(i). [ is differentiable at x and f' (x) = A.
(ii). To every e > 0, there exists § > 0, s.t.,

I
w
m (I)
for every open interval I satisfying x € I and |I| < 6. Here m is the Lebesgue
measure on R.

<e€

DEFINITION 36. Let pu be a signed Borel measure on RF. The symmetric de-
rivative of pu at x is defined by

o n(B@)

whenever the limit exists. Here
B (z)={yeR":|y—z|<r}
and | B, ()| = m (B, (z)) where m = Ly, is the Lebesgue measure on R¥.

DEFINITION 37. Let ji be a signed Borel measure on R*. The mazimal function

of w is defined by 1l (By (@)
— sup M\ L))

Since for each a € R,

{zeRF: My > o) TL>J0{ eRF: B () >}

is open, the maximal function My : R* — [0, cc] is Borel measurable.

LEMMA 6. If W is the union of a finite collection of balls By, (z;), 1 <i < N,
then there is a set S C {1,2,--- ,N} so that
(a). the balls By, (x;) withi € S are disjoint,

(b). W C U Bsy, (z;) and
€S
(c). m (W) < 3km (B,, (z;)).

PrROOF. We assume 11 > r9 > -+ > ry and we write B; = B,, (z;). Put
i1 = 1. Discard all By, that intersect B;,. Let B;, be the first of the remaining
By, if there are any. Discard all By that intersect B;,. Let B;, be the first of the
remaining By, if there are any. This process stops after a finite number of steps and
gives S = {i1,42,---}. (a) is clear to hold. Since each discarded By intersect with
some By, (z;), i € S with larger radius, By C Bs,, (z;). Hence (b) holds. Finally,
(c) follows from (b). O
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THEOREM 69. If p1 is a signed Borel measure on R*, then for any t > 0,

6.1 m (M > 1) < .

PrROOF. We assume |p| < co. Given ¢t > 0. Let K be a compact subset of
{Mp > t}. Then each z € K is the center of an open ball B for which |u|(B) >
t|B|. Some finite collection of these B’s covers K, and the covering lemma gives
us a disjoint subcollection, say {Bj,- - , By}, such that

n 3k n 3k 3k
m(K) <853 m(B) < 5 Sl (B < 2 lul (B) = -
i=1 i=1
Taking supremum over all such K, we have (5.1). O

Let f € Lt (Rk). Then p = fdm defines a signed Borel measure on R* with
llell = 1| f1];- And we can define the maximal function of f

(M) () = () (@) = sup e [ 1.

COROLLARY 6. For anyt > 0,

3k
m((MS > 1)) < 1,
DEFINITION 38. A Lebesgue measurable function f is said to belong to weak
L', if
tm ({|f] > t})

is a bounded function of t on (0, 00).
Hence f € L' (Rk) implies that M f belongs to weak L.

DEFINITION 39. Let f € L* (Rk). A point x € R¥ is said to be a Lebesgue
point of f if
1

lim ———— _ ) dy = 0.
r—0 |B,. ()| Br(x)|f(y) f(z)|dy

If x is a Lebesgue point of f, then

1
f(x) = lim |B, ()| /w) fam

THEOREM 70. Let f € L* (]Rk). Then almost every point x € R¥ is a Lebesque
point of f.
PROOF. Define for z € R¥, r > 0,
1

(Trf) (.’E) = @ B, (x)

|f (y) = f ()| dy.

Let
(Tf) (z) = limsup (T f) (z).

r—0
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For any n € N, there exists g € C.. (R¥), such that ||f —g|l; < 1. Let h = f —g.
Since ¢ is continuous, T'g = 0. Since

1
0 @ = gy [ @) —h@ldy< e [

< Mh(z) + | (2)],

h (y)l dy + [h ()]

we have
(Th) (x) < Mh(x) + |h (z)|.
Since T,.f < T,.g + T,-h, we have
(Tf) (x) < (Th)(x) < Mh(z)+ |h(z)|.
Now for any ¢ > 0,
{Tf > 2} C{Mh >5}U{|h| >e}=E!

and hence

{Tf>2}cC ﬁ E”.

Since

m(B) < (3 +1)

m (ﬁ Eg) = 0.
n=1

Since Lebesgue measure is complete, {T'f > 2¢} is measurable with Lebesgue mea-
sure zero. Since € is arbitrary, Tf = 0 m-a.e.. 0

Let E be a Lebesgue measurable subset of R¥. The metric density of E at x is
defined by
lim ™ (EN By (z))
% " (B, (@)
if the limit exists.

COROLLARY 7. The metric density of

i ™ (EN B, (x))

20 m (B (@)

THEOREM 71. Suppose p is a signed Borel measure on R¥, and p < m. Let f
be the Radon-Nikodym derivative of p w.r.t. m. Then Dy = f m-a.e..

PRrROOF. At any Lebesgue point of f,

1m ():
fle) 1B|/ fm =l =BT = D

O

THEOREM T72. Let ju be a Borel measure on R¥, and let A be a Borel set such
that p(A) =0. Then
Dy (xz) =0 m-a.e. on A.
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PRrROOF. If Dy (x) # 0, then we must have
* : w (B (x))
(D*p) (z) = limsup ———~+
r—0 |Br(z)]
We only need to show that for any € > 0, the set
E.={ze€A:(D'pn)(z) > e}

has Lebesgue measure zero. Let K be a compact subset of E. and V' be an open
set containing A, then for each x € K, there exists a ball B, (x) C V such that

p (Br (7))
| B (z)]
Since K is compact, some finite collection of these balls covers K, and the covering
lemma gives us a disjoint subcollection, say {B1,- - , By}, such that

> 0.

> ¢

n 3k. n 3k
K) <3 B;) < — B;) < =u(V).
M) <3S m(B) < S u(B) < T n(V)
Since p is regular and p(A) = 0, we can choose V with arbitrarily small p (V),
hence m (K) = 0. Finally, since m is regular, m (K) = 0 for all compact K C A
implies m (E.) = 0. O

COROLLARY 8. Let u be a Borel measure on R¥ such that uLm. Then
Dy (x) =0 m-a.e. on R

PRrROOF. Since plm, pu(A) = 0 for some Borel set A with m (A°) = 0. Now
p(A) = 0 implies that Dy (z) = 0 m-a.e. on A and m (A°) = 0 then implies
Dy (x) =0 m-a.e. on RE. O

THEOREM 73. If f € L' (R) and
F(z)= / fdm,
then F' () = f (x) at every Lebesgue point of f, hence m-a.e..
PROOF. Let x be a Lebesgue point, then for any h # 0,

z _ z z+h
PR pa| =g [ G- s
1 x+h 1 z+|h|
_ — ()| dy| <2—— — f(x)|dy.
<ol @ -s@ia) <2gp [ 6 - sl
Hence Flz+h)—F ()
lim - (@)=,




Ixx 4. INTEGRATION AND DIFFERENTIATION

6. Differentiability of monotone functions

Let f: R — R be a monotone function. Then the set of all discontinuities of f
is at most countable, moreover, we have

THEOREM T74. Ewvery monotone function is differentiable almost everywhere.

Proor. Let f : R — R be a monotone function. By replacing f with —f if
necessary, we could assume that f is monotone increasing. Now we define for any
r €R,

Fo(z) = T f(y).

Then f* is also increasing. Now for any « € R, let z,, € R be such that f is
continuous at x, and x, \, x, then we have

f* @) = lim [ (@) = lim [ () = [ (2).
Hence, f* is right continuous. Moreover, we can check that for any = € R,
frlat) = (a=) = f(z+) = f(a—).

The third homework shows that f* induces a Borel measure p = s+, such that
for any a < b,

M((a7b)> =f" (b_) - (a>>
([a,B)) = £ (6) = £ (a7) .
Let p = p1 + po be the Lebesgue decomposition with respect to Lebesgue measure

m such that pu; < m and pslm. Let h be the Radon-Nikodym derivative of
w.r.t. m. Let

A ={z € R: x is Lebesgue point of h and (Dus) (z) =0}.

Then Theorem 70 and Corollary 8 implies m (A°) = 0. Let x € A, we claim that
for any € > 0, there exists § > 0, such that

<eg
b—a

whenever § |Iop| < b—a < 6, where Iy, = (z — t,z +t) and t = max (|b — 2|, |a — z|).
To see this,

(6.1) ‘”(a’b) —h(x)

b—a

R

b
<o [ - n)+ |2l

3 M2 (Iab)
= Habl J1,, | Zab|
which approaches zero as |I,5] — 0, and hence as b — a — 0. Now for any z’ such
that 0 < 2’ — z < §, we can find a,,b, such that x < a, <b, <z',b—a > % [ Tap]
and lima,, = z, limb,, = 2/, then we have
f@) - f() h(z)> ,U(Clln,bn) — h(z)
-z T —zx
(bn — an) (h(z) =€)

o —x

|h<y>h<x>|+3\

—h(x).
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Letting n — oo, we have
f@@) = f(2)
' —x
Similarly, choosing ay,b, such that a, < & < 2’ < by, |by —an| < 8, by — a, >
% |15 and lim a,, = z, limb,, = 2/, we can prove

f ) = f ()

—h(z)> —e.

po e h(x) <e.
Hence ,
o' —zt T —x
Similarly, we can show
/
i =1 _y
=z~ T —x
Hence
f (@) =h(z).
So we have proved f’ (z) = h(z) for any € A. Now m (A°) = 0 implies f' (x) =
h(x) m-a.e.. O

REMARK 26. From the proof, we see f'(x) captures the absolute continuous
part of p. It is not difficult to see that each jump discontinuity contributes a delta
function to the singular part of p. However, in general, ps is not the summa-
tion of delta functions from jump discontinuities. Actually, there exists continuous
monotone function such that the singular part ps is not zero.

PROPOSITION 5. Let f : R — R be a monotone function, then [’ exists a.e.,
and f' € LL . (R). Moreover,

loc
(6.2) O -5z [ @
for any a < b.

PROOF. Since f' = h, and p; is locally finite measure, f' € L{  (R). Now for
any c¢,d such that a < ¢ < d < b, we have

d
FO 1@ > uled) 2 mled = [ 1@
let ¢ — @ and d — b, we have (6.2). O

REMARK 27. There exists a strictly increasing function whose derivative equals
to zero a.e.. Hence

f(b)f(a)#/baf’(x)dx

in general. On the other hand, if f : R — R is differentiable at every point of |a, b]
and f' € L' on [a,b], then

f(b)—f(a)=/baf’(x)dx

for any a < b. This is Theorem 7.21 in Rudin’s book.



Ixxii 4. INTEGRATION AND DIFFERENTIATION

7. Functions of Bounded Variation

Let [a,b] be a bounded interval of R. P = {to,t1, - ,t,} is said to be a
partition of [a, b] if
a=ty<ti <---<t,=0b.

Let f : [a,b] — R be a function. Then the total variation of f over [a,b] is defined
to be

b n
\/f = sup {Z If (&) — f (ti—1)| : P = {to,t1, -+ ,tn} is a partition of [a,b]} .
a i=1

b
DEFINITION 40. f : [a,b] — R is said to be of bounded variation if \/ f < oo.
We write f € BV [a, b].

PROPOSITION 6. If f,g € BV [a,b] and o € R, then so are f + g,af, fg and
| fI-

PROOF. It is easy to see that

b b b
Vir+9 <\ r+Vo
b

b
\Voar=la\/ 1,
ba b ’ b
\V(fg) <\ f . 9 @) +\ g sup |f (),

z€[a,b]
b b
VIA<\ 7

Hence f + g,af,|f| € BV [a,b]. And since functions of bounded variation are
bounded, fg € BV [a,b] as well. O

PROPOSITION 7. If f € BV [a,b], and F is a Lipschitz function on the range
of f, then F(f) € BV [a,b].

PRroOF. Let L be the Lipschitz constant for F'. Then

b b
VFE <L\ r

O

ExaMPLE 9. If f € BV [a,b], then sin f € BV [a,b]. And if f € BV [a,b],
f>c>0, then % € BV [a, b].

Clearly, a monotone function f on [a,b] is of bounded variation with

On the other hand, we have
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THEOREM 75. If f : [a,b] — R is of bounded variation, then f is the difference
of two increasing functions.

xT
PROOF. It is easy to check that \/ f, as a function of z, is increasing on [a, b].
a

Actually for any = < y,
T Y Yy
Vi+Vr=Vr

Now define

then for any =z < y,
9(y) —g(z) =\y/f— [f (y) = f(2)]
> |;(:U) —f@)|=[fy)—f@)] =0
Hence g is also increasing. Since f (z) = \/ f — g (z), theorem follows. 0
COROLLARY 9. If [ : [a,] — R is of(;ounded variation, then

(i). The discontinuity of f is at most countable;
(ii). f is differentiable almost everywhere.
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8. Absolutely Continuous Functions

DEFINITION 41. A function f : [a,b] — R is said to be absolutely continuous
if for every e > 0, there exists 6 > 0 such that whenever (ay1,b1), -, (an,by) are
disjoint open intervals in [a,b] satisfying

n
Z (bZ — ai) < 6,
i=1

we have
n

DN 00) = f (@) <e.

And we write f € AC [a, b].
EXAMPLE 10. Lipschitz functions are absolute continuous.
THEOREM 76. AC [a,b] C BV [a,}].

PROOF. Assume f € AC [a,b]. Then there exists § > 0 such that whenever
(a1,b1),-- -, (an,by) are disjoint open intervals in [a, b] satisfying

n

Z(bl —ai) < 5,

i=1
we have

Z|f<bi> — f(a)| < 1.

Now let n be the integer part of

b—a
1
5 h
then we have =2 < §. let P = {to,t1, - ,t,} be a partition of [a,b] such that
b—a )
t,=a-+1 ,0<i < n.

Then since t; — t;_1 < 6, from the definition of total variation, we have
ti
V<t
ti—1

Hence,

So f € BV [a,}]. O
PROPOSITION 8. If f € AC [a,b], then [ is continuous.

PROPOSITION 9. If f,g € AC [a,b] and o € R, then so are f + g,af, fg and
£l

PROOF. This is similar to the proof of Proposition 6 for BV [a, b]. O

ProposiTION 10. If f € AC [a,b], and F is a Lipschitz function on the range
of f, then F (f) € AC [a,}].
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If f € L' [a,b], then
x
F(:z:):/ f)dt
a
is absolutely continuous on [a, b]. On the other hand, we have

THEOREM T77. If F € AC [a,b], then f = F' is defined a.c., and f € L' [a,b].
Moreover, for each x € [a,b], we have

F(x)z/mf(t)dt.

PROOF. Let pup be the finite Borel regular signed measure generated by func-
tion F'. Since F' is continuous, we have

pr ((2,y)) = F(y) - F (2)

for any a < x < y < b. Now we claim purp < m where m is the Lebesgue measure.
Let ¢ > 0 and § > 0 be the number in the definition of absolutely continuous
functions. For any Borel set A C (a,b) with m (A) = 0, there exists an open set
U C (a,b) such that A C U, m(U) < § and

lur (U) = pr (A)] <e.

Let U = U (a4, b;), then we have from m (U) < 4,
i=1

e (U) <3 e (0, b)) = D IF (b) = F (@) <.

Hence |ur (A)| < 2e. Since ¢ is arbitrary, we have pp (A) = 0. So we have up < m
and f = F’ is the Radon-Nikodym derivative of ur w.r.t. m. Hence f’ € L [a,b]
and for each = € [a, b], we have

F(x):/mf(t)dt.

THEOREM 78. Let f,g € AC[a,b]. Then fg € AC [a,b],
(f9) = f'g+fd

almost everywhere on [a,b] and the integration by parts formula

b b
/fwm=mm—/me
holds.
THEOREM 79. If f € AC'[a,b], then

b b
V= [ 171dm.
PROOF. Step 1:

b b
Vf§/|ﬂmn
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b
Step 2: If f' € C[a,b], then \/ f = [ || dm.

Step 3: For general f € AC [a,b], let g, € C[a,b] and g, — f' in L'. And we
define

Gule) = [ ano).
Then we have
b b b b b
Vi2V6 -V G0z [ lgddn— [ g~ flan
Let n — oo, we have
b b
\/fz/ |f'| dm.

The conclusion follows by combining step 1 and 3. O
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9. Lipschitz continuous functions

Let (X,dx), (Y,dy) be two metric spaces and A C X. f: A — Y is said to be
Lipschitz continous if there exists constant L > 0 such that for any z1,zs € A,
dy (f (21), f (w2)) < Ldx (w1,32) .
The smallest such f/,
L=Lipf
is called the Lipschitz constant of f.
It is easy to see Lipschitz continous function is continuous.

THEOREM 80 (Mcshane-Whitney). Let (X, dx) be a metric space and A C X.
Let f: A — R be Lipschitz continous with

Lip f = L.
Then there exists a Lipschitz continuous function f : X — R with Lipf =L and

il =
PROOF. It is easy to verify that
f (@) = inf (f(a) + Ldx (v,a))
satisfies all requirements. O

REMARK 28. Let

[ () = sup (f (a) — Ldx (z,a)).
acA

Then if g is a Lipschitz extension of f with Lipg = L. Then for any z € X,
frx) <g(2) < fa).

COROLLARY 10. Let (X,dx) be a metric space and A C X. Let f : A — R
be Lipschitz continuous with

Lip f = L.
Then there exists a Lipschitz continuous function f : X — R™ with Lipf < +/nL
dfl =f.
and f| =
PROOF. We can extend each component of f. O

The extra factor \/n can be dropped if X = R™.

THEOREM 81 (Kirszbraun’s theorem). Let A C R™ and f : A — R"™ be Lip-
schitz continuous. Then there exists a Lipschitz function f : R™ — R™ such that

Lip f = Lip f and f‘A = f.

Now we discuss the differentiability of Lipschitz functions. Since a Lipschitz
function f : R — R is absolutely continuous, it is differentiable a.e.. In higher
dimensional case, let’s recall the definition of differentiability: is said to be differ-
entiable at a € R™ if there exists a constant vector, denoted by D f (a) € R™, such

that
i I @)= £ (@) = Df (@) - (a— a)

r—a |$ —a‘

=0.
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THEOREM 82. Let Q) be a domain in R™ and f : Q — R be Lipschitz continuous.
Then f is differentiable a.e. in 2.

PROOF. By extending f if necessary, we can assume f : R™ — R is Lipschitz
continuous with Lip f = L.
Step 1: For any v € S"~!, the directional derivative D, f (z) is defined a.e.. Let

B={x€R™:D,f doesn’t exist at z}.
Then

B= {m ER™: liminff(x+tv) — /(@) < limsupf(x+tv) _f($>}

t—0 t—0 t

is Borel measurable since Borel measurability of both liminf;_,
flattv)—f(z)
¢

o LEt)=I@) o

limsup,_,, can be proved using the same argument as Theorem 21.
Since on each line [ parallel to v, f is absolutely continuous and hence D,, f exists a.e.
on I, so BN has Lebesgue measure zero. Fubini theorem then implies m (B) = 0.

Step 2: From step 1, Vf (z) = (ﬁ . ﬁ) is defined a.e.. Now we check

dx17 ? Oy
that for any v € S* 1,
D,f(z)=v-Vf(zx) ae.
Let ¢ € C& (R™). Since | D, f (z)| < L a.e., we have

fz+tv) - f(x)

B B e O

L et - f @) L pa—t) -

i [ t p@)do=Jim [ t f (@) da

—— [ 1@ Dwwdi=—v [ f@ve@dr=o [ V@@
Rm™ Rm™ m

:/mv-vf(x)ap(x)da:.

Hence from Lemma 7, D, f (x) =v -V f(x) a.e..
Step 3: For almost every x € R™, f is differentiable at z and D f (z) = Vf (z).
Let {v;};=, be a countable dense subset of S"~! and

A={xeR™:vVf(z) and D,, f (z) exists for every i =1,2,---}.
For any € > 0, since S"~! is compact, there exists N, such that for any v € S*71,
there exists 1 < ¢ < N such that |v; — v| < e. Given z € A, there exists § > 0, such
that for any 0 < |t] < ¢
flx+ty)— f(x
holds for 1 <i < N. For any v € S"!, let 1 <i < N be such that |v; — v| < ¢, we
have for any 0 < [t| < 4,

<e€

f(x—l—tvt)—f(@ —v-Vf(z)
< f(l‘—i—t’l);)—f(l') — v - V(@) + Lv;—v|+|Vf(2)||v; — v

<e+ Le++/mLe.
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Hence, f is differentiable at z and Df (x) = V f (x). Since A® has measure zero, f
is differentiable a.e.. O

PROOF.

LEMMA 7. If g € L}, (R™) satisfies, for any ¢ € C} (R™),
| s@e@iz=o,
Rm

then g =0 a.e. on R™.

PROOF. Let . be the standard mollifier. Then we have for any = € R™,
ge (z) =/ g()e(x—y)dy=0.

Theorem 59 implies g. — ¢ locally in L', hence g = 0 a.e. on R™.
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10. The change-of-variables theorem
Let V be an open set in R¥. A mapping 7 : V — RF is said to be differentiable
at x € V if there exists a linear mapping A : R¥ — R¥, such that
lim |T (x+h) —T (x) — Ah| _
h—0 |h|

0.

Linear mapping A can be represented by a matrix which is called Jacobian matrix

and we have oT
A= < i) =T (z).
O ) o

Its determinant is called the Jacobian and we write Jr (z) = det T” (z).

THEOREM 83. Let V be an open set in R* and T : V — RF is one-to-one and
differentiable at every point of V. Then for every measurable function f : R¥ —

[0, 00],
/T(V) fdmz/vf|JT|dm.
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11. Distribution functions and maximal functions

Let (X, u) be a o-finite positive measure. Let f : X — [0, 00] be measurable.
The function

p{f >ty =p(fe e X : f(2) > 1))
is called the distribution function of f. u {f > t} is a decreasing function and hence
it is Borel measurable.

THEOREM 84. Let ¢ : [0,00] — [0, 00] be monotone increasing, absolutely con-

tinuous on [0,T] for any T < oo and ¢ (0) =0, limy_.oc ¢ (t) = ¢ (00). Then

(11.1) /X oo fdyu = / i >ty (1) dt.
Proor. Let

E={(x,t) € X x[0,00) : f (z) > t}.

Then E is measurable. For any ¢ € [0, c0), we define
E'={re X :(x,t)€E}.
Then
pif >t} = (B =/XxE<x,t>du<x>.

So we have by applying Fubini’s theorem

/Ooou{f>t}w'(t)dt

= [T e woaw] ¢

~ [ [0 @
Since

| o ®a= [ i e @),

0 0

we have (11.1). O
A special case is when ¢ (t) = t:

COROLLARY 11. Let f: X — [0,00] be measurable. Then

/deu=/ooou{f>t}dt-

This corollary implies that any Lebesgue integral can be replaced by a Lebesgue
integral on R with Lebesgue measure.

Recall that for any locally integrable function f : R¥ — R, the maximal function
of f is defined by

1
(M) () = sup s /B il

r>0

And we show that f € L' (R¥) implies that M f belongs to weak L', i.e., tm ({|f| > t})
is a bounded function of ¢ on (0,00). On the other hand, if f € L™ (]Rk), it is easy
to see M f € L*® (Rk) In general, we have
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THEOREM 85 (Hardy-Littlewood). If 1 < p < oo and f € LP (Rk), then
Mf e L? (RF).

PrOOF. Without loss of generality, we assume f > 0. Let ¢ € (0,1) which will
be chosen later. For each ¢ € (0,00), we define

9t (%) = (@) X{f(@)>et}, Pe (@) = [ (2) = g¢ (%) = [ (%) X{f(2)<et}-
Then we have f = ¢; + hy and hy < ct. Hence ¢; € L' and hy € L. Since
Mf< Mg+ Mhy < Mg + ct,

we have

m({Mf>t}) <m({Mg > (1—c)t})
3* 3k
< (=T lgelly = (=Y /{f(w)>ct} f(x)dx.

Now

/ (Mf)pdmzp/oom({Mf > t}) Pt
RE 0

3kp > -2
x)dx | tP74d
= (I-c) /0 (/{f(x)>ct} /(@) ) ! !

f(x)

_ 3kp o p—2
7(1—6)/ka(m)dx/0 tP=dt

_ 3kp I
S (I—¢)(p—1)er! /ka (z) dz.

When ¢ = pp;l = %, the constant in the right hand side achieves minimum, and we
have

IMfll, < Cpllfl,

where .
3*p P 1
Cp = = (3"pg*)” .
’ ((1—c><p—1>cp1> (5pa")
We remark that ¢}, — 1 as p — oo and C}, — o0 as p — 1. O

REMARK 29. In general, f € L' (R¥) doesn’t imply M f € L* (R*). For exzam-
ple, f = xB,(0), then M f decays like %k at 0o, hence M f & L' (Rk)



CHAPTER 5

Hausdorff Measure

1. Introduction

Let X be a metric space. Let s > 0. Given ¢ > 0, we define for any £ C X a
set function

s . > diam A;\° > .
H: (E) = inf {Z;ws <2> :E C L_JlAi and diam A; < 5} )
Here

s
L(1+3%)
is the volume of s-dimensional unit ball where we recall the Gamma function is
defined by

Wg =

F(s):/ ts e tdt.
0

Since for each E C X, H? (F) is monotone decreasing in €, we can define a new
set function

H°(F) = 111%71; (E).
E—
THEOREM 86. H® is a metric outer measure on X.

PROOF. Step 1: H? is an outer measure. It is easy to see H® (E) € [0, o00] for
any E C X, H* (0) = 0 and monotonicity property holds. So we only need to check

countable subadditivity. Let E C |J E,. We can assume

n=1

> H(En) < .
n=1
For each € > 0,

S HE(ER) <> HE(En) < 0.
n=1 n=1

o0
Given § > 0, for each n, there exists a covering of E,, E, C |J A,,; with
i=1

diam A, ; < €, such that

s > diam A, ;\° 4
HE (En) > Zws (2> ~on-
i=1

Ixxxiii
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Then we have E C |J |J An.i, and hence

n=11i=1

Bs 33 () sEmE s L

Letting § — 0, we have
oo
<> H
n=1
Hence,

H* (E) = lim H2 (E ZHS

e—0

Step 2: Let E, F C X with dist (E, F) = ¢ > 0. Then for any 0 < ¢ < ¢, since
any set A with diam A < ¢ can’t intersect both E and F', we have

HI(EUF)=H(E)+H:(F).
Letting € — 0, we obtain

M (EUF) = H* (E) + M (F).

DEFINITION 42. H? is called the s-dimensional Hausdorff measure on X.

PROPOSITION 11. (i). H is the counting measure.
(ii). If s < t, then H® (E) < oo implies H! (E) = 0.
(iii). If s < t, then H' (E) > 0 implies H® (F) = co.

PRrOOF. (i). Trivial.
(ii) and (iii) follows from the observation that for any ¢ > 0,

H(E) < (5) e m).

Ws

O

DEFINITION 43. For any nonempty set E, the Hausdorff dimension of E is
defined by

dimy E =sup{s: H° (E) =0} =inf {s: H* (E) = oo} .

THEOREM 87. Let E C R"™.
(i). H? is rotation and translation invariant;
(it). H® (AE) = XH? (E) for any A > 0;
(iii). H* (E) =0 for any s > n.

REMARK 30. If we use only balls to cover the set E in the definition of Haus-
dorff measure, the resulting measure is called s-dimensional spherical measure S°.
It is easy to check H® < &% < 2°8%. However, H® # S° in general.
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2. Isodiametric Inequality and H" = L,,

THEOREM 88 (Isodiametric Inequality). For any A C R",

L (A) < wn (dl&mA) .

PROOF. We will use Steiner symmetrization. O

LEMMA 8. Let Q = [0,1]". For any§ > 0, there exists disjoint balls { By, (z;)};=,
such that By, (x;) C Q, r; < § and

(2.1) Ln (Q\ U B.. m)) ~o.

=1

PROOF. Choose B, (z1) C @ such that r; = min {g, 1}, Assuming {B,, (:vl)}f=1
are chosen, we define

k
Thyq = Sup {r ' By (x) C Q\ U B, (z;) for some x € Q} .
i=1

k .
And we choose By, ., (zr41) C Q\ U By, (z;) such that rp41 = min{g, Tk%}
i=1

Then since |J By, (z;) C @, we have
i=1

im
oo
E wpry <1
i=1

Especially, we have lim; .o, 7; = 0, so there exists K > 0 such that r; = %’“ for
k > K. From the definition of 7}, we have for any k > K,

k
QC U Byyory,, (@i).
i=1

Hence,
k

an (7’2- + 27’,’:_,_1)” > 1.
i=1
Now for any € > 0, we choose K. > K so that

o0
E wprl < €.

i=K.+1
Hence, for any k > K., we have

k K. k

LY wn (rit 2ri0)" =D Jwn (i 20ky0)" + D0 wn (i 2 )"
i=1 i=1 i=K.+1
K. k

= an (ri +2r%0)" + Z wn (ri + 2rf )"

i=1 1=K.+1
K. k K.

< an (ri + 2rz+1)n + Z wy (5ry)" < an (Ti + 2T,’2+1)n + 5"e.
i=1 i=K 41 i=1
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Let k — oo, we have
K.
anr? + 5% > 1,
i=1

and hence

oo K.
E Wn Ty > E wpry > 1—5".
i=1 i=1

Since € can be arbitrarily small,

anr? > 1.
i=1
Hence
e}
anri" =
i=1
and (2.1) holds. O

THEOREM 89. ‘H"™ = L}, on R".

PROOF. Step 1. For any A C R™, L,, (A) < H" (A). Fix e > 0 and let {4;}.2,
be covering of A such that diam A; < . Applying isodiametric inequality,

an (dlamA) >ZL* ) > L7 (A).

i=1

Taking infimum over all such covering, we obtain
HZ(A) = L, (A).

Letting € — 0, we have H™ (A) > L} (A4).
Step 2. For any A C R, H" (A) < ¢(n) L} (A) for some constant c(n). For
any € > 0, we have

n . > diam Q; ". > .
HZ (A) < mf{an <2> A C U Q; and diam Q; < f—:}

i=1

mf{ZL cAC UQl and dlasz<€}

¢(n) Ly, (A) .

Here the last identity is obvious when A is open, and it is true for general A since
L, is regular.

Step 3. H™(A) < L (A). We first assume A = @ is a cube. For any ¢ > 0,
from Lemma 8, there exists disjoint balls {B,, (z;)};~; such that B,, (z;) C Q,

r < % and

Ly (Q\ U B.. (:m) =0.

i=1
Hence from step 2,

i=1



2. ISODIAMETRIC INEQUALITY AND H" = L, Ixxxvii

Now,

H3 (Q) < D HG (B (2) <D wari' = Ln (Q)
i=1 i=1
Letting 6 — 0, H™ (Q) < L, (Q). For open A, H™ (A) < L,, (A) follows from cube
decomposition of A. And for general A, H™ (A) < L% (A) again follows from the
fact that L,, is regular. O

Similarly, we can prove

THEOREM 90. 8" = L} on R".



