Assignment 9 for Math 2301 Fall 2009
The due date for this assignment is Friday, November 6.

1. (a). Let (X, u) be a measure space with p (X) < co. Let 1 < p < ¢ < oo, show that
L7 () C LP () -

(Hint: Using Holder’s inequality)
(b). Construct a function f € L? (R) such that f & L? (R) for any p # 2.
Proof: (a). For any f € L?(u), we have from Holder’s inequality

P 1,2
Py = P.1d Ty )" dp) = P (X))
Jisran= [ s 1u§(/X|f| u> </Xlu) LI (2 ()% < oo,

where the Holder conjugates we used are

q 1 q
C(:—’ﬁ: = —
p 1-2 gq—p
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Hence f € LP (u). Here a good property we have proved is that

w0 s, = (o [ )

is monotone increasing in p.

(b). We define

F ) = |z\%11n(\x|) if 0<|z|<?ior |z]>e,
0 otherwise.

Then f € L? (R) and f &€ L? (R) for any p # 2.

2. Let (X, u) be a measure space and 1 < p <r < g <oo. If f € LP(u) N L (p), show
that f e L™ (u).
Proof: We first assume ¢ < oo. For any f € L" (u). Let a,, 3 > 0 be such that

avp=r2sloy,
P g

ie.,
G_Pla=r) o _alr—p)
q—p q-p
Then we have from Hélder’s inequality
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q

s dn= [ 1157 < (/X!f!pduf(/xlf\qdu) < oo,

hence f € L™ (u). If ¢ = oo, we have

" dy — PoIfITP g r—p Py
/lel " /lel I du < I /lel 4 < oo,

so we still have f € L™ (u).



3. Let (X, u) be a measure space with p(X) < oo and f € L™ (u). Show that

Jimn ([, = 111l -

Proof: First, we have |f| < ||f|| ., u-a.e.. Hence,

i1, = ( Ifl”du); <l (X5

limsup || f]l, < [|fll -

p—00

RS

And we have

On the other hand, for any € € (0, || f||.), we have

Ee={r e X :|fl(x) = [fll — €}

is measurable and p (E.) > 0. Hence

I1F1l, = (/lelj"du)li > </E |f|pdu>; > (Il = &) (E)7

and let p — oo, we have

S AL

timin 7], > 11|, — =

Since € can be arbitrarily small, we have
lim inf [ £, 2 I f ]l -

(1) and (2) imply
lim 171, = 1.



