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LOW MACH NUMBER LIMIT OF VISCOUS COMPRESSIBLE
MAGNETOHYDRODYNAMIC FLOWS*
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Abstract. The relationship between the compressible magnetohydrodynamic flows with low
Mach number and the incompressible magnetohydrodynamic flows is investigated. More precisely,
the convergence of weak solutions of the compressible isentropic viscous magnetohydrodynamic equa-
tions to the weak solutions of the incompressible viscous magnetohydrodynamic equations is proved
as the density becomes constant and the Mach number goes to zero; that is, the corresponding in-
compressible limits are justified when the spatial domain is a periodic domain, the whole space, or a
bounded domain.
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1. Introduction. Studies on magnetohydrodynamic flows always involve a choice
at the onset to describe the system entirely in the context of either incompressible
magnetohydrodynamics (MHD) or compressible MHD. For example, theoretic stud-
ies on turbulence have a particular leaning toward the incompressible model. This
preference has largely been based on the benefits and advantages of the similarity of
incompressible MHD to its hydrodynamic counterparts, and the practical considera-
tion of limited computational resources. However, when the density of a flow is no
longer invariant, the flow becomes much more complicated not only from the phys-
ical viewpoint but also from the mathematical consideration; see [3, 17, 18, 21, 22]
and the references therein. Thus, it is a natural problem to consider the relation be-
tween incompressible MHD and compressible MHD. The equations of the isentropic
compressible viscous magnetohydrodynamic flows in N spatial dimensions have the
following form [3, 21, 22]:

ot +div(pua) =0,
(1.1) (pu); +div (U @) + VH(p) = (V x H) x H + ZAT + AVdivi,
H,-Vx(uxH) =-Vx@VxH), divH=0,

where @ > 0 is the shear viscosity, X is the bulk viscosity satisfying 2p + N > 0,
and 7 > 0 is the magnetic viscosity; and p denotes the density, u € R¥ the velocity,
H < RY the magnetic field, and p(p) = ap” the pressure with constant a > 0 and
the adiabatic exponent v > 1. The symbol ® denotes the Kronecker tensor product.
The first equation in (1.1) is called the continuity equation, and the third equation in
(1.1) is called the induction equation.
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From the physics point of view, the compressible flow behaves asymptotically like
an incompressible flow when the density is almost constant, and the velocity and the
magnetic field are small, in a large time scale. More precisely, we scale p, u, and H
in the following way:

(1.2) p=p(z,et), u=-cu(z,et), H=ecH(z,et),

and we assume that the coefficients f, X, and 7 are small and scaled as

(1.3) L=¢€ley, A=€EN, VU=cr,

where £ € (0,1) is a small parameter and the normalized coefficients p., Ac, and v,
satisfy

(1.4) e — [y, Ae A, Ve — v ase — 0+,

with g > 0, 2+ NX > 0, andv > 0. Such a scaling as (1.3) ensures that the limit
system as € — 0 is not of an Euler type. Also notice that the parameter € in the front
of the magnetic field H in (1.2) can be understood as the reciprocal of Alfven number
[27]. Under those scalings, system (1.1) yields

pt +div(pu) =0,
(1.5) (pu); +div(pu ® u) — p.Au — A Vdivu + 5Vp? = (V x H) x H,
H;—Vx(uxH)=-Vx (¥.VxH), divH=0.

The existence of global weak solutions to (1.5) has been investigated in Hu and Wang
[17] (and in Hu and Wang [18] for the nonisentropic case). From the mathematical
point of view, it is reasonable to expect that, as p — 1, the first equation in (1.5)
yields the limit divu = 0, which is the incompressible condition of a fluid, and the
first two terms in the second equation of (1.5) become

u; +divlu®@u) =us+ (u-V)u.
On the other hand, the incompressible MHD equations read

u; + (u-Viu—pAu+ Vp = (V x H) x H,
(1.6) H; - Vx(uxH)=-Vx vV x H),
divu=0, divH=0.

Thus, roughly speaking, it is also reasonable to expect from the mathematical point
of view that weak solutions of (1.5) converge in certain suitable functional spaces
to the weak solutions of (1.6) as p goes to a constant such as 1 and ¢ goes to 0,
and the hydrostatic pressure p in (1.6) is the “limit” of (p? — 1)/e? in (1.5). This
paper is devoted to the rigorous justification of the convergence of that incompressible
limit (i.e., the low Mach number limit) for global weak solutions of the compressible
isentropic MHD equations.

In this paper, we shall establish the incompressible limit of (1.5) in three types
of spatial domains: the torus T (in this case, all the functions are defined on RY
and assumed to be periodic with period 27 for all directions, that is, T = [0, 27]Y),
the whole space RY, and a sufficiently smooth bounded domain € RY, N = 2, 3.
The study in the bounded smooth domain with no-slip boundary condition on the
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velocity is much harder than that in the other two cases, because in bounded domains,
there are extra difficulties arising from the appearance of the boundary layers, and
the subtle interactions between dissipative effects and wave propagation near the
boundary, and hence requires a different approach. We remark that the incompressible
limits for compressible isentropic Navier—Stokes equations have been investigated in
[25] for the whole space RY and the periodic domain using the group method, and
in [6] for a bounded domain. These results have been extended by others, such as
the authors of [2, 9, 5, 26, 34]. We also notice that in [15] convergence results were
proved for well-prepared data as long as the solution of incompressible limit is suitably
smooth. For the case of nonisentropic flows, see [12, 13] for some recent studies. For
other related studies on the incompressible limits of viscous and inviscid flows, see
[1, 4, 11, 16, 20, 19, 23, 29, 28, 31, 32] and the references in [12]. Comparing with
those works on the compressible Navier—Stokes equations, we will encounter extra
difficulties in studying the compressible MHD equations. More precisely, besides
the possible oscillation of the density, the appearance of the boundary layer, and the
interactions between dissipative effects and wave propagation, the appearance of the
magnetic field and the coupling effect between the hydrodynamic motion and the
magnetic field should also be taken into considerations with new estimates. We will
overcome all these difficulties by using the group method, Strichartz’s estimate, and
the weak convergence method to establish the convergence of weak solutions of the
compressible isentropic MHD equations (1.5) to weak solutions of the incompressible
MHD equations (1.6) as the density goes to a constant and e goes to 0 in the periodic
case and the whole space case. More precisely, we will show that, for any fixed T" > 0,
in the periodic case, the incompressible part of the velocity converges strongly to a
divergence-free vector field in L?([0, 7], L*(T)), while the gradient part of the velocity
converges weakly to zero; and in the whole space case, due to Strichartz’s estimate,
the gradient part of the velocity converges strongly to 0 in L2([0, T], L? .(RY)), while
the strong convergence of the incompressible part of the velocity holds only in the
local sense. However, this method does not apply to the case of bounded domains
because of subtle interactions between dissipative effects and wave propagation near
the boundary. Instead, we will use the spectral analysis of the semigroup generated by
the dissipative wave operator, together with Duhamel’s principle. Finally, we remark
that the incompressible flow can also be derived from the vanishing Debye length type
limit of a compressible flow with a Poisson damping. We refer the interested readers
to [7, 8.

We organize the rest of the paper as follows. In section 2, we will give the setting
of our problem and state our main results. In section 3, we discuss the convergence
of the incompressible limit in the periodic case. In section 4, we will investigate the
convergence of the incompressible limit in the whole space RY. Finally, in section 5,
we will study the convergence of the incompressible limit in the bounded domain.

2. Main results. In this section, we describe the setting of our problem and
state our main results. First, we denote by P the orthogonal projection onto incom-
pressible vector fields, i.e.,

v=Pv+Qu, with div(Pv)=0, curl(Quv) =0,

for all v € L2 Indeed, in view of results in [14], we know that the operators P and Q
are linear bounded operators in WP for all s > 0 and 1 < p < oo in the whole space
or bounded domains with smooth boundaries. Second, let us explain the notation
of weak solutions to the incompressible MHD equations as follows: Given the initial
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conditions ug € L?, Hy € L? such that divug = 0 and divHy = 0, (u, H) is a weak
solution of (1.6) satisfying
(21) u|t:0 = Uo, H|t:0 - HO)
where

u € C([0,T]; Ly ear) N L([0,T]; H()), H € C([0,T); Lieqr) N L*([0, T H ()

weak

if for all T' < 00, ¥ € C§°(Q) with divey =0, and ¢ € C§°([0,T")) we have
t t
w(O)/ ugpdz +/ w'(t)/ u - pdxdt +/ w(t)/ (w;0;05u; — pVu : Vi) dudt
Q 0 Q 0 Q

:_/Ot/ﬂgb(VxH)xH-godxdt

and
1/)(0)/QH0<pda:+/0t w’(t)/QH-tpdxdt+/0tw(t)/Q(uxH)-(V « P)dwdt
- y/otmt)/ﬂ(v < H) - (V x o)dud.

For more details as to the existence and regularity of weak solutions to the incom-
pressible MHD equations, we refer the readers to [10, 33]. Now, we can state our main
results case by case.

2.1. The periodic case. Let us begin with the periodic case. We consider a
sequence of global weak solutions (p.,u., H.) of the compressible MHD equations
(1.5) in T and assume that

pe € L¥([0, T}, LY(T)), ue € L*([0,T]; H'(T)),

pelucl? € L=([0,7); L(T)), pou. € C ([O,T];Lv_ﬁl ) ,

weak

H. € L*([0,T]; HY(T)) N C([0, T]; L2, oux(T))

weak

for all T € (0,00), where C([0,T]; L? ) denotes the functions which are continu-

weak

ous with respect to t € [0,7] with values in L? endowed with the weak topology.
We require (1.5) to hold in the sense of distributions. Finally, we prescribe initial
conditions

(2.2) Pelt=0 = Pga Pelle|i=0 = mg = pgug, H.|i=0 = Hga

where p? >0, p2 € L7(T), m2 € L*/0+D(T), m? = 0 on {p = 0}, pl|ul[* € L(T),
and HY € L*(T). Furthermore, we assume that \/p2u? and H? converge weakly in
L? to ug and Hy, respectively, and that we have

(2.3)
3 | 2P+ R o+ s [ () =2 + (= () < €.

E:(2W)*N/pgdx—>1 as € — 0,
T
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where here and hereafter C' denotes a generic positive constant independent of e.
Notice that (2.3) implies that, roughly speaking, p? is of order pz + O(g). We assume
finally that the total energy is conserved in the sense that

(2.4) E.(t)+ /OtDa(s)ds <EY ae tel0,T),

where

1 a
E. == 2 H 2 s d
€ 2A(p€|u€| +| 6| +€2(7_1)pa) €L,

D, = / (el Ducl?® + A (divu.)? + .|V x He|?) d,
Q

and

1 a
EO:— 0(,,0(2 H02 0\y d
05 [ (s P )

where €2 is equal to T in the periodic case, and later is the whole space or a bounded
domain.

We now recall the results in [17] which yield the existence of such a solution with
the above properties precisely as v > % for N = 2,3. We state the following theorem.

THEOREM 2.1 (the periodic case). Assume that {(pe, uc, He)}eso 48 a sequence
of weak solutions to the compressible MHD equations (1.5) in the periodic domain T
with initial data {(p2,ul, H?)}c50, satisfying the conditions (2.2)~(2.4) and v > &,
N = 2,3. Also assume that (u,H) € [L*([0,T); HY(T))NL>([0,T]; L*(T)))? is a weak
solution to the incompressible MHD equations (1.6) with initial data u|=o = Pug and
H|;—o = Hy. Then, for any finite number T, up to a subsequence, the global weak
solutions {(pe,ue, He)}eso converge to (u,H). More precisely, as € — 0,

pe converges to 1 in C([0,T]; L7());

2N
Pu. converges strongly to u in L2([O,T]; LP(T)) forall1 <p< N 3

Qu. converges weakly to 0 in L*([0,T); H(T));

H. converges to H strongly in L*([0,T]; L*(T)) and weakly in L*([0,T]; H*(T)),

where, for convenience, we will denote co by % if N =2 in this paper.

2.2. The whole space case. Next, we turn to the whole space case. For the
convenience of presentation, we discuss only the case when a = 1. In order to define
weak solutions in the whole space, the following special type of Orlicz spaces L1(€2)
is needed (see Appendix A in [24)):

LH(Q) = {feL,.(): fxgs<n €LUQ), FXx{fzn € LP(Q) for some n >0},

where y denotes the characteristic function of a set. We consider a sequence of weak
solutions {(pe, us, H)}eso in the whole space R with initial data {(p2, u?, H?)}~0,
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satisfying the same conditions (2.2) and (2.4) as in the periodic case. In addition, the
weak solutions {(pe, u., He)}eso satisfy the following conditions at infinity:

pe — 1, u. — 0, H.—>0 aslz|—o0

and

1 a

2.5) = Qul* + [H2]?) d 7/ )7 —yp2 —1))dz < C.
@) 5 [ (Ul ) o+ s [ (007 =l 4 (1)) o <

As pointed out in [17], one can show that, for any fixed £ > 0, there exists a global
weak solution (p., u., He) to the compressible MHD equations (1.5) defined by

pe — 1€ L>([0,T]; L3(RY)),
Vpeue € L2([0,T]; L*(RY)),
Vu. € L([0,T]; L*(RN)),

H. € L*([0,T]; H'(RY)) n L°°([0, T]; L*(RY)),
satisfying, in addition,

peu. € C([0,T]; L2/ 0D (RN,

loc

pe € C([0,T]; LT, (RY))
if 1 < p <« for all finite numbers T.

Now we are ready to state our result in the whole space as follows.

THEOREM 2.2 (the whole space case). Assume that {(pe,us, He)}eso is a se-
quence of weak solutions to the compressible MHD equations (1.5) in the whole space
RN with the initial data {(p2,ul,H?)}.s0, satisfying the conditions (2.2), (2.4),
(25) and v > &, N = 2,3. Also assume that (u,H) € [L*([0,T]; H'(RY)) N
L>([0,T); L2(RM)))? is a weak solution to the incompressible MHD equations (1.6)
with initial data uli=g = Pug and H|;—o = Hy. Then, for any finite number T, up to
a subsequence, the global weak solutions {(pe,ue, He)}eso converge to (u,H). More
precisely, as € — 0,

pe converges to 1 in C([0,T]; L7 (Q2));

2N
Pu. converges strongly to win L*([0,T]; LY (RY)) for all 1 <p < N5

2N
Qu. converges strongly to 0 in L*([0,T); LYRY)) for all 2 < ¢ < N3

H. converges to H strongly in L*([0, T]; L*(RY)) and weakly in L*([0, T]; H*(RY)).
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2.3. The bounded domain case. The third case we will address in this paper
is the incompressible limit in a bounded domain 2. For convenience of presentation,
we also discuss only the situation when ¢ = 1. In order to state precisely our main
theorem, we first introduce a geometrical condition on §2. Let us consider the following
overdetermined problem:

W _
on

A solution to (2.6) is said to be trivial if A = 0 and ¢ is a constant. We say that €2
satisfies the assumption (A) in [6] if all the solutions to (2.6) are trivial. In the two
dimensional space, it is proved that every bounded, simply connected open set (2 with
Lipschitz boundary satisfies (A).

We consider a sequence of weak solutions {(pe, u., He)}o>0 in a bounded domain
Q with initial data {(p?,u?, H?)}.~0 and boundary condition

(2.6) Ay =X\ in Q, 0 on 0, and % is constant on Jf).

(2.7) ucloo =0, Helon =0,

satisfying the same conditions (2.2) and (2.4) as in the periodic case. And the initial
data of the weak solutions {(pe, ue, He)}os0 satisfy

1 a
28) 5 [ (P + B dot s [ (7 e+ (- 1) de <
2 Ja e2(v—1) Jo
As shown in [17], for any fixed € > 0, there exists a global weak solution (p.,u., H.)
to the compressible MHD equations (1.5) defined by

pe € LOO([O,T];L'V(Q))7
V. € (0, T) LA(9),
Vu. € L*([0,T); H'()),

H. € L*([0,T); H'(Q)) N L>([0, T]; L*(%2)),
satisfying, in addition,

peu € C([0,T7; LQ’Y/('Y—H)(Q))a

p. € C([0,T); LY, (2))

loc

if 1 <p < for all finite numbers 7.

Our main result in bounded domains reads as follows.

THEOREM 2.3 (the bounded domain case). Assume that {(pe, ue, He)}eso is
a sequence of weak solutions to the compressible MHD equations (1.5) in a bounded
domain Q with initial data {(p%,u?,HY)}.~o and boundary condition (2.7), satis-
fying the conditions (2.2), (2.4), (2.8) and v > §, N = 2,3. Also assume that
(u,H) € [L2([0,T]; H*(Q)) N L*>([0,T]; L*(Q))]? is a weak solution to the incom-
pressible MHD equations (1.6) with initial data u|i—g = Pugy and H|;—9 = Hy and
boundary conditions ulgpq = 0 and H|pq = 0. Then, for any finite number T, as e goes
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to 0, the global weak solutions {(pe,ue, He)}eso converge to (u,H). More precisely,
as e — 0,

pe converges to 1 in C([0,T]; L7 (Q2));
u. converges to u weakly in L*(Q x (0,T)) and strongly if Q satisfies (A);

H. converges to H strongly in L*([0,T]; L*(Q)) and weakly in L*([0,T]; H'(Q)).

Remark 2.1. In fact, we will split the eigenvectors {U o}ren of the Laplace
equation with Neumann boundary condition into two classes: those which are not
constant on 02 will generate a boundary layer and will be quickly damped, thus
converging strongly to 0; those which are constant on 02, for which no boundary
layer forms, will remain oscillating forever and lead only to weak convergence. Hence,
if (A) is not satisfied, u. will in general converge only weakly and not strongly to
u. In particular, in the bounded, simply connected open set  C R? with Lipschitz
boundary, the boundary layer will always be generated, and hence u. will converge
strongly to zero.

3. The periodic case. In this section, we will prove Theorem 2.1.

3.1. A priori bounds and consequences. We first deduce from (2.4) and
from the conservation of mass that we have for almost all ¢ > 0

(3.1)

1

9 /T <p5|u5|2 +[H* + -1 (P2 = p=(P) ™ 4 (v — 1)(E)W)> dx

t
—|—/ / (ne|Ducl® + Ac(divue)? + v2|V x He|?) dads
o Jr

< g (MR 4 2P 5 s (0 =2 (= 0 ) de <

From (3.1) we see that p|uc|?, [Hc|?, and % (p2 — vp-(p2)" " + (v — 1)(p:)") are
bounded in L*([0, T]; L*(T)), and Du. and V x H. are bounded in L?([0, T]; L?(T)).
In particular, we see that p. is bounded in L*°([0,T]; L7(T)) for all T € (0,00) due
to the fact that, for £ small enough, pz € (3, 2) and thus, for all § > 0, there exists
some 7 > 0 such that

(32) a7+ (y=D@) —yx@) T Z e -7 i |z -l 20, x>0

As in [25] u. is bounded in L?([0,T]; H(T)) for all T € (0,00). In fact, we deduce
from Hélder’s and Poincére’s inequalities that we have for all T' € (0, co)

[ o

hence, in view of the above bound on p.|u.|?, we get

o [ o () - () | ()

2
drdt < C”pEHLm([O,T];L'Y)HDUEH%?([O)T];IQ) <C;

u: — (27r)_N/u5da:
T
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Since (2.3) implies that pY converges to 1 in measure, and hence, up to a subsequence,
in L(T), we can deduce a bound on u. in L?([0,T]; L?) by using Poincére’s inequality
again. Indeed, we have
fom
T

T T
/ /|u5|2dxdt§2/ / us—(zﬁ)—N/ude
0 T 0 T T
T
<C <1+/ /|Vu5|2dxdt> <C.
0 T

From now on, we assume that, up to a subsequence, u. converges weakly to some
u in L%([0,T); HY(T)) for all T > 0. On the other hand, the bound on H. in
L>°([0,T); L*(T)) and the bound on VH, in L?([0, T']; L?(T)), combining the Gagliardo—
Nirenberg inequality

2 2

T
dxdt +2(2m)~N / dxdt
0

1 3
hall 5 oy acmyy = 1812 o rysz2cn IV 220, 77:22(n))

imply that H. is bounded in L%3([0,T]; L*(T)), and we can also assume that H.
converges weakly to some H in L?([0,7]; H'(T)) with divH = 0. Finally, from the
induction equation in (1.5), we see that

8tH5 =V x (us X Hg) -V x (VEV X Hl)

is bounded in L%/7([0,T); H~'(T)), since u. is bounded in L?([0, T]; L*(T)), which
implies that u. x H. and v.V x H; are bounded in L¥7([0,T]; L*(T)). Then the
Aubin-Lions compactness lemma (see [24]) implies that

H. — H strongly in L%7([0,T]; L*(T)).

Moreover, this, combined with the uniform bound on H, in L*°([0, T|; L?(T)), implies
that H. converges strongly to H in L?([0, T]; L?(T)). Therefore, by a standard argu-
ment, we deduce that the limits u and H satisfy the induction equation in the sense
of distributions, and also the nonlinear term (V x H.) x H. in the second equation
of (1.5) converges to (V x H) x H in the sense of distributions.

Next, we claim that p. converges to 1 in C([0,T]; L7(T)). Indeed, in view of (3.1)
and (3.2), we have

Sup/ |p€ — ]_|’Yd£C S (57(271')]\] + CSllp </ X{‘ps—l‘z(;}'pa — Elvdfﬂ> + Clm — ]_|'Y
t>0 JT t=20 \JT

C 2
< @mN§ + Tg Ol 1),

and we conclude the claim upon first letting € go to 0 and then § go to 0.

Now, we show from the previous bounds that divu. converges weakly to 0 in
L?([0,T); L*(T)) and that Pu. converges to u = Pu strongly in L?([0,7T]; L(T)),
and thus by Sobolev imbedding in L?([0,T]; L?) for all 2 < ¢ < 2. These facts
imply that Qu. converges weakly to 0 in L?([0,7]; H'(T)). Indeed, since p. converges
to 1in C((0,00); L(T)) and v > &, we deduce from (1.5) that divu. converges weakly
to 0 in L2([0,T); L*(T)). The second part is proved by observing first that we project

(1.5) onto divergence-free vector fields:

(3.3) 0¢P(peu.) + Pldiv(peu: ® u.)] — peAPu. = P((V x H,) x H,).
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Noticing the fact that the operator P is bounded in all Sobolev space W*P for all
s € [0,00) and 1 < p < oo and the preceding bounds, (3.3) yields a bound on
OiP(peus) in LY([0,T); H-Y(T)) + L*([0,T]; LY(T)) + L3([0,T); H~*(T)) and hence
in LY([0,7); H~Y(T)). In addition, P(p-u.) is bounded in LOO([O,T];L%(T)) N
L2([0,T); L"(T)) with

1_1+N—2
Ty 2N

Next, we will need the following compactness lemma (cf. Lemma 5.1 in [24]).

LEMMA 3.1. Let gn, hy converge weakly to g, h, respectively, in LP*(0,T; LP?),
L1(0,T; L), where 1 < p1, ps < 00:

1 1 1 1

—_— _— = — —:1

b1 q1 D2 q2

Assume, in addition, that

% is bounded in  L*(0,T;W~™1)  for some m >0 independent of n

and
|hn — hn(- + &)l Lar 0,m5002) — 0 as |§] — 0 uniformly in n.

Then gphy, converges to gh in the sense of distributions in Q x (0,T).

Applying this lemma with the previous bounds, we deduce that P(pcu.) - Pu.
converges in the sense of distributions to |u|?. We then easily conclude that Pu.
converges in L2([0,T]; L*(T)) to u upon using the weak convergence of Pu. to u in
L2([0,T); L*(T)) and remarking that we have

T
/O / (IPw.? = P(peus) - Puc) dadt| < Cllpe — Uleqoryon el 2 omme

withs:%<%since7>%.
We conclude this first step by showing the following bounds valid for all R €
(1,00):

el Lo (o, ;02 < C if v >2,
(3.4) X {p. <r} I Loo (0, 73522(T)) < C i oy<2
X .z m Lo, 13L7(my) < Cev 1 if 4 <2,

where we denote the density fluctuation by ¢. = é(pa — Pz). These bounds are
deduced immediately from the following straightforward inequalities: for some v > 0
and for all x > 0,

2 —1—q@—-1)>vjz -1 if v>2,
(3.5) 2 —1—qx—-1)>vjz—-1? if y<2 and z <R,
27 —1—~(x-1)>vjz—1]" if v<2 and z>R.
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3.2. The weak convergence of Qu. The proof of the weak convergence of Qu
is similar to that in Lions and Masmoudi [25]; thus we describe only briefly the main
idea from [25]. We provide here first a formal proof of the passage to the limit, then
the main difficulty, and finally the strategy of proof used in order to circumvent that
difficulty.

We thus begin by an informal proof. It is not difficult to check that the main
difficulty with the passage to the limit lies with the term div(p.u. ® u.) and more
precisely with the term div(p:Q(u:) ® Qu.) because of the strong convergence of Pu,.
Formally, this term should not create an obstruction since in view of the continuity
equation in (1.1), we can rewrite the term 0;(p.u.)+div(p.u: ®@u.) as pOrue + p:(ue -
V)u,, which corresponds to the term d;u+ (u-V)u in incompressible MHD equations
(1.6). Next, the dangerous term [(Qu.) - V]Qu, can be incorporated in the pressure
p at the limit since Qu. = V. for some 1., and then

2
(Qu.)- ¥IQu. = ¥ |3v.

Next, we need to write down rigorously the proof of the convergence. First, we
introduce the group {£(t),t € R} defined by e'*, where L is the operator defined on
D) x (D')N, where D) = {¢ € D', [ ¢ = 0}, by

¢ divv
. L =— f .
(3.6) <U Vo or b>0
We remark that el is an isometry on each H* x (H*)Y for all s € R and for all ¢,
endowed with the norm [|(¢,v)|| = (|¢[|%- + +|v[|%-)*/?. For details, we refer the

reader to [25]. For convenience, in what follows, we will denote by £1 (£2) the first
(the second) component of the operator £, respectively.

We next claim that E(—é)(Q(pifue)) is relatively compact in L2([0,7]; H~") for

some n € (0,1). To this end, we need to prove first that (Q(ifue)) is bounded

in L*([0,T]; H~*) for some s € (0,1) and that {L (1) (g.))} is bounded in
L3([0,T); H~") for some 7 > 0 large enough. Our claim then follows from the Aubin—
Lions compactness lemma by choosing n in (s, 1).

Since we know that ¢. is bounded in L*°(]0,T]; LP), where p = min(2,7), by
Sobolev imbedding theorems, we know that . is bounded in L2([0, T|; H~*) for some
s € (0,1]. And we also deduce from the previous subsection that p.u. and thus

Q(p-u.) are bounded in L2([0,T]; LY) with

1_1 N-2
qg v 2N
Therefore, £ (—1) (Q(;’fue)) is bounded in L2([0, T]; H~*) for some s € (0, 1).
In order to get the uniform bound on 8{£ (—%) (Q(isus)) }, we project the second

equation of (1.5) into the space of gradient vector fields and find
0Q(peuc) + Q[div(psus b2 us)] — (e + Ac)Vdivu,

(3.7) F LY (67 e (- D)) +

EQ v(pE - E)
= Q[(V x H.) x H].
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Hence, we can write the first equation (1.5) and (3.7) as

&pg
at + leQ(paua) =0,
3@(,05115) o

o + bV, = ek,

where b = ay(pz)? !, and
F. =(pe + Ao)Vdivu, — Q[div(peu: ® u.)]
=9 (502 =900+ (0= D) + QU % L) < EL ).

Since b goes to a7y as € goes to 0, we will ignore the dependence of b on € hereafter.
Now, we set

0= (=2) () 0= () (qprins )
then we have
(o) =) %( i) ()}
L
S

0
F,
where F is bounded in L?([0,T]; H~'(T)) + L*([0, T] w19 1( )) for all 6 > 0 and

hence is bounded in L2([0,T]; H="(T)) for all r > & +1. Thus 2 (wi) is bounded in
L2(0, T); H"(T)).

We deduce from the compactness of (1., m.) that we may assume without loss of
generality that (¢, m.) converges in L?([0,T]; H™") to some (1), m). Since Pm. = 0,
we also have Pm = 0. Similarly, [ ¢ = 0. Hence, we have

(3.8) (Q(f:ua)> =L <£) (;}’;) tre, re—0 in L2(0,T;H™) as e— 0.

Finally, following the argument of Step 4 in section 3 in [25], one can show that
¢, m € L*([0,T); L*(T)) and div(p-u. ® u.) — div(v: ® v) converges to div(u® u) in
the sense of distributions, where v. = L5(£)(#). Moreover, following the argument of
Step 5 in section 3 in [25], we can show that div(v. ® v.) converges to a distribution
which is a gradient. Note that the magnetic field does not affect the argument of
convergence of div(psue ® u.) — div(ve ® v:) and div(ve ® v.) because the magnetic
field H does not affect the integrability of F. based on our estimates; thus we state
only those convergence results without proof. We refer the readers to [25] for details.

This finishes the proof of Theorem 2.1. |

mlw mlw

™

4. The whole space case. In this section, we prove Theorem 2.2. The idea
is taken from [5]. Before we start, we introduce homogeneous Sobolev spaces for
1 <p< ooand s € R defined as usual by

WoP(RN) = (=A)"*?LP(RY) and H*RY) =W*?(R"),

where A is the Laplace operator.
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Let us denote by ¢ € C§°(RY) a smoothing kernel such that ¢ >0, [pn ¢da =1,
and define (,(z) = a~V((x/a). The following estimate will be useful in this section

(ct. [5]):
(4.1) If = f*Callne < Ca'™ 7|V f|l2 forall feH?,

2N 1 1
q€|:2,m> and U—N(g—a),

and for 1 < py < p1 < 00, s >0, and « € (0, 1), we have

where

(42) ”g * Ca”LPl(RN) < COé_S_N(l/p2_l/p1)||g||W—5’P2(]RN)~

4.1. A priori estimates and consequences. Most of the arguments developed
in the periodic case can be adapted to the whole space case. First, we obtain bounds
on Du. in L%([0,T]; L>(RY)), on V x H. in L?([0,T]; L*(RY)), and on p.|u.|? and
% (p? + (v — 1) —ype) in L>=([0,T]; L*(RY)). The bound on u, in L2([0,T]; L*(RY))
follows from (3.5) and the following observation:

1 1
(4.3) / (_2|Ps — X{p.—11<1/2} + 5l0e — 1|”X{|p51|>1/2}) <G,
RN e &g

and thus, in particular,

/ |u5|2dx§C+/ |u€|2x{p5§1/2}dx
RN RN

1/ , 1/4'

<C+ </ X{psgl/z}d$> (/ |u€|2’Y dfC)

RN RN
< C (1+ (meas(lp. — 1] = 1/2)/7Juc |34 1 Duc 35 *)
< C (1+ 2 |uc 3 Ducf 357 |

where

0 N -2 1

—t(l-)—==—.

2t ( ) oN 29

We then complete the proof of our claim using the bound on Du. in L?([0,T]; L*(RY))
and the classical Young inequality. Moreover, if we define the density fluctuation as
pe —1

Pe = PR

then it is bounded uniformly in € in L*°([0, T]; L5) with £ = min{2,~}. Furthermore,
if we write

1 2
u. =u, +ug,
where

ul = UcX{|p.—1]<1/2y and u? = UeX{|pe—1]>1/2}>
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then we have

sup/ [ul2dz < 2sup/ pelucPds < C,
>0 JRN >0 JRY

and for p < k when N =2 p=2xk/3if N =3,

[ e ¢ [ o =1 gy P

< Cli(pe = 1)X{‘p€_1|>1/2}”i°‘7 (o, T];LN(]RN))HuEHi%/(Nﬂn)

< Ce/% |5, PN [V [BA

L2(RN) L2(RN)7
hence, by Young’s inequality, u!l is bounded in L>°([0,T]; L>(RY)) and uZe=" is
bounded in L2([0,T]; L*(RY)), where 3 € (0,1) if N =2 and 3 = 2/3 if N = 3.
Recalling that v > N/2, we deduce that u. is bounded in
L2([0,T); L' (RY) 0 L2/ O D(RY)).
Hence, we have

H(psusHLz([07T];L4/3(RN)+L2N/(N+1)(RN)) <C.

Therefore, using Sobolev’s imbedding, we deduce that
lpeuellL2 (0,77, -1 @) < C.

Finally, we already know that ¢? is bounded in L5(RY), hence in H~(R"), since
v > N/2. On the other hand, m? can be rewritten as

¢ = /e LI/ 0
€ \/@ e X{lp2—1]<1/2} \/_\/|07 P2 = xpe-1/>1/23-

This implies that m? is bounded in L?(RY) 4 L2%/(*+1)(RN) and hence in H~*(RY).
Therefore, (ﬁg) is bounded in H~}(RY) uniformly in e.

4.2. Strong convergence of Qu. to 0. We now prove that the gradient part
of the velocity Qu. converges strongly to 0. More precisely, we claim that Qu.
converges strongly to 0 in L2([0,T]; LP(RY)) for all p € (2, ]\2,N2) . Indeed, let us
first observe that the compressible MHD equations can be rewritten in terms of the

density fluctuation ., the momentum m. = p.u., and ¢. = (;’f) as follows:

L
éWﬁ-?=ﬂ+ﬁ7
where the wave operator L is defined on (D'(R™))V*+! with values in (D'(RN))N+!
by
divm . P
L¢ = th =
o= () o= (1)

and

0
F =
c (MEAu; + AcVdivul — div(m: ® ue) — 5V(pd =1 —~v(p: — 1)) + (V x He) x HE>7

F? = 0
N peAu2 + A Vdivu2 |-
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Using Duhamel’s formula, we deduce that

t b o(t—s
Qoo =c(f) st [ £(20) @ + Qras
0
Here we used the fact that @ and £ commute, since @ and L do.
At this stage, the following Strichartz estimates from [5] are useful.
LEMMA 4.1. For all s > 0, we have
t
(.4) (%) ow < CY ol ey
c L9((0,00);W =* =77 (RN))

(4.5)

[e(2)ason

for all (p,q) € (2,00) X (2,00) and o € (0,00) such that

< C(A+ D)0 Laqo,ry; -+ &™)
Le([0,T);W —s=o:P(RN))

2 1 1 N+1

2N

Now, we choose p € (2, 75), ¢ € (2,00), and o € (0,00) given by (4.6). One can

deduce that
|Qu5| < |Qu€ — Qu, * Ca| + 6|Q(u5g0€) * Cal + |Qma * Cal

Hence,

Quell 2o, rp;20mN)) < Cal_N(l/Q_l/p)||Vua||L2([o7T];L2(RN))
+ 50‘_1_N(1/2_1/p)||<Psus||L2([07T];H—1(RN))
+ [1@me * Call 20, 79; 20 &NY)-
We know that F! is bounded in L>([0,7]; H~*°) for all s > N/2 + 1 from the
estimates in the previous subsection. On the other hand, we deduce from the uniform
bound on u?=? in L2([0,T]; L?) that e #F2 is bounded in L2([0,T]; H~2(RY)).
Then, using Lemma 4.1, we obtain, for all n > 0 small enough,

|Qme * Call L2 ([0, 1); 0 (RN )
t
c <g) we

+ CTOZ_N/Q_l_U_n

S OTOé_l_U

La([0,T;W—1=P(RN))

/OTdsﬁ <t;5) QF!(s)

t —
/ dsL <t 5) QF2(s)
0 € L2([0,T];H~-2)

< Cra™ 7 [y -1 + Cra™ NP0 B e o s - - /21y

n Ca~—2-N1/2-1/p) B ||5*5F62 ||L2([07T];H*2) :

La([0,T|;W —n=N/2=1=c.p(RN))

4+ Ca~2N1/2-1/p)

Next, fixing o > 0 and letting € go to zero, we obtain

limsup [|Que|| 2o, r);2r @) < Cal=N1/2=1/p)
0

£—
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where C is independent of € and «. Noticing that 1 — N(1/2 — 1/p) > 0, we finally
get, by letting v — 0,

lim sup Quell L2 (o, 7;Lr®N)) = 0.
E—

This implies that Qu. strongly converges to 0 in L2([0,T]; LP(RY)) for all 2 < p <
=N

4.3. Strong convergences of Pu. and H.. In the previous section, we proved
the strong convergence of the gradient part of the velocity to 0. In order to complete
the proof of Theorem 2.2, we are left to show the convergence of the incompressible
part of the velocity, Pu., the convergence of the density, and the convergence of the
magnetic field. This can be done by using the classical compactness arguments in
[24, 25], or equivalently by looking at the time-regularity properties of Pu,; see [5].
Indeed, following the argument in the periodic case step by step, we obtain the strong
convergence of p. to 1 in C([0,7]; L], (RY)) and the weak convergence of Pu. to
u in L%([0,7); HY(RY)). Moreover, we also can show that Pu. converges to u in
L?([0,T); L*(Bg)) for all R € (0,0). Here, we denote by Bg the open ball centered
at 0 of radius R.

Finally, similarly as in the periodic case, the bound on H. in L ([0, T]; L?(RY)),
and the bound on VH. in L2([0,T]; L?(RY)), combining Sobolev’s inequality and
the interpolation theorem, we know that H. is bounded in L8/3([0, T]; L*(RY)), and
we can also assume that H. converges weakly to some H in L2([0,T]; H}(RY))
with divH = 0. Finally, from the induction equation in (1.5), we deduce that
OyH, is bounded in L¥7([0,T]; H~*(RY)), due to the fact that u. is bounded in
L%([0,T); LYRY)). This property, combining the Aubin-Lions compactness lemma,
implies that H. converges strongly to H in L%7([0,T]; L? .(RN)). Moreover, the
uniform bound on H. in L>([0,T]; L?(RY)) implies that H. converges strongly to
H in L?([0,7T); L}, .(RY)). Therefore, by a standard argument, we deduce that the
limits u and H satisfy the induction equation in (1.1) in the sense of distributions,
and also the nonlinear term (V x H.) x H, in the second equation of (1.5) converges
to (V x H) x H in the sense of distributions. For a detailed statement of the above
argument, we refer the readers to the argument surrounding the convergence of the
magnetic field in section 3.1.

The proof of Theorem 2.2 is complete. 0

5. The bounded domain case. In this section, we will prove Theorem 2.3 by
the spectral analysis of the semigroup [30] generated by the dissipative wave operator.
Before we start, we introduce the eigenvalues {\{ }ren (Ar,0 > 0) and the eigenvec-
tors { Wy o }tren in L%(Q) with zero mean value of the Laplace operator satisfying the

following homogeneous Neumann boundary conditions:

Wi o
on

—AU = A, oWko inQ =0 on o
Notice that, by the Gram—Schmidt orthogonalization method, it is possible to assume

that { ¥y, o }ren is an orthonormal basis of L?() and that up to a slight modification,
if Apo = A0 and k # [, then

V\Ifkﬁ . V\If[)ods =0.
1519)
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Next, we recall from the previous section that we can deduce similarly that

sup [|pe — 1|7 < Ce®7 and  sup lpe = lrro) < Ce,
>0 >0

where k = min{2,~v}. And similarly to the whole space case, we will split
_ 1 2 : 1_ 2 _
U: = U, + u., with U, = UeX|p.—1|<1/2, Uz = UeX|p.—1]>1/2>

which satisfy

sup/ [uldx < 2sup/ peluc|?de < C
Q t>0 JQ

t>0

and
HHSH%P(Q) < 2/Q lpe — 1||u€|2dx < Cg”“&”%%/(m—l)(g) = C£|Vu5|%2(9).

Therefore, u! is bounded in L*°([0, T]; L?(R2)), whereas u2e~1/2 is bounded in L?( x
(0,T)), and hence u. is bounded in L?(Q2 x (0,7)). Also, in this section, we denote
the density fluctuation by

ps_l
£

Pe =

and the momentum by m. = p.u..

5.1. Strong convergence of Pu. and H.. Following the argument in the
periodic case step by step, up to the extraction of a subsequence, we then obtain the
strong convergence of p. to 1 in C([0,T]; L7(£2)), the strong convergence of Pu. to
u= Puin L?(Q x (0,T)), and the weak convergence of Qu. to 0 in L2([0, T]; H'(2)).
Thus, the continuity equation in (1.5) holds in the sense of distributions.

Similarly to the periodic case, the bound on H. in L*([0,T]; L*(Q)), and the
bound on VH. in L?([0,7]; L*(2)), combining Sobolev’s inequality and the inter-
polation theorem, we know that H. is bounded in L3/3([0,T]; L*(£2)), and we can
also assume that H. converges weakly to some H in L?([0,7]; H'(2)) with divH =
0. Also, from the induction equation in (1.5), we deduce that d;H. is bounded
in L37([0,T); H~*(2)), due to the fact that u. is bounded in LZ2([0,T]; L*(Q)).
This property, combining the Aubin—Lions compactness lemma, implies that H. con-
verges strongly to H in L%7([0,T]; L?(Q)). Moreover, the uniform bound on H.
in L°°([0,7]; L*(2)) implies that H. converges strongly to H in L2([0,T]; L*(Q2)).
Therefore, by a standard argument, we deduce that the limits u and H satisfy the
induction equation in (1.1) in the sense of distributions, and also the nonlinear term
(V x H.) x He in the second equation of (1.5) converges to (V x H) x H in the sense
of distributions. Therefore, in order to prove Theorem 2.3, it remains only to study
the convergence of the gradient part of the velocity Qu..

5.2. The convergence of Qu.. The argument for the convergence of Qu. in
this subsection follows along the lines in [6], except for the argument for the magnetic
field. For the readers’ convenience and the completeness of the argument, we provide
the details here. For this purpose, first, we discuss the spectral problem associated
with the viscous wave operator L. in terms of eigenvalues and eigenvectors of the
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inviscid wave operator L, where the wave operators L and L. are defined on D’(2) x

D'(Q)N by
o) = (%)

v v 0
L. —L ).
(m) (m) e <u€Am + )\Elevm)

The eigenvalues and eigenvectors of L read as follows:

d)i o \I’k,o
k0 — V%o |’

mygo = + Do

and

quto = iiAkaOQS:kt,O in Qv mto ‘n = 0 on 3(2

In the following steps, the following information on the approximating eigenvalues
and eigenvectors for the operator L. is crucial.
LEMMA 5.1. Let Q be a C? bounded domain in RN and let k > 1, M > 0. Then,
+

: . : = . + _ (Yhenm
there exist approzimate eigenvalues iA;_ \, and eigenvectors ¢y \y = (mi ) of Le¢

k,e,M
such that
. +
L€¢is,M = 1/\k,s,M¢is,M + Rk,s,M’
with
Neer = Hdeo +1A5VE+O(e),  where Re(idg ;) <0,
and for all 1 < p < oo we have
IR e allze(@) < Co(WE)M TP and || gy . 0y — brollLe(e) < Co(VE)P.

Proof. For the construction in detail, we refer the readers to [6]. a
Remark 5.1. Due to the construction in [6], indeed, we have

. 1+i [ pe >
A= VU, ol° ds.
1 k,1 2 2/\i0/89| k,0| S

Remark 5.2. We notice that the first order term i)\ki)l clearly yields an instan-

taneous damping of the acoustic waves, as soon as Re(i)\ﬁl) < 0. For this reason,
we define I C N to be the set of eigenvectors ¥y o of the Léplace operator such that
Re(i)\il) < 0and J =N — 1. Observe that when k € J, we have /\il = 0. For those
indices, mkjfo identically vanishes on 02 and therefore satisfies not only mkjfo n=20
but also mio = 0 on 09; hence no significant boundary layer is created, and there is
no enhanced dissipation of energy in these layers.

Now, we can express Qu. in the terms of the orthonormal basis {

L?(Q) as

f

V\Pkyo
Ak,0 }keN o

VUio) V¥io
Qu, = Z (Qusa : > :

A A ’
et k,0 k,0
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where the notation (-, -) stands for
() gfa) = [ F@igide

We can split Qu. into two parts Qiu. and Qou., defined by

Q1u5 = Z (Qusa k,()) J and QZUE = Z (Cgus7 k,O) k>07

A A A A
oyt k,0 k,0 oyt k,0 k,0

which, respectively, correspond to damped terms and nondamped terms. We will
prove on the one hand that Qiu. converges strongly to 0 in L?(2 x (0,T)), and on
the other hand that curldiv(Qam. ® Q2u.) converges to 0 in the sense of distributions,
if J # 0, which is equivalent to saying that div(Qam. ® Q2u.) converges to a gradient
in the sense of distributions.

Let us observe that in view of the bound on u. in L?([0,T]; H}(£2)), the problem
reduces to a finite number of terms. Indeed, we have

>

k>M

Vo | C ) .
iUe, ) dtg \Y% y =1 2.

Hence, recalling that Ay — 0o as M — oo, we have to prove only that (Q;u., mio)
converges strongly to 0 in L2(0,T) for any fixed k and study the interaction of a finite
number of terms in div(Q2u: ® Q2u.). On the other hand, we notice that

Qu. = Qm, — 5Q(<Psus)

and

el(Q(peue), v\Iflc70)| =

/ weue - VU odz
Q

< elloell Ly [uel|

152 oy IV ¥koll=(),

which goes to 0 in L2(0,T) since v > N/2. Hence, we are led to study (Qm., mio).
Denoting

51@%5 = (¢€(t)a¢ki’0), with ¢a(t) _ <‘Ps>7

mg

we observe that
+ +
2(Qm67 mk7o) = ﬁk,a - ﬁlcha’

so that it suffices to consider the convergence properties of ﬁkis in L2(0,T). Also we
see from Lemma 5.1 with M = 2 that

+  + a/2
(0:(0): 00 — 0t < =7 (llpclimqoyaniy + el e ).

where
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hence we have to prove only that bia(t) = (¢e(t), ¢ki7€)2) converges strongly to 0 in
L?(0,T) when k € I and study its oscillations when k € J.
Notice that ¢.(t) = (¢e, m.) solves

(51) 8t¢a - L:¢€ - (0)7
€ 9e

where L denotes the adjoint of L. with respect to (-,-), and

(pe)? —ype + (v — 1)
52

ge = —divim, ® u.) = V { } +(VxH,) x H..

Taking the scalar product of (5.1) with (b:kt,s,Z’ we obtain

d iInE,
(5.2) Tl (t) = =R () = e (0),

where cis(b‘) = (Ge, mis,z) +e (¢, Risﬂ)'

5.2.1. The case k € I. From (5.2), by Duhamel’s principle, we deduce that
. t .
(5.3) biE. (1) = b (0) expieat/e 4 / ¢E . (s) expeea =)/ g,
0
The first term in (5.3) is estimated as follows:

bkfa(O) epr"’(i)"vivl)t/‘/E < Ccel/4,

£2(0,T)

bia(()) expi)‘kiwsv?t/a <C

£2(0,T)

In order to estimate the remaining term in (5.3), we will use the following estimate:
for any 1§p,q§oowith%+%: 1, we have
(5.4)

T—
/ expMee2(79/E g (5)ds

t -
S/ eXpRB(lAkiyl)(t—S)/ﬁ|a(s)|d8 < O||a||Lq(o,T)€ﬁ-
0 0

We now write |cf6| < c1 + ¢o + ¢3 + ¢4, where

)

c(t) = /Q(mE ®ue)(t) - me’sﬂdx

ex(t) = /Q {(,os)7 —w;s; (v— 1)] (t)divm, ,dz

cs(t) = e (¢, RE. ),

eat) = /(v x Ho) x He - Vmj_ da
Q

)

Observing that m, = ep.u. + u., we have

c1(t) < [l ol Loe @ llul + 2l 20y | Vel 220
+ 5||%||L°°([07T];LN(Q))||(Us)2||L~/<~—1>(Q)||Vmi€,2||Lw(Q)
< Cllud || oe (o2 IV Uell 2 (62) + CV/2 [ Ve |2 g + Ce? [V 12 (o).
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The second term ¢ is estimated as

ca(t) < Cllpell Lo (o.rer@) (15 e ol L) + [ Rie ol o) < C.
Also we estimate c3 by

1 —1/2k
c3(t) < g”Rl::ajHL“/(“—U(Q)H¢6||L°°([O7T];L“(Q)) < Cel/Et/en

Finally, we can estimate c4 by
ca(t) < Vg _ ol e @) 1 He |l L o, 73:L20) | VHE || 22(0) < C|VHE|22(0).-

Therefore, using the estimate (5.4) repeatedly, we can conclude that bf’s converges
strongly to 0 in L%(0, 7).

5.2.2. The case k € J. From (5.3) and the fact that /\i1 = 0, we see that
exptitkot/e bis is bounded in L?(0,7) and that its time derivative is bounded in
VELY(0,T) + LP(0,T) for some p > 1. It follows that, up to a subsequence, it
converges strongly in L2(0,7') to some element biosc.

Next, since pe(z,t) converges to 1 in C([0,T]; L7(92)) and bia(t) are uniformly
bounded in L?([0,77]), we deduce that

V¥,

bi bi v\Ijk70 ® V\I/l70 . bi bi v\Ijk70
ALo

A1) =0
k,e“l,e >\k,0 /\l,O k,e“l,e /\k,O

Pe ®

in the sense of distributions. Hence, we need only consider the terms

VU0

T ALK
ALo

k,e“l,e >\k0

® for all k,1 € J.

On the other hand, due to the strong convergence of exp*irs.ot/e bkjfE in L2([0,T))
when k € J, we can deduce that

bt bt Vo © Y0

k,e’le /\k,O /\l,O
) . . VA A\Ya'%
— eXpl(Ak’o_)\l‘O)t/s eXp_l)"‘*Ot/E bk,O eXpl)‘“)t/E bl,O )\kko,o ® /\l ;,0
i WA \A'Y
Ako—A + + k,0 1,0
N eXpl( k,0—A1,0)t/€ bk,osc(t)bl,osc(t) o & —)\l . ,

at least in the sense of distributions. Thus, we are left only to study the interaction
of terms

i A\Ya'% VA%
(55) expl(kk,o—kl,o)t/s biosc(t) i)sc(t) k,0 ® l>0.
Ak,0 ALo

We will finish the analysis of the interaction by two cases. The first case is
Ak,0 = A0 In this case, the term (5.5) is reduced to

V¥ 2 V¥,

bE o (OBE L (t .
k,OSC( ) l7osc( ) Ak,o )\l)o
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whose divergence is clearly a gradient in the sense of distributions, due to the fact
that as long as Ax,0 = A\;,0, we have

div(V¥;0 @ VU 0+ V0@ V¥ 0) = =A% o V(Pk0W10) + V(V¥io - V).

For the second case, we have A; o # A 0. Under this situation, due to the fact that
D ose(t) € L2([0,T)) as k € J, we know that by, ()bi,,.(t) € L*([0,T]) for all

k,l € J. Then, by the Riemann—Lebesgue lemma, we conclude that

T
/ exp Mo Ao)t/epE  (ppE  (Hdt — 0 ase — 0,

k,osc l,osc
0

which implies that (5.5) converges to 0 in the sense of distributions. Hence, the finite
sum, as k,l < M,

. A4 A%
div Z pgbfsbi k,0 ® ALY
kled T Ao L0

converges to a gradient in the sense of distributions. And hence

diV(pE Qou: ® Q2u€)

converges to a gradient in the sense of distributions.
This completes our proof of Theorem 2.3. a
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