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Abstract

The Cauchy problem for the three-dimensional Euler—Boltzmann equations of a
polytropic, ideal and isentropic fluid in radiation hydrodynamics is considered.
The formation of singularities in smooth solutions is studied. It is proved that
some C! solutions, regardless of the size of the initial disturbance, will develop
singularities in a finite time provided that the initial disturbance satisfies certain
conditions.
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1. Introduction

In this paper we are interested in the finite-time formation of singularities in three-dimensional
radiation hydrodynamics. Radiation hydrodynamics (cf [13, 14]) is concerned with the
propagation of thermal radiation and the effect of this radiation on the hydrodynamics
describing the fluid motion. The importance of thermal radiation in physical problems increases
as the temperature is raised. At moderate temperatures, the role of the radiation is primarily
transporting energy by radiative processes. At higher temperatures (say, millions of kelvins),
the energy and momentum densities of the radiation field may become comparable to or even
dominate the corresponding fluid quantities. In this case, the radiation field significantly affects
the dynamics of the fluid. The hydrodynamics with explicit account of radiation energy and
momentum contributions constitutes the character of radiation hydrodynamics. The theory of
radiation hydrodynamics finds a wide range of applications, including diverse astrophysical
phenomena such as waves and oscillations in stellar atmospheres and envelopes, nonlinear
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stellar pulsation, supernova explosions, stellar winds and many other areas. The mathematical
equations governing the radiation hydrodynamics are the Euler equations of compressible fluids
coupled with the Boltzmann equation of particle transport. It is very important to understand
the solutions of the Euler-Boltzmann equations in order to obtain insights into the radiation
hydrodynamics and related physical phenomena as well as applications. However, solving
the Euler-Boltzmann equations is challenging because of the complexity and mathematical
difficulty.

We use I(x, ¢, v, ) to denote the specific intensity of radiation (at time ¢) at space point
x € R3, with frequency v in adirection Q € S? (the unit sphere of R*); then the system of partial
differential equations of three-dimensional isentropic radiation hydrodynamics (cf [13, 14])
consists of the following Boltzmann equation:

191(v, Q)
c ot

o0
+f dv// (1/05(1/ S0, Q- (), Q) —a (=, Q-2 ), Q)) ae,
0 2 \V
(1.1)

+Q-VIWw,Q)=SW,p)—oc,(v, p)I(v, Q)

and the Euler equations
o+ V- (pu) =0,

1 (1.2)
pu+—=F. ) +Vp+V-(pu®u+P)=0,
¢ t

where ¢ denotes the light speed, S(v, p) = S(x, ¢, v, 2, p) denotes the rate of energy emission
due to spontaneous processes, o, (v, p) = o,(x, f, v, 2, p) denotes the absorption coefficient.
Similar to absorption, a photon can undergo scattering interactions with matter, and the
scattering interaction serves to change the photon’s characteristics v’ and €’ to a new set
of characteristics v and €2; this leads to the definition of the ‘differential scattering coefficient’
os(V —> v, Q-Q, p) =0,(x,t,V — v, Q- Q, p). In the Euler equations (1.2), p = p(x, 1)
is the density, u = u(x,t) € R3 is the velocity, p = p(p) is the pressure, F, and P, represent
the radiative flux and the radiative pressure tensor respectively defined by

o0
F,:/ dv/ QI (v, Q)dQ,
0 S2

| o (1.3)
P,:-/ dv/ Qe QI(v, Q)dR.
c Jo 2
In this paper we consider only polytropic ideal gases, namely
p = AeSp?, (1.4)

with A > 0 and entropy S = S constant, y > 1 being the adiabatic index.

There have been many results on the formation of singularities for the compressible Euler
equations. For the one-dimensional Euler equations, one can use the method of characteristics
(cf [1,3,4,7,8,10,11]). For systems with multi-dimensional space variables, the method of
characteristics has not been proved tractable. An efficient method, involving the use of averaged
quantities, was developed in [16] for hyperbolic systems of conservation laws and was further
refined in [17] for the three-dimensional Euler equations. See also [15] for the two-dimensional
Euler equation and [12, 18] for the multi-dimensional systems of conservation laws. But
there are few mathematical results on the general radiation hydrodynamical system (1.1)—(1.4)
because of their complex structure. Recently, Jiang—Zhong in [6] obtained the local existence
of C! solutions for the Cauchy problems of the general radiation hydrodynamical system, and
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showed the finite-time blowup of C' solutions under the assumption that the initial data are
large, in particular, the initial flow velocity must be supersonic in some region (cf [6, 17]).
In this paper we study the finite-time formation of singularities for the Euler—Boltzmann
system and prove that some C' solutions to the equations of radiation hydrodynamics cannot
exist for all time regardless of the size of the initial disturbance. This paper is motivated
by [17]. We will closely follow [17] to develop the proof in the context of radiation
hydrodynamics. In addition, we need to overcome the complexity from the radiation governed
by the Boltzmann equation (1.1), which requires some new ideas and new ingredients in
the proof.

The rest of this paper is organized as follows. In section 2, we reformulate the problem
and state the main result. In section 3, we prove the main result of this paper.

2. Reformulation and main result

Specifically, we consider the manifestation in the equation of transfer of the quantum
statistics (i.e. (1.1)) obeyed by photons. Since photons are bosons, both the processes of
emissions and scattering are enhanced by the number of photons already in the final state
following the interaction. This enhancement is generally referred to as resulting from ‘induced
processes’ (see., e.g., [14]). The quantitative statement of this enhancement is simply stated
as follows: if Z represents the basic probability of a photon event (emission or scattering, i.e.
S(v, p) or o,(v, p)) then, due to induced effects, the actual probability Z’ is given by (see,
e.g., [5])
Z'=Z1+n),

where n is the number of photons in the final state of the transition. In the ‘induced processes’
case (see, e.g., [9]),

2

C
=—I(v,Q

, 2l
Z'=Z(1+——),
2hv3

where £ is the Planck constant.

Another item of interest to consider here is the concept of local thermodynamics
equilibrium (LTE) (see, e.g., [2,13,14]). To see the effect of the LTE assumption on
equation (1.1), it is convenient to eliminate S, o, in (1.1) in favour of B and a(v, p) defined
by the relationships

and thus

_ c?B(v)
S, p) =a, p)B(v), %@w)=ﬂwm<l+2h3>,
v
and assume that o, = 0, where B is a function of v only, and the absorption coefficent
a(v, p) =a(x,t,v, Q, p), we assume throughout this paper that a(v, p) > 0; more comments
on B and a(v, p) can be found in remarks 2.2 and 3.1 of [6] as well as in [14]. Thus, from
the ‘induced processes’ and the LTE assumption together, S(v, p), o,(v, p) in (1.1) can be
written as
S 5 | I, Q)
(v p) = a(v, P)B) ( LT ) :

CQ%})) 2.1)

a ) = 3 1+—
0u(v, p) = a(v p)( o
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Using (2.1), we can rewrite equations (1.1) and (1.2) as
101(v, Q)

+Q-VIW, Q) =a, p)(B) — 1), 2.2)
c ot

o+ V- (pu) =0,

1 [ — 2.3)
(,ou),+Vp+V-(pu®u)=—; dv Q(a(v, p)(B(v)—I)) dQ.
0 52
We consider the Cauchy problem of (2.2) and (2.3) with the following initial data:
1(x,0,v,Q) =1, v, Q), °(x,v, Q) = B(v), |x|>R,
p(x,0) = p’(x) > 0, p’x)=p, Ix|>R, 24)
u(x,0) = u’(x), W(x) =u(=0), |x|>R,

where R > 0, p > 0 are some constant.
Let (p,u, I) be the local C! solution to the Cauchy problem (2.2)—(2.4) obtained in
Jiang—Zhong [6].

Lemma 2.1.
(1) If I°0x, v, Q) > B() for (x,v,Q) € R x R* x §%, then I(x,t,v,Q) > B(v) for
x,v, Q) eR*x R x SZandt > 0.

(2) If I°(x,v, Q) = B(v) forx -2 < 0andv € R*, then I (x,t,v,Q) = B(v) forx -Q < 0,
veRYandt > 0.

Proof. Since B is independent of x and ¢, equation (2.2) can be rewritten as
19(I — B)
c ot

An application of the method of characteristics to the above equation shows that I (x, 7, v, £2) —
B(v) has the same sign as 1°(x — cQt, v, Q) — B(v).

+Q-VUI —=B)+a(v, p)(I —B) =0.

(D) I I%x, v, Q) > B(v) for (x, v, Q) € R} x R* x 82, then I°(x — ¢Qt, v, Q) — B(v) >0,
thus 7 (x, ¢, v, Q) — B(v) > 0,i.e. I(x,t,v, Q) > B).

(@) For x - Q < 0, I°x,v,Q) = B(v), then I°(x — cQt,v,Q) — B(v) = 0 since
x —cQ) - Q = x-Q—ct|QP < 0, thus I(x,7,v,Q) — B(v) = 0, ie.
I(x,t,v,Q) = B(). O

The maximum speed of propagation of the front of a smooth disturbance is governed by
the sound speed

o = @pe)'” = (ayp ') " @.5)
since u = 0. More precisely, letting

D(t) ={x e R®: |x| > R+ot},
we have the following property:

Proposition 2.1 (Finite propagation speed). If (1, p, u) isa C U solution of (2.2)—(2.4), then
I, p,u)=(BW),p,0)onD(t),0 <t <T forany fixed T > 0.

The proof of this proposition can be found in [6, proposition 3.1].
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Now, we define the functions

m(t) = v/ﬂ@(ﬁ(x, 1) —p)dx,

1 o —
K(t):/x-,oudx+—2 dxf dv/x-SZ(I—B)dQ.
R3 Cc” JR3 0 2

As in theorem 2.1 below, singularities in C! solutions in three-dimensional radiation
hydrodynamics are developed in a finite time if the initial data are large. The proof of
theorem 2.1 is omitted since it is the same as that in [6, theorem 3.1] for general nonisentropic
radiation hydrodynamical system.

Theorem 2.1. Let (I, p, u) be a C' solution of (2.2)~(2.4) for 0 <t < T. If
1°(x,v,Q) > B(v), m(0) = 0, (2.6)

167 4 0 1 * 0o_Tp
K@) > TO‘R max o (x) + — max dv { (I"—B)dQ), 2.7
x cx Jo 52

then the life span T is finite.

Remark 2.1. To show one way in which (2.6) and (2.7) can be satisfied, we take the initial
conditions as

P’ =7, =B,
Then m(0) = 0, and (2.7) holds if

16
/ x-ul(x)dx > —naR4.
RS 3

Comparing both sides, we find that the initial flow velocity must be supersonic in some
region [17].

Our main result is theorem 2.2 below, which establishes the finite-time formation of
singularities without any condition of largeness on the initial data such as (2.7). Let us define
the functions

) = / ™ (%] = P2(0°() — B) d,
|x|>r

q'(r) = / x| (x* = r)x - p%(0)u’ (x) dx.
|x|>r

Theorem 2.2 (Main result). Suppose that for some Ry withQ < Ry < R,

q°(r) > 0, q'(r) >0, (2.8)
for Ry < r < R; and for (x,v, Q) € R} x R* x §?,
I°Cx,v,Q) > B(v), andinaddition, I°Cx,v,Q)=B() if x-Q<0. (2.9)

Then the life span T of the C' solution of (2.2)—~(2.4) is finite.
Remark 2.2. Define

1 o0 —
q*(r, 1) = -/ / dv | 1x|2(x> =rHx-Qa, p)(I — B)dQ2dx.
C Jixi>r Jo s2
Condition (2.9) on the initial data of I and lemma 2.1 imply
q*(r,1) =0, (2.10)
since I — B is supported on x - © > 0.

In what follows, all generic constants will be denoted by C which may depend on the
fixed constants R and Ry, but is independent of the initial data.
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3. Proof of the main result: theorem 2.2

In this section, we prove our main result in theorem 2.2. For the sake of clarity, we begin with
the case y = 2, and later we will indicate what modifications are necessary for the general
case. The proof will be divided into three steps as in the three lemmas below.

For a C! solution (I, p, u), we know that p — p is supported in B(t) = {x e R? : |x| <
R + ot} by proposition 2.1. So, we can define

P(r,t) =/ wx,r)(plx,t) —p)dx, r>0, 3.1
|x|>r
where
wx,r) = |x|7' (x| — )%
Lemma 3.1.
r+o(t—t)
P(r,t) = P°(r, 1) + —f / G(y, r)dydr, (3.2)
r—o(t—rt)
where
1 1 r+ot
P(r, 1) = 3 (qo(r +ot)+q°(r —ot) + — / q'(y) dy> , (3.3)
0 Jr—ot
o= [ 2l (p-F -0t -p) dx. (3.4)
|x|>r

Proof. By direct computation, we have, using the first equation of (2.3),

0 0
EP(F’ 1) = /|x>rw(x, r)E(p(x, t) —p)dx
:-/ wx,r)V - pu(x,t)dx
|x|>r

:/ Vo(x,r) - pu(x,t)dx,
|x|>r

since pu is supported in B(¢) and w(x, r) = 0 when |x| = r. Thus, P(r, 1) is C%int, and we
can differentiate it again using (2.3):

& P = \Y 9 d
ﬁ (r, t)_/|x>r a)(x,r)~—(,0u)(x,t) X

dw 0 _
=—Z/ (,ouu)dx—/ Vw-V(p—Pp)dx
|x|>r 8xt 8-xj |x|>r

+ -/ / dv/ Vo - Qa(v, p)(I — B))dQ2dx,
C Jix|>r Jo S2
where p = p(p). Now since

Vo(x,r) = x| (x> = r)x,
which vanishes on {x : [x| = r}, and since pu;u; and p — p have compact support, we
integrate by parts again to obtain

—P(r 1) = Z/”N T, puilLj dx+/x|>r Aw-(p—p)dx

-[ / dv/ Vo-Qaw, p)(I —B)dQdx  (3.5)
|x|>r S?
= 1Li(r,t)+ Ly(r, t) + I3(r, t).
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’w
0x; 0x;

2 2 2 2 _ 2 2
|x|>r |)C|3 |)C| |x|>r |X|3 |X|

2 2
X —r
+f M P dr >0,
|x|>r

A simple computation of shows that

|x]?
since (ﬁ cu)? < Jul?.
According to (2.10), we have I3(r, 1) > 0.
For the second term I, since

Ao(x,r) =2[x|"" = @, (x, ),
82
L, 1) = / 2P =P =5 | 0@ n(p-pdr,
|x|>r [x|>r
because w and w, vanish on {x : |x| = r}. Combination of (3.5)—(3.7) gives
” 2 & P(r,t) = G(r, 1)
5 — 0 — r, = r, )
ot? or?
where
92 5 92 ~
G(rt) = 32 /|x>rw(x, N(p-P—0’(p—p) dx= mG(n 1).

We may also write

G(.1) = /| 2™ (p = B — oo — 7)) d.

(3.6)

(3.7)

(3.8)

3.9)

Tnversion of the one-dimensional d’Alembertian [ = 25 — 6222 in (3.8) forr > Ry +ot

. ar? ar?
yields

1 t r+o(t—t)
P(r,t) = P°(r, z)+—/ / OP(y, t)dydr
20 0 r

—o(t—1)

1 t r+o(t—t)
> Po(r, 1) + - / / G(y, 7)dydr.
o Jo Jr

—0o(1—1)
The proof of lemma 3.1 is complete.

Now let
t oT+R
F(1) =/ (t—1) r'P(r, ) drdz.
0 oT+Ry
Lemma 3.2.
p ot s (ot+R\\ '
F'(t)2C—=((ct+R)’In R F()*, t >Ry,
0
F"(t) > By(ot + R)~!, t>0,
’ 1 ot+ R
F'(t) 20 "Bypln 2 , t >0,
) ot+ R
F(t) > Co “By(oct + R)In R , t > Ry,
where

1 R
Ry = ——(R — Ro), By = / q°(r)dr.
20 R

0

(3.10)

@3.11)

(3.12)

(3.13)

(3.14)
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Proof. Since F(¢) is C?, we have, from (3.2),

ot+R
F'(t) = / r'P(r 1) dr

t+Ro
ot+R ot+R r+o(t—1)
2/ rpo (r, t)dr+— 71/ / G(y,)dydrdr
ot+Ry ot+Ry r—o(t—1)
=Ji+ . (3.15)

By our hypotheses (2.8), qo(r) >0and ¢'(r) > 0on Ry < r < R. Hence, we see from (3.3)
that

ot+R ot+R
27, > / ¢°(r —ot)dr > (o1 + R)™! f q°(r —ot)dr = By(ot+R)™! > 0.
oz+R0 ot+Ry
(3.16)
To bound J, from below, we note that
p=P—0’(p—p) = A (0> =7 =2p(p —p)) = Ae’(p — )* > 0. (3.17)
It follows from (3.4) that
G@r,t) >0
In order to estimate J, from below, we write it as
t—R,; oT+R y+o (t—1)
J=— f G(y, 1) r~ldrdydr
0 oT+Ry ot+Ro
1 t 20t—0T+Ry y+o(t—1)
—/ / G(y, 1) r~'drdydr
Ry Jot+Ry ot+Ry
t oT+R y+o (t—1)
—/ / Gy, 1) r~'drdydr
Ry J20t—01+Ry y—o(t—1)

=J) +J}+ 5.
In J) we have

y+o (t—1)
/ r_ldr2(y+0(t—r))_1(y—0t—R0)

t+Ry

> (ot +R)'(y —ot — Ro)
t—
C(ot+R)”~ 1( - >(y—ar—R0)2
Co(ot+R) 2t —1)(y — o1 — Rp)>.
In J; we have

y+o (t—71)
/ rldr > Cot+R)'(y —ot — Ry)
o

t+Ry
> Co(ot+R) 2t —1)(y —0T — Rp)?

and in J23 we have

y+o (t—71)
/ r7ldr > 20t(y+0(t — 1))
y

y—o (t—71)
>Co(ot+R) 't —1)
> Co(ot+R) 2t —1)(y — o1 — Ry)>.
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From the above estimates, it follows that
oT+R
> C(ot+R)™ 2/ / (t —1)(y — o1 — Rp)*G(y, t)dydr,
oT+Ry

for t > R;. Returning to (3.9), and noting that é(y, 7) vanishes for y > o7 + R, we can
integrate by parts to obtain

t oT+R -
J > C(ot + R)—Z/ / (t—1)G(y, 7)dydr
0 o

T+Ry

0,2 t oT+R
> C(at+R)*ZT/ (t—r)/ / w(p —p)*dxdydr.  (3.18)
P Jo o [x|>y

T+Ry

Denoting this last integral by J3 and using Schwarz’s inequality, we find

oT+R
F2(t) < Js (/ (t—r)/ / ‘ a)(x,y)dxdydr). (3.19)
01:+Ro y<l|x|<ot+R

Letting J4 denote the integral in (3.19), we have the following estimate:

oT+R oT+R
J4—/ (r—r)/ —24n/ xl(x] — ) dix| dy dr

T+Ry

oT+R
< cf (t — 1) y 2ot +R)(oT+R —y)Ydydr
0

oT+Ry

t oT+R t
c/ (t—r)(0t+R)/ y2dydr < c/ (t—1)oT+R)'dr
0 o 0

T+Ro

) ot+ R
<Co “(ct+R)In R .

Combining the above estimates and (3.15), we obtain

. ot 3 ot+ R - 2
F'(t) 2C— | (6t+R)’In R F=(1), t 2 Ry,
P

since J; > 0. On the other hand, since J, > 0, (3.15) and (3.16) yield the estimates
F"(t) > By(ot + R)7!, t >0,

, 1 ot+R
F'(t) 207 Bygln A , t >0,

) ot+ R
F({t) > Co “By(ot+R)In R , t > Ry,

since F(0) = F’(0) = 0. The proof of lemma 3.2 is complete. O

We now use lemma 3.2 to prove the finite-time blowup of C! solutions.

Lemma 3.3. The life span of the C' solution is bounded above by
C
— exp(Coz/Bé),
o

for some constant C > 0.
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Proof. Indeed, if we let s = ot and f(s) = %F(t), then we have f(O) = f’(O) =0, and

~y 3 s+R\\ ' ~5 1
F'(s)>2C|(s+R)’In F=(s), s > E(R — Ry) = ky, (3.20)
s
~, B() s+ R
F(s)}Cfln< ) s >0, (3.21)
g N
= By -1
F'(s) > —(G+R) ", s >0, (3.22)
0
~ By s+ R
F(s)2C—(s+R)In , s > kj. (3.23)
g s

First, substitution of the lower bound in (3.23) into (3.20) yields

= B(% -1 s+R
F'(s)>C—=(s+R)"'In , s 2 ki,
D s

which leads to the improvement

~ B? s+R\T
F(s) 2C==(s+R)|In , s > ky =2R > kj. (3.24)
0 s

By (3.20) and interpolation with (3.24), we obtain
F'(s) 2 n®)F(s), s>k,

where

B? s+ R
pis) =C=2(s+R)? ln( ) )
0 s

By (3.21), F' (s) = 0, so we can multiply the above inequality by F ’(s) and integrate from k;
to s’, for any k; < k3 < s, to obtain

v

F?(s) 2 F?(ks) + f e (P) ds.

k3

Using integration by parts, we get

’

F2(s") = F2(k3) + (s F2(s") — ju(ks) F2(k3) — / W) s ds. (3.25)

k3
It is easy to check that //(sl< 0 for s > ky, so the last term in (3.25) can be discarded. Since
by (3.22), F”(s) > 0, and F(0) = 0 we can deduce that

F(ks) < ksF'(ks).
Choose k3 so that k3 (k3) > 1, i.e.

C—2
ky =0 (exp (B—pz» , as By — 0. (3.26)

0
Then, from (3.25),
F2(s') = F2(ks) + (k3 k) ™" () F2(s") — pa(ks) F2(k3))
,U/(S,) =2,
—F .
Butky )

!/ I R
f(s) >C(s/+k)_21n<s+ )
TS R

=

Since
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we have
~ s'+ R\\'? ~
F'(s"h > C(s'+R)! <ln( R )) F(s"), s' > ks.
Integrating this inequality, we obtain
F LR\
n ~(S) >C<ln<s )) , s = ks.
F(k3) ks + R
So,ifs > ks = Ckg, we have,
F + R
In ~(s) 281n<s )
F(k3) R
which by (3.24) leads to
~ B?
F(s) > C=2(s+ R, s > ky. (3.27)
0
Thus, combining (3.20) and (3.27) we have
~ By ~
F'(s)> C=FPs)., s>k
17
This inequality implies that, after integration as before,
~ By ~ ~
F2(s) > C=(F*1(s) — F*1(ks)).
0
Using the convexity of F (s),
~ ~ ~ —k
Fs) = F'ka)(s — ka) = Flks) (“‘ - “).
4
Soif s > ks = 3k4, we obtain
F2(s) = FP(ks) = 1F(s).
Hence,
- Bo\ 2 -
Fls)=C (é) F4(s), s > ks.
I3
A final integration from ks to 7', shows
1 Bo 172
—>=C <T> T. (3.28)
FV/A(ks) P

Therefore, the local existence time 7T is finite.

We have assumed, of course, that T > ks. If T < k5 = Ck%, we see from (3.26) that
T < exp (CB—ﬁ;>, as By — 0. On the other hand, for T > ks, (3.28) holds, and using (3.27) we
0

see that

B\ /2 C 1/4
(%) =< (gmm) -
0 ks(Bo/p)

ie. C% exp(Cﬁz/Bé) < 1. As By — 0, this is impossible. Thus

T < exp(Cp?/B}) = ks
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when By is small. Hence, the life span of the C' solution is bounded above by
C
— exp(Caz/Bg).
o
The proof of lemma 3.3 is complete. ]

For the general case, y > 1, the adjustment is needed in (3.17) which now becomes
p=P—0"(p—p) = A’ (0" —=p" —yp" (0 = D)) = A’V (p, D). (3.29)
Since p” is convex, then

V(p.p)=p" =7 =y’ (p—D) >0,
for p # p. However, by Taylor’s theorem one has

W(p.p) = Coly. P)(p — D),
for0 < p < 2p, and some positive constant Cy(y, p). On the other hand, there exists a positive
constant Cy(y) such that

V(p,p) = Ci(y)(p—p) for p > 2p.

Therefore, there exists a positive constant C(y, p) such that

V(p,p) = Cly, p)Py(p = P),

where ®,, is a nonnegative convex function given by

(p—p?% 0<p<2p,
(b=, p=2p.

Finally, Jensen’s inequality should be used instead of Schwarz’s inequality in (3.19). The
rest of the details should then follow accordingly, and the resulting differential inequality still
has a finite life span. However, the upper bound for the local existence time 7' will be different
from the one which we have obtained for the case y = 2.

The proof of theorem 2.2 is complete.

%m—m={
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