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EVOLUTION OF DISCONTINUITY AND FORMATION OF
TRIPLE-SHOCK PATTERN IN SOLUTIONS TO A
TWO-DIMENSIONAL HYPERBOLIC SYSTEM OF CONSERVATION
LAWS*
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Abstract. The evolution of discontinuity and formation of triple-shock pattern in solutions to a
two-dimensional hyperbolic system of conservation laws are studied. When the initial discontinuity
is a convex curve, it is discovered that the structure of the global solution changes dramatically
around a critical time: After the critical time, a triple-shock pattern forms, while, before the critical
time, only two shocks are developed. The envelope surface of intersections and the evolution of
discontinuity are analyzed by developing new ideas and approaches. The global structure of the
entropy solution is presented.
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1. Introduction. We are interested in the global structure and the evolution
of discontinuity of solutions to multidimensional hyperbolic systems of conservation
laws. It is well known that the formation of singularities in solutions causes a major
difficulty in solving hyperbolic systems of conservation laws (cf. [1, 9, 10]). The one-
dimensional hyperbolic systems of conservation laws have been understood relatively
well (cf. [6, 2, 5, 7] and the references therein), while the analysis of multidimensional
systems is challenging and requires new techniques. One of the essential difficulties
for general multidimensional problems is that we do not have enough knowledge on
the structure of solutions to identify the function spaces for the solutions. In this
paper, we study the Cauchy problem of the following two-dimensional system:

ug + (u?)z + (uv)y, =0,

(1.1) vr -+ (u0)s + (17), = O,
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with initial data

U, v — (u_,v_) ify— d)(x) <0,
(1.2) (, v)le=0 {(U+,U+) if y — ¢(z) >0,

where the initial discontinuity y — ¢(x) = 0 is a smooth curve that divides the z —y
plane into two parts with constant states (us,vy). System (1.1) arises in magneto-
hydrodynamics, elasticity theory, and oil recovery (cf. [14]). There have been many
studies on system (1.1) from various aspects; see [3, 8, 11, 12, 13, 15, 16] and the refer-
ences cited therein. Our study in this paper is to construct explicitly a global solution
U = (u,v) of (1.1)-(1.2) and to investigate the evolution of discontinuity and the
formation of triple-shock pattern. If initial discontinuity y = ¢(x) is a straight line,
this Cauchy problem can be reduced to a one-dimensional Riemann problem, and the
solution is self-similar. When the initial discontinuity y = ¢(z) is a curve, we have a
truly two-dimensional problem that is not self-similar: The solution is not self-similar,
the two-dimensional elementary waves are not self-similar, and the intermediate states
cannot be constant. We are interested in the case where y = ¢(x) is a curve, and
thus new ideas will be developed to construct intermediate state Uy, = (um, vpm), as
well as the discontinuity surfaces connecting left state U_ = (u_,v_), intermediate
state Uy, = (tm, U ), and right state Uy = (ug, v4) . For the self-similar solutions of
two-dimensional Riemann problems, see [17] and the references therein.

We first identify the characteristic planes such that the intermediate state is
constant on each characteristic plane. The constants are different on different charac-
teristic planes. Then we need to find one discontinuity surface that connects the left
state with the intermediate state, and the other discontinuity surface that connects
the intermediate state with the right state. For Cauchy problem (1.1)-(1.2), we see
that the discontinuity surface connecting the left state and the intermediate state is
a contact discontinuity. As for the discontinuity surface connecting the intermedi-
ate state and the right state, if the initial discontinuity curve y = ¢(x) is concave
down, i.e., ¢"(x) < 0, the characteristic planes do not intersect, and this disconti-
nuity surface is a single shock, as shown in [15, 16]. When the initial discontinuity
curve y = ¢(x) is convex, i.e., ¢’(x) > 0, the characteristic planes intersect, which
makes the problem more complicated. In this case, we need to study the envelope
of the intersection points of the characteristic planes, especially the shape and the
cusp of the envelope. Then we explore the possible discontinuity surfaces connecting
the intermediate state and the right state. We find that there exists a critical time
such that, before the critical time, only two shocks are developed; however, after the
critical time, the triple-shock pattern forms. Therefore, the structure of the solution
changes dramatically around the critical time. A numerical result by Chou and Shu
[4] also shows the same phenomenon as illustrated in Figures 6-7 below. The analysis
will be carried out to prove the evolution of the discontinuity, and the global structure
of the entropy solution will be provided explicitly. We remark that many problems
are still open in this direction such as the global structure of solutions in the case of
multicusps of envelope, rarefaction waves, closed curve of initial discontinuity, as well
as the generalization to the original Euler equations. Our preliminary analysis shows
that these cases are much more complicated.

The rest of the paper is organized as follows. In section 2, we state our main
results. In section 3, we provide some basic properties of system (1.1), including the
jump conditions, entropy conditions, characteristic planes, intermediate states, and
elementary waves. In section 4, we study the envelope surface, the cusp, and its shape.
In section 5, we study the inner shock surface developed in the region bounded by the
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Uy

FiG. 1. Initial discontinuity.

FiG. 3. Triple-shock pattern after the critical time.

envelope. In section 6, we show that, before the critical time, the discontinuity surface
connecting the intermediate state and the right state consists of two shocks. In section
7, we study the interaction of the inner shock discussed in section 5 and the shocks ana-
lyzed in section 6. Finally, in section 8, we study the formation of triple-shock pattern.

2. Main results. In this section, we state our main results. Consider the case
where initial discontinuity curve y = ¢(x) is convex, i.e., ¢"(x) > 0 for all z € R.
In this case, we will see later that the characteristic planes intersect. We will study
envelope surface II of the intersections, as well as cusp curve pp,.. We will prove that
the discontinuity surface connecting left state U_ = (u_,v_) with intermediate state
U = (Um,vm) is a contact discontinuity, while the discontinuity connecting interme-
diate state (U, v, ) with right state Uy = (uq, vy is completely different before and
after a critical time T > 0. Before critical time 7', there are two shocks S and Ss;
after time T, a triple-shock pattern forms with two shocks S, S3, and an additional
inner shock S* inside the region bounded by two branches IIy, IIs of the envelope.

Figures 1-3 show the evolution of initial discontinuity y = ¢(x): At t = 0, the
discontinuity is a convex curve y = ¢(z), as in Figure 1; for 0 < ¢ < T, there are two
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Sy,

*

xT

Fic. 4. A global solution with triple-shock pattern in space and time.

shocks S7 and S and a contact discontinuity C', as in Figure 2; for ¢ > T, besides the

contact discontinuity C' and two shocks 57 and Sy, the third shock S* develops, and

the triple-shock pattern forms at triple point B, as in Figure 3 (also see Figure 4).
Denote

no(2) = —¢'@u- +oo,  nyp(@) =~ (@uy + oy

Then the main result of this paper is as follows.

THEOREM 2.1. For Cauchy problem (1.1)—(1.2), assume that J = usv_—u_vy #
0 and function ¢ € C3(R) satisfies the following conditions:

(i) ¢"(z) >0 and n_(x) > ny(x) >0 on R;

(ii) there exist some 2° € R such that n_(2°) < 2n (20);

(iii) G(z) = n_(z)¢" (z) + 3u_(¢"(z))> has a unique zero point z* € R and

G'(z*) < 0;

(iv) H(x) := uyu_¢'(x) — (2upv— —u_vy) has a unique zero point ** € R.

Then

(a) there exist characteristic planes such that intermediate state Up, = (uUm,
Um,) s constant on each characteristic plane;
(b) the discontinuity surface connecting left state U_ = (u—,v_) with intermedi-

ate state Uy, = (U, Um) 48 a contact discontinuity;

(c) there exists a critical time T > 0 such that the discontinuity surface con-
necting intermediate state Uy, = (U, vm) with right state Uy = (uy,vy) is
completely different before and after time T. Before critical time T, there are
only two shocks S1 and Ss, while after critical time T, a triple-shock pattern
forms which consists of three shocks Sy, Sa, and additional inner shock S*
inside the region bounded by two branches 11y, lls of the envelope surface 11
of intersections of characteristic planes.

We remark that the following example

(2.1) o) =e", u_>uy >0, v_>vp >0, u_vy >2uyv_,

satisfies the conditions of Theorem 2.1. The global structure and evolution of dis-
continuity in space and time is sketched in Figure 4, where point B is a triple point
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F1G. 5. Envelope 11 := I1; UIl> in space and time.

with triple shocks S7, 52, 5* and triangle surface BPT is the additional inner shock
surface developed after critical time T'. Figure 5 shows the envelope surface I and its
two branches II; and Ils.

The numerical computations by Chou and Shu [4] also show the results in Theorem
2.1. Take

() =e", (u—,v-) = (200,2), (ut,v4) = (10,1),

which satisfies (2.1). The numeral pictures in Figures 6-7 show the contour curves
of v (similar for u) at ¢ = 1 and ¢ = 5, respectively. Figure 6 shows the contact
discontinuity on the left and two shocks on the right splitting into two sections as
in Figure 2, and it seems that t = 1 is close to the critical time. Figure 7 shows
the contact discontinuity on the left and the triple-shock pattern on the right. In
Figures 6-7, it seems that the contact discontinuity terminates at a finite point, but
this happens only because the value of v is too small after that point to appear in
the figures due to the choice of ¢(x). We also note that the scales in Figures 6-7 are
different, and the triple shock in Figure 7 occurs where both = and y are quite big.
The rest of the paper is devoted to the proof of Theorem 2.1.

3. Basic properties of system (1.1). We rewrite system (1.1) as

o R el g A

and set
2u 0 vou
A._L} u] B._[O 2@]

In a direction (a, 3) (with a? + 32 = 1), the roots of det(A\] — oA — 3B) = 0 are the
eigenvalues of system (3.1), equivalently (1.1),

MNP = aut o = (wv) - (.8), AP =2(au+ Bv) = 2(u,0) - (o, §),
and the corresponding right eigenvectors are

r1 = (8, —a), ro = (u,v).
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Fic. 6. The solution structure before the critical time.
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FiG. 7. Triple-shock pattern after the critical time.

We notice the linear degeneracy of the first characteristic field:
VAL -1 =0,
while the second characteristic field satisfies
Vg - re = 2(au + (o).
3.1. Two-dimensional Rankine-Hugoniot conditions. Let us assume that

S(x,y,t) = 0 is a surface of discontinuity of a solution to system (1.1) and (u,v;)
and (u,,v,) are the values on the side S(z,y,t) < 0 and the side S(z,y,t) > 0,
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respectively. Then the Rankine-Hugoniot conditions are

(3.2) [u] Sy + [u?]Sy + [wv]S, =0,

' [0] St + [uv] Sy + [v2]S, =0,
where [w] = w, — w; denotes the jump of function w across discontinuity surface
S =0.

LEMMA 3.1. Rankine—Hugoniot condition (3.2) holds if and only if

(3'3) Sy + upSy +’UlSy =0,
[u] Sz + [v]Sy =0,
or
5.4 {i*t t(il +u)S, + (v + v,)S, =0,
v vt

This can be seen as follows: If (3.2) holds, then

(3 5) St + (ul + UT)SI + 'UlSy urSy -0
: U, Sy St +w Sy + (v +vr)Sy| [v]|

Since ([u], [v]) # (0,0), the matrix in (3.5) is singular, that is,
(St + (ug + ur) Sy +viSy) (St + WSy + (v +vy)Sy) — w0, SzSy =0,
which yields
S +w Sz +uSy =0
or
St + (w + up) Sy + (v + v,)Sy = 0.

The second equation in (3.3) or (3.4) follows from the first equation and (3.2). It is
easy to check that (3.2) holds if (3.3) or (3.4) holds.

3.2. Contact discontinuities, shocks, and entropy conditions. Denote the
normal vector on the 2 — y plane of the discontinuity curve S(z,y,t) = 0, with ¢ fixed
by

(52, Sy)
\/S:+ S

and the eigenvalues along the normal direction by

n =

A=) o= WS e = UrSe Sy
In = l,'Ul) n= ’ 1n_(uravr) n = ,

VSt Sy /52 + 52
A = HwSe us,y) v _ 2urSe +0,8,)
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At any point (x(t),y(t),t) on discontinuity surface S(z,y,t) = 0, the discontinuity
propagates with velocity (2/(t),y’(t)) on the & — y plane. The propagation speed in
the normal direction is denoted by

S
NGRS
using Sy’ (t) + Syy'(t) + 5S¢ = 0.

DEFINITION 3.1. Discontinuity surface S = 0 is called a k-shock (k =1 or 2),
denoted by S, if (3.4) and the following entropy conditions hold:

V= (' (t),y' () n = -

(36) Zn < Vrf < )‘gwm )‘l(kfl)n < V; < )\szrl)n'

Discontinuity surface S = 0 is called a k-contact discontinuity, denoted by C, if (3.3)
holds and Ny, =V, = AL .

3.3. Connection between (u_,v_) and intermediate state (U, Vm).
Denote the intermediate state between left state (u_,v_) and right state (u4,v)
by (tUm, Um).

LEMMA 3.2. The two-dimensional discontinuity surface connecting (u—,v_) and
intermediate state (Um,vm) must be a 1-contact discontinuity.

Proof. Suppose that the discontinuity surface connecting (u_,v_) with interme-
diate state (um,vm) is S1(z,y,t) = 0, which would be a two-dimensional 1-shock.
According to Lemma 3.1 and Definition 3.1, Sy (z,y, ) must satisfy either

(3 7) St +u_S1z + U_Sly = Oa
' U_S1g +v-S1y = UmS1z + VmS1y,

or

S1t + (’sz + Um)Slac + (’U, + ’Um)Sly =0,

(3.8) - v | 0.
Um  Um
and (3.6). From (3.6), we have
(3.9) U—S1z + v_S1y + S1t > 0> upSiz + vmS1y + S1e
and
(3.10) Qi S1o + 20mShy + S1¢ > 0.

By (3.9), one has

U—S1z +v-S1y > UmSiz + VmS1y-
Thus, S1(z,y,t) satisfies (3.8) instead of (3.7), i.e.,
(3.11) St + (u- + um)S1z + (V- + vm)S1y = 0.
From (3.9) and (3.11), we have

u_S14 + U751y + S1 > St + (u7 + Um)Slw + (Uf + Um)Sly
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and
Sit + (U= + um)S1z + (V= + vm)S1y > UmSie + VmS1y + S1t,
which yield
U_S12 +Fv-51y > 0> U, S12 + U S1y-
Hence, we have

2um S1e + 20mS1y + 51t = Um Stz + vmS1y + S1t + (Um Stz + UmS1y)
< Um51z + Umsly + Slt < 07

which contradicts with (3.10). Therefore, S; must be a 1-contact discontinuity. O
LEMMA 3.3 (contact discontinuity). Contact discontinuity surface S(x,y,t) =0
connecting (u_,v_) with intermediate state (U, vy) is given by the equation

(3.12) y—v_t—¢(x—u_t)=0.

Proof. According to Lemma 3.1, contact discontinuity surface S(z,y,t) = 0 sat-
isfies

St +u_Sy +v_5,=0

and
S(z,y,0) =y — o(x).
This implies
(3.13) S(z,y,t) =y —v_t —¢d(x —u_t) =0,

which is the equation of the surface of contact discontinuity. d
Contact discontinuity surface (3.12) is a cylindrical surface, and

r=x9+u_t,
(3.14) y = $lxo) +v_t,
t=t,

is its generator corresponding to xg € R, with parameter ¢ > 0. We call (3.14) an
To-generator.

Remark 3.1. Contact discontinuity surface (3.13) should also satisfy the second
equation in (3.3), i.e.,

(3.15) UrSg + 0pSy = u_Sy +v_Sy,

where (u,,v,) is the value of (u,v) on the intermediate side of contact discontinuity
S(z,y,t) =0 and will be determined in the next subsection.
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3.4. Construction of (u,,v,) and intermediate state (um,vn,). From

Definition 3.1 and Lemma 3.1, we see that intermediate state (up,,v,,) must sat-
isfy that == = Z—i on the interface connecting (um,,vy) and (ug,vy). Thus, it is

natural to construct intermediate state (U, v,y,) satisfying

Um U4
3.16 Rl
(3.16) o e
which also implies that

Uy Uy
3.17 — =
(3.17) PR,

Here we recall that (u.., v,.) is the value of (uy,, v, ) on contact discontinuity S(x,y,t) =
y—v_t — ¢(x —u_t) = 0 and should satisfy (3.15). We note that, from (3.17),

UpSy + 0,8y = uy (Sw + ”—*Sy) = U (uy S, +veSy),
U+ U+

which, together with (3.15), yields
u_Sy +v_8y _vg u_Sy +v_8y

Up = U Vp = —Up =V

+U+Sm+11+5y7 U4 +U+Sm+U+Sy'

Since any point (x,y,t) on contact discontinuity S(z,y,t) = 0 must be also on the
certain xg-generator in (3.14) for some g € R, we see that

(3.18) Sy =—¢'(x —u_t) = —¢'(z0), Sy=1.

Thus, on zg-generator (3.14), (u,, v,) is constant given by

(3.19) ur = utN(z9), vr =v4N(x0),
where
N(z):= n,(x)7 ne(x) = —¢'(x)us + vi.
n(z)

We now construct intermediate state (tm, V). For (um,vm), by (3.16), system
(1.1) reduces to the scalar equation

(3.20) (e + (12,)s + (ium) 0,

with characteristic direction

(2um,2v—+um, 1) = (2upm, 20, 1).
Uy

Along this characteristic direction, u,, and thus v, are constant. On the character-
istics starting from xo-generator (3.14),

(3.21) Um = Up = s N(20), Um = v = v N(20).

Thus, all the characteristics start from the zg-generator form a semicharacteris-
tic plane corresponding to xg, called an zg-plane, which is determined by point
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(2o, p(x0),0) and two vectors (u—,v_,1) and (2u,, 2v,,1) = (2uy N(xg), 2v4 N(x0), 1)
starting at (zg, ¢(z0),0). On the xo-plane, both u,, and v,, are constants which de-
pend on o as in (3.21). When (z,¢(z0),0) continuously moves along initial dis-
continuity curve y — ¢(z) = 0, we obtain a family of such x¢-planes. Intermediate
state

(s vm) = (s N (20), 03 N(20)) = (s N — u_t), v4 Nz — u_t))

given in (3.21) is a smooth solution of system (1.1).
For any point (x,y,t) on the xo-plane, we note that three vectors

(Qf—llo,y—qb(li()),t), (2U+N($Q),2U+N(ZIIO),1), (u_,v_,l),

are all on the same zp-plane, thus

r—xo y—¢(xo) t
(3.22) F(z,y,t,z0) := det |2uy N(zg) 2v4N(xzo) 1| =0.
U_ v_ 1

The simple calculations show that

F(z,y,t,x0) =(x —u_t — x0) (204 N(xo) — v_)

(328) (g~ vt — B{ao)) (2us N(wo) — u_)
and
(3.24)
Faoet,20) = 205 9 (04 o =t = ) =y = -t = o) — -z,
ny(To
where

L Uy V4
J :=det L_ v_] #0.

Equation (3.22) is the equation of the characteristic plane corresponding to zg € R.

3.5. Connection between (uy,,vm) and (uy,vy). We have the following
lemma about this connection between (tup,, ) and (uy,vy).

LEMMA 3.4. If n_ > ny on R, then the elementary wave connecting (U, Vpm)
and (u4,vy) is a 2-shock.

Proof. The elementary wave connecting (tm,, V) and (u4,vy) is a 2-wave. An
argument similar to that in Lemma 3.2 shows that it must be a 2-shock. We omit the
details of the proof. O

3.6. The case of ¢” < 0. In the case of ¢ < 0, the characteristic planes do
not intersect; zo = zo(x,y,t) can be defined globally as an implicit function in the
region y — v_t — ¢(x — u—t) > 0 through (3.22). The connection between (um,, Um)
and (u4,vy) is a single shock, while the connection between (u—_,v_) and (tm, vy ) is
contact discontinuity (3.13). We record the following proposition from [16].

PROPOSITION 3.1 (see [16]). If ¢" < 0 and n— > ny > 0 on R, then the global
solution of (1.1)—(1.2) is the following:

(u, v)(2, y, 1)
(u—,v_) ify—v_t—¢(r—u_t) <0,

= ¢ (uy N(z0),v4N(20)) ify—v_t—d(xz—u_t)>0 and S(z,y,t) <O,
(ug,v

U+, +) Zf S(l’,y,t) >0,
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F1a. 8. Global structure of solution when ¢ (z) < 0 in space and time.

where xo = xo(x,y,t) is the global implicit function satisfying F(x,y,t,29) = 0 and

S(z,y,t) is the function satisfying
S’({Eh’y,O) =Yy—- ¢($)

Remark 3.2. In Proposition 3.1, y — v_t — ¢(x — u_t) = 0 is the two-dimensional
l-contact discontinuity, (u4+N(2o),v+N(20)) = (Um,vm) is the intermediate state,
and S(z,y,t) = 0 is a two-dimensional shock with the following parametric form:

r=xz(8,1), y=vy(B1), t=t,

where 8 € (—o00,00), t >0, (z(8,t),y(8,t)) is the unique solution of following ordi-
nary differential equations:

{st + (u N (o) + )8 + (04 N () +v4)S, =0,

4% = uyp N(zo) + uy,

4y — y, N(zo) + vy,

dt
$|t:0 = 67
y|t:0 = ¢(5)'

Figure 8 sketches the global structure of the solution in Proposition 3.1. The
triangle planes are the characteristic planes with no intersections in this case.

4. Envelope surface. When ¢” > 0, characteristic planes F(z,y,t,z9) = 0
intersect, as illustrated in Figure 9. Thus, we need to study the envelope of the
intersection points of the characteristic planes.

4.1. Equations for the envelope surface. We recall that the equation of the
characteristic plane associated with point (xo, ¢(xo),0), or the xo-plane, is

(4.1) F(z,y,t,z0) = 0.
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(@0, (), 0)

Fic. 9. Characteristic planes intersect.

The envelope surface II of intersection is determined by the following equations:

F t =
(42) (xaya 7x0) 07
F10 (ZE, Y, t, ZC()) = 0;

which become, after plugging in functions F' in (3.23) and F,, in (3.24),

(4.3)

(2UJZN(330) —v_)(Z — x0) — (2u+N(z0) — u—)(y — ¢(20)) =0,
21%((3;0)) (v4+(Z — o) — w4 (¥ — ¢(0))) — n—(z0) =0,

where
T:=x—u_t, y:=y—v_t.
Taking xo as a parameter, then (4.3) gives a unique solution for (Z, §):

( ) jj:j}(ﬂfo) :3}0+%’7{w(f)0)(—u4_u_¢//(3}0)+2u+1}_ —U_U+),
4.4

7 = §i(w0) = ¢(w0) + "S5 (upv- — 2u_vy)e (o) + vyv).

Then we obtain the equations for the envelope surface in the parametric form:

x=u_t+ z(xo),
“5) {y =v_t+g(zo0),

13

where 9 and t are parameters. We note that, taking ¢ = 0 in (4.5), we obtain the
equation in the parametric form for the intersection curve of the envelope surface with

the plane t = 0:

(16) {y — o),
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which solves uniquely the following equations:

{F($,y,0,$0) = 07

4.7
( ) Fwo(x7y707x0):0'

We note that envelope surface (4.5) is generated from curve (4.6) as its directrix and
(u—,v_,1) as the direction of its generator. Therefore, the shape of curve (4.6) yields
the shape of the envelope surface. The cusp of the envelope surface is also the straight
line which is parallel to direction (u_,v_,1).

4.2. Equations for the cusp. In order to analyze the shape of the envelope,
it requires us to determine the cusp, which is governed by the following equations:

F(x,y,t,xo) = 0)
(48) Fwo (xa Y, t? CEO) = 07
Fpouo(z,y,t,20) = 0.

If we directly calculate Fy 4, (2,9,t, zo) from the definition of F, the formula is very
complicated. Instead, we now find an equivalent equation of Fy ., (z,y,t,20) = 0.
Denote

Q(z,y,t,20) := 2J¢" (20) (v4(x — u—t — 20) — uy(y — v_t — $(w0))) —n—(z0)n% (z0).
Then
(49) Q(x7y7t7x0) = ni_(xo)Fwo.
We see that equation F, = 0 is equivalent to Q(z¢) = 0. Moreover,
Quy = (ni(xo))ﬂﬁoFﬂﬁo + n?i-(xo)Ffofo = TL%_ (xO)FIOIO'

Since Fy, =0, then Fy 5, = 0 is equivalent to equation @),, = 0. Using F,, = 0, we
can calculate ()5, to obtain

n? (zo)

¢I/(x0)

Obviously, equation @z, = 0 is equivalent to

(4.10) Qzy = (n—(z0)¢" (o) + 3u_¢" (0)*) .

G(z0) :=n_(20)¢" (x0) + 3u_¢" (20)* = 0.
Thus, cusp equations (4.8) are equivalent to

F(ﬂj, yvta Z‘O) = 07
(411) Ffo(xvyatvxo) :07
G(xo) =0.

Since we assume that G(zg) = 0 has a unique solution zy = z*, then, after
substituting xo = «* into (4.11), we obtain the equations for single cusp pp,:

F(x, y7 t, Z‘*) = 0,
on(x,y,t,x*) = 0;
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which are equivalent to the following equations:

x=u_t+ z(z*)

=u_t+z*+ %ﬁl&%) (—usu_¢"(z*) + 2usv_ —u_vy),
(4.12)
y=v-t+y(x")

=v_t+¢(z*) + %ﬁl&(%) (¢ (x*)(uyv_ —2u_vy) +viv_).

4.3. Shape of the envelope surface. In order to investigate the shape of
envelope surface (4.2), we need to analyze the shape of its directrix (4.6):

z = Z(wo), y = y(x0),

which is a curve on the x — y plane, with zy as a parameter. We now use parametric
equation (4.6) to compute the first and second derivatives of directrix curve y = y(x):

()
@ _ gwo d2_y _ ‘fmo o
dr — Z., d’x Ty

It requires us to find first the two derivatives Z,, and g,,. We note that z = Z(xg)
and y = y(zo) satisty (4.7), which is equivalent to the following equations by (4.9):

F(ﬂj, Y, 07 330) = 0)
4.13
( ) {Q('xvya va()) =0.

Recall that

F(z,y,0,70) = (* — 20) (204 N(w0) —v-) — (y — ¢(w0)) (2us N(w0) —u-_),
Q(z,y,0,20) = 2J¢" (0) (v4 (2 — 20) — us (y — d(20))) — n—(20)n3 (20).

Substituting * = Z(zo), y = y(ro) in (4.13) and then taking the derivatives with
respect to xg in the resulting equations, we obtain

dF

W = (204 N(wo) — v_) Tzy — Quyr N(x0) — u—)Ysy + Fro(2,9,0,20) = 0,
d 0

%’o’%) — 278" (0) (04Tay — UsGong) + Qu (9, 0, 0) = 0.

Since Fy,(z,y,0,20) = 0 from (4.7), we have the following equations for Z,, and y,:
(204 N(20) — v_)Tay — (2us N(20) — 1) =0,
ViTay = Ut Yzy = _meo (,y,0, o),

which have the unique solution

= _ 1
(4.14) Tyog = —m(%ﬂv(xo) — u—)Qz,(,y,0,70),

Yzo = —m@uN(wo) = v-)Qu, (2,9, 0, 0).
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Then
dy Yz,  204:N(z0) —v_
4.1 —_ = = —-————
(4.15) dr Ty, 2uiN(zo) —u_’
and
Go\  (20sN(@o)—v_\ 224" (w0)
Tro ) o, ~ \2uy N(z0) —u_ 20 "~ (2ugN(mo) — u_)?n2 (z0)’
which gives
g
2y (zo)z _ 4T4(¢" (20))?
(416) d$2 jwo (2U+N(x0) - u,)3ni (xO)Qwo (CE, Y, 07 CE())
_ 4% (¢" (20))?
(2uy N (o) — u—)3n4 (20)G(z0)
Denote
204 N(xo) —v_
= M =2us N —u_.
k(ﬂfg) 2U+N($0) —u_ ) (ZI:()) U (3:0) U
Then
2J2¢”(x0)
kmo = >0
n? (20)(2u4+ N(zo) — u-)?
and
/!
M,, = M £0,
n? (zo)

which show that k is strictly increasing and M is strictly monotone in xy. Note that

H (zo)

n4 (o)’

1

n+(zo)

M (xo) = (—upu—¢'(wo) + (RQuiv_ —u_vy)) = —

where H(xo) = usu_¢' (o) — (2usv_ —u_vy ). Since we assume that H(x) has unique
zero point x**, then M (zo) has unique zero point z**.

LEMMA 4.1. limg, -4 k(zo) = Foo.

Proof. We know that

M(z™) =2us N(x™) —u_ = 0.
We first show that 2** is not a zero point of 2v; N () — v—. Otherwise, if
204 N(x™) —v_ =0,
then

Uy V4
Uu_ v_

J: :0’

which is a contradiction. Thus, 2v4 N(z**) —v_ # 0. From the definition of k(zo),
we see that k(zg) — oo or —oo as 9 — x**. Suppose that k(zy) — —oo as x9 —
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EES

x**—. Since k(zg) is increasing in g, then k(xg) = —oo for all o < z**, which is
impossible. Thus, k(z¢) — oo as kg — x**—, which implies that k(xzg) — —oco as zg —
T+ O

LEMMA 4.2. (xg — 2™ )M (x0) < 0 for any xo # x**.

Proof. We first notice that

(2u4 N (z9) — u—, 204 N(x0) —v-) - (—¢'(20), 1)
= —¢'(v0) M (x0) + (2v4+-N(20) — v-) = 2n4 (20) N (20) — n—(20) = n—(79) >0

for any xo € R. Then, from M (z**) = 0, we have
20N (™) —v_ =n_(z™) > 0.

From the continuity of 2v4 N(z¢) — v— and k(xo) near xo < x**, there is an interval
I = (z** — §,2**) for some § > 0 such that, for any x¢ € I,

204 N(xg) —v_ >0, E(xg) >0,
and then
M (o) = 2uy N(xo) —u_ > 0.

Since M (zp) has unique zero point z**, then M (zg) > 0 for any z¢ < z**. Similarly,
we conclude that M (z¢) < 0 for any xg > x**. O
Recall that z* and «** are the unique zero of the functions

G(z0) = n—(20)¢"" (x0) + 3u—(¢" (20))*

and M (zg) = 2ugN(zg) — u_, respectively. Without loss of generality, we assume
x* < ™. Since G'(z*) < 0, then G(xg) > 0 for zy < z* and G(zg) < 0 for xg > x*.
Thus, if xg € (—o0, 2*), then M (xg) > 0, G(xo) > 0, and

d’y 474 (¢" (0))*

Y __ <0;
dxz? n4 (zo) M3(z0)G(xo)
if g € (*,2**), then M(xg) > 0, G(xg) < 0, and
2 4 YN 3
Py_ AP @)

dz? — nl(wo) M3(20)G(20)
and if zg € (z**, +00), then M (z9) < 0, G(zo) < 0, and

d’y 474 (¢" (0))*

@2~ (w0) M (z0)Glag) ~

Hence, the graph of envelope surface x = Z(z¢), y = y(zo) looks like Figure 5. A
shock surface inside the envelope surface, called an inner shock surface, will appear,
which will be discussed in section 5.

5. Estimate of the inner shock surface. Let

(5.1) S*(x,y,t) =y —v_t —y(x —u_t)
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be shock surface S* that is generated by the interaction between the two parts of
intermediate states

(u4N(zi), v4-N (), i=1,2,

where z1 = z1(z,y,t) is the unique global implicit function determined by
(5.2)
(2ueN(z1) —v-)(x — 21 —u—t) — QusN(z1) —u_)(y — ¢(x1) —v_t) =0,
QuiN(z1) —u_)(x — 21 —u_t) + (v N(z1) —v_)(y — P(x1) —v_1) > 0,
r; < ¥,

~—

and z9 = xo(x,y,t) is the unique global implicit function determined by

(5.3)
(2v4N(z2) —v_)(x — 22 —u—_t) — 2usN(z2) —u_)(y — ¢(x2) —v_t) =0,
(2uiN(z2) —u_)(x — 29 —u_t) + (2L N(z2) —v_)(y — P(x2) —v_t) > 0,
T > ¥

The reason why we can set inner shock surface S* as form (5.1) is that all the con-
tour surfaces of (uyN(z;),v+N(x;)), ¢ = 1,2, are the planes parallel to direction
(u—,v_,1). Thus, S* has the generator parallel to (u_,v_, 1) and passes through the
cusp of envelope surface II. The cusp itself is also a ray parallel to (u_,v_,1) and
passes through starting point P* : (z,,y,) at t =0, i.e.,

Yp = 7(Tp),

where (z,,,%,) is the unique solution of

(54) {F(xpaypaovx*) 0)

Fyo(zp, yp,0,2%) = 0.
Note that
Si=-v_++(@-uthu_, S;=-9(r—-ut), S5=1
Then, jump condition for shock S* is as follows:
S; +ugp (N(z1) + N(22))S; + v+ (N(21) + N(22))S, =0
becomes

(5.5) {—v_ +9(x —u_t)hu_ —u W' (x —u_t) + vy W =0,

Y(Tp) = Yp,

where W = N(z1) + N(x2). Let & = — u_t. Then y —v_t = y(«) on S*. The first
equations in (5.2)—(5.3) become

(2upN(z;) —v_)(o — ;) — Quy N(x;) —u_)(v(a) — ¢(x;)) = 0, 1=1,2.
Therefore, x; can be considered as a function of a and («):

x; = zi(a,y(a)).
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Then (5.5) can be rewritten as the following Cauchy problem:
/ _ vy W—v_
(56) ,-y (Oé) u+W—u_ )
V(@p) = Yp-
Once we solve y(a) from (5.6), then
Sy, t) =y —v-t—y(a) =y —v_t —y(r —u-t)

is the shock surface generated by the interaction between the two intermediate states.

Denote by €2 the region bounded by two branches II; (for zy < z*) and Iy (for
xg > x*) of envelope surface II, where II; and IIy are governed by the following
equations:

x=u_t+ z(xo), x =u_t+ z(xo),
I gy = vt + y(zo), I+ §y = vt + (o),
xo < x¥, o > ¥,

where Z(xg) and g(zo) are given in (4.4) and z¢o =  — u_t. We now prove that shock
surface S* lies inside region 2, that is, S* cannot escape region ().

Suppose that S* would escape 2. Without loss of generality, assume that S*
would intersect ITy. Since both II; and S* are the surfaces with generators parallel to
vector (u_,v_,1), we can write the equation of II; in the form

y—ov_t=IL(zx—u_t), x—u_t<z’.
Then, the intersection of S* and II; is determined by the equations
—v_t=~y(z—u_t),
(57) y —v-t =z —u-t)
y—v_t=1(z —u_t).

Let @« = & — u_t. Since y(«) and II; (o) are different functions, the first point of the
intersection of S* and II; yields that there exists some o* such that y(a*) = II; (a*)
and, for any o between o* and z,, one has

V(o) #1i(a), ie, (o) >IL(a).

Then
: — 1L (a)
(o) — 1T (a*) = 1 A/(O‘) 1 <0
7(e) () = lim ———rD—" <0,
ie.,
(5.8) 7' () < I (o).

From (5.6), we have

V(") =
and from (4.15), we get

~ 2vyN(x1) —v_
© 2u N(zy) —u_’
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where 1,z satisfy x1 < ¥ < x5. For fixed z1, let

v (N (1) + N(z0)) —v—
uy (N(z1) + N(zo)) —u—’

I(ﬁo) =

Then

J2N (20)¢" (o)

(up (N(21) + N(20)) —u_)? > 0.

I'(x) =

Thus, I(z2) > I(x1), ie.,
V'(@%) = I(xg) > I(x1) =0 (),

which contradicts with (5.8). Therefore, S* can not escape Q.

6. Shock surfaces connecting U, with Uy in short time. By (3.4), shock
surface S(z,y,t) = 0 connecting Uy, = (U, Um ), wWith Uy = (u4,v4+) in short time
satisfies

St + (um +u4)Se + (vm + v4)5y, =0, S(z,y,0) =y — é(x),
where (U, Vm) = (uy N(z;),v4:N(x;)), i = 1,2, and

x1 = z1(x,y,t) < z¥, xo = xa(x,y,t) > ¥,

are determined by (5.2) and (5.3), respectively. We denote the two branches of shock
surface S(z,y,t) = 0 by S; and Ss. Equation S(z,y,t) = 0 can be also expressed by
the parametric form as

x = x(/g)t)7
y=y(B,1),
t=t,

where 8 € R, t > 0 and z(0,t), y(5,t) are the unique solutions of the following Cauchy
problem:

9 = usN(zi) +uy,
d
Y =vyN(x;) + vy,

$|t:0 :67

Yli=o0 = ().

When time increases, shock S = S U S, will intersect with inner shock S*, which will
be discussed in section 7.

7. Interaction between inner shock S* and shock S. Recall that the equa-
tion of inner shock surface S* is

S*ry—v_t=~(x—u_t),

where v(x) is the solution determined by Cauchy problem (5.6). Shock surface
S(z,y,t) = 0 connecting intermediate state U, with right state Uy is discussed in
section 6. In this section, we prove that S must intersect with S*.



TRIPLE-SHOCK PATTERN 21

We first prove that surface X:
(7.1) Y(z,y,t) ==y — 2vst — p(x — 2uyt) =0,

will intersect with S*. If we prove that every generator of S* intersects with X, then
> must intersect with S*. The following easy lemma will be useful.
LEMMA 7.1. If there exists some 2° € R such that (x,y) satisfies

y—¢(a) = ¢ (2°)(z — 2°) <0,

with ¢"” > 0, then (x,y) also satisfies y — ¢p(x) < 0.

Proof. Condition y — ¢(2°) — ¢/(2°)(z — 2") < 0 implies that point (z,y) lies
below the tangent line of the graph of function ¢(z) at * = z°. Since ¢ is convex,
then its tangent line always lies below the graph of ¢(x). Thus, point (z,y) lies below
the graph, that is, y < ¢(x). 0

Express the arbitrary generator of S* as

‘- T=u_t+q,
|y =v-t+ (),

with parameters ¢ > 0 and « > z*. When ¢ = 0, the starting point of £ is («a, y(«))

that is located in the region of y — ¢(x) > 0. Note that, for some x°,

n_(a°) < 2n4(2°),
that is,
—¢' (2°)(u— — 2uy) + (v— —2v4) < 0.

Thus, if ¢ is large enough, one has

(v(@) + vt —2v1t) — p(2”) — ¢/ (2°) (o + u_t — 2uyt — 2°)

— (n-(2°) — 204 (")t + (1) — B(=°) — ¢ (@) + &/ (2°)a”) < 0.
According to Lemma 7.1, we have

Y(a) +v_t —2v4t — dp(a + u_t — 2ust) <0,

which means that, if ¢ is large enough, point (o +u_t,v(«) +v_t) on generator ¢ will
be on the side of X(z,y,t) <0, i.e.,

y—2v4t — d(x — 2ust) <O0.

Thus, there must be a point on ¢ which is also on X, that is, ¢ intersects with 3.
Along direction (u4,vy,0), the slope of the curve of S with projection parallel to

{is
vy dy
\Jud +od dt

N(wo) + 1) + ————0v (N (x0) + 1)

/.2 2
uy + vy

Ut

/.2 2
uy + vy
U4

S
\Jud + ol

= /ud +v3(N(zo) +1)

> 24 Jud + v .

do
dt
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However, the slope of the curve on ¥ with projection parallel to £ is

U v / U dx v d
74_-2114_4—74_'2114.:2 u%r+v-2‘r< + d_+ + d_y
\Jud + o7 \Jud ot Jud oz @ 2 g2 @

Thus, S is located in the region of X (z,y,t) > 0, i.e., S is in the region of

y —2vqt — ¢z — 2uqt) >0,

which means that all points (x,y,t) with X(z,y,t) < 0 satisfy S(x,y,t) <O0.

Notice that starting point (o,7v(«)) of ¢ is in region S(z,y,t) > 0. Since we
have proved that, if ¢ is big enough, there exists a point (2/,y’,t) on £ such that
S(a',y',t) < 0, then this point (2/,y',t) is also in the area where ¢ intersects with
S(z,y,t) = 0. Since ¢ is an arbitrary generator of inner shock surface S* and the
above procedure and results are true for all generators, then S* must intersect with
S(z,y,t) =0.

8. Formation of triple-shock pattern. Recall that inner shock surface S*,
starting from the cusp curve with the following equation:

8.1
| x): u_t+Z(r*) =u_t+a*+ %W(—Mu,d’(x*) + 2uqpv_ —u_vy),
y=v t+g@*) = vt + o) + "5t (¢ () (usvo — 2u_vy) +vpv),
is governed by
S*:ry—v_t=7(x—u_t).
Thus, y = y(«) is the directrix of S*, and {u_,v_, 1} is the direction of the generators
o SF;rom (5.6), the slope of the tangent line of directrix y = y(«) is

v W —wv_
V(@) = ———

u W —u_’

where W = N(z1) + N(x2) and x;, i = 1,2, can be expressed as functions of .
Therefore, the direction vector of the tangent line is

Ti=(us W —u_, o4 W —v_,0).
On the other hand, shock surface S is governed by following parametric equations:
(82) x:x(ﬁat)v y:y(ﬂat)a

where 8 € (—o0,00), t > 0, and x(f,t),y(B,t) are the solutions of the following
Cauchy problem:

% = uyN(xo) + uy,
(83) (;—g; = U+N($0) + V4,

(@,9)le=0 = (8, (B))-
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Since

dy  uy

de vy’
then, for any given fixed 3, curve (8.2) is the curve on S whose projection is the
straight line that is parallel to vector

0 := (uy,vy,0).
Now

7x6=(0,0,J).
In addition, the direction of the characteristic line that connects with singular point
(Z(27),y(z7)) is

7:= (2us N(z") —u_,204 N(z*) —v_,0)

and then

i7x 6= (0,0,.J).
Since, along the normal direction of curve y — ¢(x) = 0,

(=¢'(2),1) - (ug,vy) = ny(z) >0,

then 6 = (uy,vy,0) always points to the side of y — ¢(z) > 0. Thus, there are two
cases of the triple-shock pattern depending on the sign of J.
Case 1. If

Uy V4
U— V-

J = >0,

then inner shock S* intersects with So. Here S5 is the shock surface between the part
of intermediate states (uq N(x2),v4N(z2)) and (u,v4) and can be expressed in the
parametric form:

(8.4) Sy : x = z(8,1), y =1y(0,1), B>z, t>0,

where xz(8,t) and y(5,t) are given in Remark 3.2 as well as in (8.2) and (8.3) and
x9 = x2(x,y,t) is given in (5.3). The intersection point of cusp (8.1) and Sy is

Ql = (53($*) + U_Tl, g(ZII*) + ’U_Tl, Tl)

for some time 77 > 0. Let I'5 be the intersection curve of S* and S>. Note that @Q); is
the lowest starting point of I'5. Let S; be the shock surface connecting the other part
of intermediate states (uy N (z1),v+N(z1)) and (uy,vy), with the parametric form:

(8.5) Si: w=xz(Bt),  y=yBt), B<a, 20,

where x(5,t) and y(0,t) are the same as those in (8.2) and z1 = z1(x,y,t) is given
n (5.2). Set curve C to be

CI: $:$(5,Tl), y:y(ﬁaTl)a ﬂ<x*a
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which is the curve of intersection between S; and plane ¢ = T;. Thus, after crossing
I'5 Uy when t > T7, there exists a shock surface SlF 2 connecting intermediate states
(usN(z1),v+N(z1)) and (u4,v4 ), which also passes I's. Note that SlFg appears only
when ¢ > T. Denote S7' the shock surface between state (uyN(z1),v4N(z1)) and
(u4,vy), which passes curve C;. Thus, in this case, the triple shock surfaces are S*,

Sz, and SlF 2, and I'j is the common curve where these three curves intersect together.
Such a structure only appears when ¢t > T3.
Case 2. If

Uy V4
Uu_— v_

J = <0,

then S* intersects with S;, where S; is the shock surface connecting the part of
intermediate states (uyN(z1),v+N(x1)) and (ug,v4), with the parametric form of
(8.5). The intersection point of cusp (8.1) and S is

QQ = (53($*) + U_TQ, g(ZII*) + ’U_TQ, TQ)

for some time 75 > 0. Let I'} be the intersection curve between S* and S;. Note that
Q2 is the lowest starting point of I']. Set curve Cy to be

CQ: ZE:ZE(ﬁ,TQ), y:y(ﬁvTQ)a ﬁ>x*a

which is the curve of intersection between Ss and plane t = T5. After crossing
I't UCy when t > T, there exists a shock surface 52F ! between intermediate states

(usN(z2),v4N(22)) and (u4,v4), which also passes I'f. Note that 52FI appears only
when ¢ > T5. Denote S5? the shock surface between intermediate states (u4 N (z2),
v4N(z2)) and (uy,vy), which passes curve Cy. Thus, in this case, the triple shock

surfaces are S*, S1, and Sg ', and I'] is the common curve which these three curves
intersect together. Such a structure only appears when ¢ > T5.
Thus, the proof of Theorem 2.1 is complete.
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