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1. INTRODUCTION

Compressible inviscid flow is governed by the Euler equations (3,17), the main
feature of which is the development of shock waves in finite time for solutions with
general initial data. This paper explores the influence of damping on the develop-
ment of singularities in classical solutions of the three-dimensional compressible
Euler equations. It will be shown that damping prevents the formation of singula-
rities in small amplitude flows, but large solutions may still break down.

Shock wave formation in the undamped case is best understood in one space
dimension where the method of characteristics can be successfully employed, see
Courant—Friedrichs (6) and Whitham (34). For the mathematical analysis of
finite-time formation of singularities and long-time behavior of solutions of the
multi-dimensional Euler equations, see Sideris (29-31), as well as Makino—Ukai—
Kawashima (22), Rammaha (28), Alinhac (1,2), Chemin (5), and the references cited
therein. For the development of singularities in general systems of one-dimensional
conservation laws, see (8,15,18,20).

With damping, the three-dimensional compressible Euler equations for isentro-
pic flows have the following form:

{&p+VmW=Q

3(pv) + V- (py @ v) + Vp + apv = 0, (1.1)

where p(x, 1) € R, v(x, 1) € R® represent the density, velocity of the flow, respectively;
x € R® is the space variable, 7 > 0 is the time variable; the pressure p satisfies the
y-law:

p=p(p)=Ap",

with y > 1 the adiabatic exponent, 4 > 0 a constant; ¢ > 0 is the damping constant
and 1/a may be regarded as the relaxation time for some physical flows. In this paper
we investigate the Cauchy problem of three-dimensional Euler equations (1.1) with
the initial condition:

(0, V)li=0 = (pos v0)- (1.2)

We are interested in the damping effect on the regularity and large-time behavior
of smooth solutions. It will be proved that the size of the smooth initial data (relative
to the damping coefficient) plays the key role. If the initial data are small in an
appropriate norm, then damping can prevent the development of singularities and
the Cauchy problem has a unique global smooth solution which decays in the max-
imum norm to the background state at a rate of /~*/?. Similar results have been
previously obtained by Wang and Yang (33), but we regard our approach to be
simpler. It will also be shown that the vorticity converges to zero exponentially and
that the density goes to the background no faster than ~*/?. Finally, if the initial
data are large, it will be proved that the damping is not strong enough to prevent the
formation of singularities in finite time, even though the initial data are smooth.

For the one-dimensional Euler equations with damping, the global existence of a
smooth solution with small data was proved by Nishida (25,26), and the behavior of
the smooth solution was studied in many papers; see the excellent survey paper by
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Dafermos (7), the book by Hsiao (10), the papers (11-14,32,36), and their references.
For the existence of global smooth solution to general hyperbolic systems with
weakly linear degeneracy, see the book (19).

In this article, we consider the multi-dimensional case which has much richer
phenomena than the one-dimensional case. The method of characteristics often plays
a crucial role in the analysis of one-dimensional problems, but it is of little use here.
Instead, we will fall back on the method of energy estimates for symmetric
hyperbolic systems. We do not work directly on the original Euler equations (1.1),
however. It is much easier to first symmetrize the system by introducing the sound
speed as a new dependent variable rather than the density. This reformulation of the
system is valid for C! flows with strictly positive density. Although general weak
solutions may cavitate (see (6)), for a C' flow, the density will remain positive if it is
initially. The local existence and uniqueness of H> solution can be established by
following the methods in Kato (16) or Majda (21). To prove global existence of a
smooth solution with small initial data, we establish global a priori estimates of the
solution.

Using estimates for the linearized equation, we obtain the decay of the solution
to the nonlinear problem in L™ at a rate of G2 as in the case of a diffusion
equation. It is also shown that the deviation of the sound speed from its background
state cannot decay exponentially fast. However, we show that the vorticity decays
exponentially fast to zero.

The system under consideration is an example of a hyperbolic relaxation system,
the general study of which has received considerable attention, see (4,24,395),
for example.

The break down of smooth solutions with large initial data is also demonstrated,
using an adaptation of a method given in (29) for the undamped case. The argument
depends on the finite propagation of compactly supported disturbances. This
property holds for the damped system, by the usual local energy methods.

We organize the article as follows. In Sec. 2, we reformulate the Cauchy
problem for Eq. (1.1) into a symmetric hyperbolic system and discuss the positivity
of the density. In Sec. 3, we present the local existence result and prove the finite
speed of propagation. In Sec. 4, we establish the major energy estimates which are
then used in Sec. 5 to prove global existence. In Sec. 6, we prove the algebraic
decay of the smooth solution and the exponential decay of the vorticity, Finally in
Sec. 7, we present identities and inequalitites that show that the full solution does
not decay exponentially and that in the case of large data singularities may
develop.

2. REFORMULATION OF THE PROBLEM

In this section, we are going to reformulate the Cauchy problem of the
compressible Euler system (1.1) with the initial condition (1.2). The main point is
to obtain a symmetric system. Introduce the sound speed

a(p) =/ P'(p)s
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and set ¢ = o(p) corresponding to the sound speed at a background density p > 0.
Define

u=—2—(o(p) -9
-

Then the Euler equations (1.1) are transformed into the following system for
C' solutions:

8,u+o_'V~v:—v~Vu—y2 uv - v,
(2.1
3,v+6Vu+av=—v-Vv—y uVu.
The initial condition (1.2) becomes
(1, V)l i=o = (uo(x), vo(x)) (2.2)

with
2 -
Uy = ——=(0(py) — 0).
y—1
The proof of the following Lemma is straightforward.

Lemma 2.1. For any T > 0, if (p,v) € C'(R® x [0, T']) is a solution of Eq. (1.1) with
p >0, then (u,v) € CY(R® x [0, T')) is a solution of Eq. (2.1) with ((y — 1)/2)u+ & > 0.

Conversely, if (u,v)€ Cl([RZ3 x[0,T]) is a solution of Eq. (2.1)
with((y — )/2u+6 > 0and p = o~ (/(y — 1)2)u + &), then (p,v) € C{(R* x [0, T'])
is a solution of Eq. (1.1) with p > 0.

The positivity of the density in the above lemma follows from the corresponding
positivity of the initial density.

Lemma 2.2. If (p,v) € C'R*x [0, T])isa uniformly bounded solution of Eq. (1.1) with
o(x,0) > 0, then p(x,1) > 0 on R® x [0, T'].

If (u,v)e C'(R® x [0,T)) is a uniformly bounded solution of Eq. (2.1) with
(y = D/Qu(x,0)+a > 0, then (y—1)/2))u(x,t)+5>0 on R x[0,T7].

Proof. Since v is uniformly bounded, for any given y € R* and s € [0, T'] the particle
trajectory x = x(t; y, s) starting at y at time s is defined for 0 < ¢ < T by

dx
—:V(X, t)s x|t:s =J.

dt

Along the particle trajectory x = x(¢; y, s), the directional derivative of the density is

d
EP(X(E V,8), 1) = 0,0(xX(t; ¥, 5), 1) + v(x(£; ,5), 1) - Vp(x(t; y, ), 1)

= —p(x(t; y,8), DV - v(x(£; y, 5), 1)
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using the first equation in Eq. (1.1). Solving this ordinary differential equation gives

o(x(t; y, ), 1) = p(xg,0)exp (_/0 vV v(x(t; y,5), T) dr) >0

for any ¢ € [0, T'], where xy = x(0; y, s). In particular
p(y,8) = p(x(s: y,5),s) > 0.

Since ( y, s) is arbitrary, the first part of the lemma is proved. The second part is
equivalent to the first part, via Lemma 2.1. Ll

We remark that the positivity of the density for C' solutions in the above lemma
is generally not true if the solution has singularities or shock waves, that is, a vacuum
state may develop for weak solutions; see Courant—Friedrichs (6).

3. LOCAL EXISTENCE AND FINITE PROPAGATION SPEED
Set U(x, t) = (u(x, 1), v(x, t)) and
Up(x) = U(x,0) = (u(x, 0), v(x, 0)) = (up(x), vo(x))-

For the Cauchy problems (2.1) and (2.2), we first have the local existence result
which can be obtained using the arguments in (16,21).

Lemma 3.1. If Uy = U(x,0) = (ug(x), vo(x)) € H, then there exists a unique local
solution U(x,t) of the Cauchy problems (2.1) and (2.2) in C(]O, T),H3)ﬁ
([0, T), H?) for some finite T > 0.

We also have the following property about the finite speed of propagation of the
solution.

Lemma 3.2. Suppose that Uy € H> and U e C(0,T),H)NC'(0,T),H?) is a
solution to the Cauchy problems (2.1) and (2.2) for any given T > 0.
If supp U, C {|x| < R}, for some R >0, then supp U(-,t) C {|x| < R+ ot}, for
0<t<T.

Proof. Looking at Eq. (2.1) we multiply the first equation by u, the second by v.
Then we add them together and upon rearranging the nonlinear terms we get

1 1
3 A’ + 3 3>+ 6V - (u)

= —aly? —%(V~V(u2+ W)+ (y — 1)uV~(uv)). (3.1
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For a given (x, 1) € R* x (0, T'], take any 7 € [0, 7), and define the truncated cone
Cr = {(J’»S)5 |y—x| S&([_S)a 0 <s= T}~

We integrate Eq. (3.1) over C,. For the terms from the left side of the Eq. (3.1),
the divergence theorem gives

1
[ et
[y—x|=a(i—7)

1
] IR S
|y—x|<ot

y_

g(u2 + |v|2)+ ol -ouv | dS, ds.
2 ly — x| :

1 T
i)
62+ 1Jo Jiy—xi=6(-9

The integral along the sides, i.e., the third integral, is nonnegative because

y—Xx

-ouy
|y — x|

<&l < %(u2 + D).

Using integration by parts and the inequality |uv| < (u* + |v|*)/2, the terms on
the right side of Eq. (3.1) yield

// <—a|v|2 - % (v- V@ + )+ (y — DuV - (uv))) dy ds
C.

5—// (uv-Vu+v-(v~Vv)+y;l(u2V~v+uVu~v)>dyds
C.

< c// IVUIGE + [v2) dy ds
C,

for some constant C > 0. Therefore, combining the above estimates, we see that

1
[ @t
[y—x|<&(t—1)

1
] IR S
|ly—x|<at

< C/ f |VU|(u2+|v|2)(y,s)dyds.
0 Jy—x|=a(t—s)
Letting
1
w=5[  @rPnod
|y—x|<a(t—1)

we have

e(1) < e(0) + Cmc%x IVU| /OT e(s) ds.
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By Gronwall’s inequality we see that
e(t) < e(0)exp (C max |VU|Z>.

Therefore, if U(y,0) =0 for |y — x| < ot, then U(y,t) =0 for [y — x| < o(t — 1)
and any t € [0, 7). This implies that if U(x,0) =0 for |x| > R then U(x,t) =0 for
|x| > R+ at. The proof of the lemma is complete. O

Lemma 3.2 on finite propagation speed will be used later to show the
non-exponential decay of the density and the formation of singularities.

4. ENERGY ESTIMATES

In this section, we establish the energy estimates which will be used for proving
the global existence of solutions in the next section.

We will use the notation | - || for the norm in Lz([R{3) and | - | for the norm in
L>(R?). In order to distinguish time and space derivatives, let 3 denote the vector of
all first spatial and time derivatives and let V denote only the spatial derivatives, thus
0=(V,9,). We will use C to denote a generic positive constant which may depend
only on y. The energy of a function is

E[u)(t) = luC, Dl gy + 10,25 D13 g (4.1a)
It is also convenient to introduce the quantity
X[ul(t)= > [aveu(- )|*. (4.1b)
lo|<2

Notice that
Eu)(t) = X [u)(1) + llu-, )]I*. (4.1c)
We have the following estimates.
Lemma 4.1. If U = (u,v) € C([0,T), H*) N C'([0, T'), H?) is a solution of Eq. (2.1)
for any given T > 0, then
1d

571U OIF + alv(, DI < CIUC, Dl VG DIIVU DI, (4.2a)
29X W0+ aX D0 = Clau, X U0, (4.20)

and as a consequence

1d
52 W00 + aE (0 < CE [U](r)‘/z([x [ul() + E[v](r)). (4.2¢)

Proof. Multiplying the first equation of Eq. (2.1) by u, the second by v and adding
them together, we obtain Eq. (3.1). Integrate the Eq. (3.1) and use integration



ﬂ MARCEL DEKKER, INC. ¢ 270 MADISON AVENUE « NEW YORK, NY 10016

™
©2003 Marcel Dekker, Inc. All rights reserved. This material may not be used or reproduced in any form without the express written permission of Marcel Dekker, Inc.

802 Sideris, Thomases, and Wang

by parts for the last terms on the left and right side to get, with the aid of the
Cauchy—Schwarz inequality,

EEHU('J)H + allv(-, )l

= —%/V'V(MZ'F |v|2)dx+yT_1/MV-Vudx

< CIVI(IVGE + I+ [uVull) < Clvl U VU,

where and from now on, we denote [p: by [ for simplicity of notation. Estimate
(4.2a) follows.

We prove estimate (4.2b) in a similar manner. First we take aV* derivatives of
Eq. (2.1) and multiply the equations by aV*U. After integrating, summing on
la| <2, and adding the two expressions, we get

1d
EEX[U](I) +aX [v](1)
--y / <8V°‘(v V)V + OV (v - V) - BV"‘V)dx
| <2
Y — 1 o o« o o
- V¥ (uV - v)aViu + oV*(uVu) - 9V=v ) dx. 4.3)
s 2 )

The worst case is when || = 2. Here there are three main possibilities with the
product aV*(U3U) from Eq. (4.3). First, exactly one derivative or all three
derivatives can fall on the first term. This case can be handled directly with the
Cauchy—Schwarz inequality, and hence

/auv3 UdVPU dx < ClaU| X [U],
/VUBVzUBVZde < ClaU| X [U].

Secondly, exactly one derivative can fall on the second term of the product
aVY(UAU) from Eq. (4.3). Here we need to first use Holder’s inequality to get

/3VUV2U8V2de < f|8VU|2|8V2U| dx < [|aVU||7:]|8V2U]. (4.4)
Using integration by parts, one has
1aVU|3s = /|V8U|2V8U-V8de

- —/BUV(|V8U|2V8U) dx

< C|8U|Oo/|V8U|2|V28U| dx

< ClaU|,.IVaU 7. IV*3U],
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and then we obtain the Gagliado-Nirenberg type inequality:
[aVU|17s < ClaU| |9V U|. (4.5)

Thus Egs. (4.4) and (4.5) imply that
/8VUV2U8V2de < ClaU |, lloVPU|* < ClaU| L X [U].

Finally, in the case that all of the derivatives fall on the second term in the product
oV*(UaU) from Eq. (4.3), integration by parts gives

/ (v- OV udViu + v - 3V vavy) dx

1
= E/V V(18VZul® + 19V y]*) dx

1
— —E/(|8V2u|2 +[8V*V*)V - vdx < ClaU| X [U],
and
/ (udV>V - vdVZu + udV>Vu - V) dx
= / uv (V3 voviu) dx = — f Vu(dV>vavru) dx
< ClaU| X [U].
If |a| < 2 the situation is similar to one of these three cases and thus the details
are omitted here. Estimate (4.2b) is proved.

Finally to show Eq. (4.2¢) we simply add Egs. (4.2a) and (4.2b) together and use
Eq. (4.1c) to get

1d
EEE[U](Z) + aE[v](r)

< CIUG, )l IV DIIVUG )]l + U)X U L), (4.6)
Now using the Sobolev inequality we see that |U|,, < C||U||g2 < CE[U]I/2 and

hence
Ul IVIIVU < CE[UTPED'?X [U]Y? < CE[UTA(X[U]+ Ev])
< CE[U1V*(X [u] + E)).

For the remaining term in Eq. (4.6) use the Sobolev inequality again to see that
10U < C|l0U||;2 < CE[U1"?. Hence

10U X [U] < CE[UTA(X [u] + X [v]) < CE[U]*(X [u] + E [¥)]).

Then estimate (4.2c) follows. This completes the proof of Lemma 4.1. ]
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Inequality (4.2c) is the major energy estimate we need for proving the global
existence in the next section. The following further estimate on the relation between
X and E is also necessary:

Lemma 4.2. If U = (u,v) € C([0,T), H) N C'([0, T), H?) is a solution of Eq. (2.1)
for any given T > 0, then

X [u] < CE[u]X [u] + (C + CE[u])E[]. 4.7)

Proof. Using Eq. (2.1) we can write

1
8,u=—<5V-v+v~Vu+y2 uV~v),

Vu

1 y—1
=—=|0v+av+v -Vv+ uVu |.
o 2

If we take o space derivatives of these equations in L?, sum on |a| < 2 and add
them together, we see that

X[u] < €Y (IVIVvP + IV - V)l + V@V - v
lo]<2
+ IV I + 19 + IV VI + [V @V
= CED+C Y (I Vil + V@V - I + V@V

la|<2

(4.82)
Using the Sobolev inequality

luloo < Cllullzp < CE[u]'?,  |vle < Clvllge < CE[]'?

|Vuloo < CllVullyz < CE[u]'?, |V < ClIVY| e < CED]'Y?,

we have the following estimates

D IVE@VW® < Y 1w, Vi)l IV Vull> < CE[u] X [u], (4.8b)

<2 la]<2

DIV VI = D (VeI + 99l + v 9Vl )

|| <2 o] <2

< CE[u]E[v], (4.8¢c)
and similarly

D IVE@Y - wI* < CE[WE . (4.8d)

lor| <2

Then estimate (4.7) follows from (4.8a)—(4.8d). The proof of Lemma 4.2 is
complete. ]
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5. GLOBAL EXISTENCE

In this section, we prove that, if the initial energy is sufficiently small, the Cauchy
problem (2.1) and (2.2) has a unique global smooth solution. For the common
constant C > 0 in Eqgs. (4.2c) and (4.7), define

? 1
§y=min]— ¢ and /A:L.
0 16C2(C + 1)2° 2C| 22C+ 1)
First we have the following estimate on the energy of the solution:

Theorem 5.1. For any given T > 0, suppose that U = (u,v) is the solution of the
Cauchy problems (2.1) and (2.2) defined for (x,1) e R’x [0,T), with U €
C(0,T), H)NCY([0,T), H). If E[U(t) < 8, then the following estimate holds for
all t €10,T):

E[UD) + p /0 ([X [u)(s) + E[v](s))ds < E[UY0). (5.1)

Proof. Since E[U](¢) < §), by Lemma 4.2, we have

X[u] < %X[u] + <C+%)E[v],

then
X[u]l <@2C+ DHE]]. (5.2)

Using the estimate (5.2), the assumption E[U](f) < 8y, and the definition of §,
Lemma 4.1 yields

L )+ aE D < CE[U]I/Z(X[u] + E[v]) <

> Ev],

NSNIRN

thus

ZELUN0) +aE D)) <0.
By Eq. (5.2),

a

act M=

a
EE[V]a

and then
d
EE[U](Z) + u(X [u] + E[v]) <0.

Therefore, Eq. (5.1) follows from integrating this inequality over [0, ]. ]
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Now we have the result on global existence of solutions.

Theorem 5.2. Given the initial condition Uy(x) = (uy(x),vo(x)) € H®  with
E[U]I0) < 8y, there exists a unique global solution U(x,t) = (u,v)(x,t) of the
Cauchy problems (2.1) and (2.2) in C([0,00), H*) N C'([0, 00), H) satisfying the
energy estimate (5.1).

Proof. The problem is locally well-posed in H>. Since E[U](0) < &,, Theorem 5.1
implies that E[U](7) < §, as long as the solution exists. This bound ensures that the
solution can be continued globally. ]

Remark 5.1. If we consider the Euler system (1.1) in a bounded domain Q with
smooth boundary, we can study the initial-boundary value problem of Eq. (1.1)
with the initial condition (1.2) and the following boundary condition:

V- Vlye =0,

where v is the unit outward normal of the boundary d€2. The trouble of this initial-
boundary value problem is that the spatial derivative of v is not known on the
boundary. This can be overcome by first looking at the estimates of the time deri-
vatives of the solution since 8§‘v| aq = 0 for any positive integer k. Using the ideas of
this paper combined with the arguments in other papers on the boundary problems,
e.g., (23), one may work on the equivalent system (2.1) to obtain a similar global
existence result. The details are omitted.

6. DECAY ESTIMATES

In this section, we make estimates to obtain the decay rates of the solution
constructed in Theorem 5.2. We also show the exponential decay of the vorticity.

To obtain the decay estimates, without loss of generality, we take ¢ =1 in
Eq. (2.1) and consider the linear system

{&u+v'wza ©.1)

9,v+ Vu+av=0.

The Fourier transform of Eq. (6.1) yields 3,0(%‘, 1) =A($)U(E, 1), with U(E, =
(@€, 1), %(€, 1)) " and

R

where T denotes the transpose of a row vector and I5 is the 3 x 3 identity matrix.
The eigenvalues of A(&) are: —a, —a, —A((§), —A,(&) with

MO=g@ta),  m®=3@-8). A= o4
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3D Compressible Euler Equations with Damping 807

The eigenspace corresponding to the eigenvalue —a is the subspace of vectors
(0,7) with n € R* and &-n = 0. The vector h = (ixy,£)" is an eigenvector for the
eigenvalue —A;. Define the orthonormal set:

uy = (0,m)", uy = (0,m,)", us = h/lhl,

where 7, 1, € are mutually orthogonal row vectors in R3. Then choose uy € R* so as
to form an orthonormal basis {uj};}zl in R* Let R(¢) be the unitary matrix whose
columns are uy,...,us. Then A(E)R(§) = R(§)B(E), where

[—a 0 0 0
O e A A
0 0 —)\,1 z
0 o0 0 —x

—a, ifd* -4 <0,

zZ =
—2x, if &® —4)E* > 0.
We find that
e 0 0 0
0 ¢“ 0 0
T([) = 0 e—kll e—klf _ e—kzrz ,
Ay — A
0 0 0 e !

satisfies 77(1) = B()T(¢) and T(0) = I, so T(1) = exp(1B(&)). It follows that

S(1) = exp(tA(§)) = R(E) exp(1BE)R’ (€) = RE)T()R*().

In conclusion, the solution of the linear system (6.1) with initial data U, is
S()U,, where S(1) = F~'S()F and F is the Fourier transform.

Lemma 6.1. Given U, € L'(R*) N HZ(R3), we have the estimates:
1S()Usloe < C((1+ 07| Ugll 1 + eIV Uyll), (6.22)
IV S@Usll = (1 4+ 07 21Ty + P19 Uy ).k = 0,1,
(6.2b)
where the constants C and B depend only on a.

Proof. If > — 4|¢]> > 0, then

e Ml TRt _ a2 Sinh(tA/2)

A — A A)2
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For 0 < A < a/2, this is bounded by Cte™* < Ce™ /8. For a/2 < A < a, we
have the bound Ce™"¥/¢. On the other hand, if * — 4|§|2 < 0, then

e e sin(tAl/2)

e ,
Ay — A [A]/2

and this is bounded by Cte™? < Ce™™/*. Since z is uniformly bounded, the
off-diagonal element of 7'(¢) is bounded by,

{ Celeéll/a’ if |§] <a= \/ga/4, (6.3)
—a/4t . .
Ce , 1if |&] > a.

A similar bound holds for the diagonal elements. Thus the operator S”(t) is
bounded by the expressions in Eq. (6.3). Now we have, for some 8 > 0,

IS()Uol < ISV Tyl < C /

&l <a

o104 Ty | d + Cf e P Uyl d&

&[>

A~ 2 172
< C1Uplwe / e /"ds+Ce‘ﬁf</ |s|“‘ds)
[E]>a

&l <

R 12
< (/m |s|“|Uo|2ds>

< CA+ 072Uyl + Ce PV U, |l

and
2 A~ ~ 112
[V s@us| = | 16|
e / e 20 T 2 i+ C / 2 O P de
[él<a [E]>a
A 2 A
< C|Uyl5% / &2 dg 4 Cem! f 16110, |* dg
[l <a &>
< C(1+ 0P MU,13, + Ce IV U |1
The proof of Lemma 6.1 is complete. Il

Suppose that U, € L'(R*) N H3(R?) and E[U](0) < § with § sufficiently small.
The nonlinear problems (2.1)-(2.2) has a unique global solution U(x,f) as
constructed in Theorem 5.2. Define the quantities

Loo(t) = sup (1 + 521U, $)los

0<s<t

Lo(t) = sup (1 + 91U, 9)ll,

0<s<t
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3D Compressible Euler Equations with Damping 809

Li(t) = sup (1 +s)°"*|VU(, )],

0<s<t

&) = sup UG, 9o

0<s<t

Lemma 6.2. Suppose that ||Uyllpr + Ul < 8. Then

Loo(1) + Lo(1) + L1(1) = C(8 + Lo() L (1) + Lo (E(D). (6.4)

Proof. Using the Duhamel principle, we write
13
U(x, 1) = S()Uy(x) + / S(t —s)G(U,VU)(x,s)ds, (6.5)
0

where G(U,VU) = (—v-Vu—((y —1)/2)uV-v, —v-Vv—((y —1)/2)uVu)" stands for
the nonlinear terms in Eq. (2.1). For 0 <s <, we have, using the Sobolev inequality,

IGU, VU, 8)ll < NUC)IIVUC I < Lo(DLi(0)(1 +5) 2, (6.6a)
IGU. VU 9| < Loo(EWN1 + )72, (6.6b)
IVG(U, VU9l < UG )l IV?UC I + VU 970

< UG 9V UC 9

< CL(DEM +5)~%?, (6.6¢)
IV?G(U, VU, 9|l < UG, )V UC )N + [VUVUC, 9)|

< ClUC 9V U 9]

< CLo(DEMD(1 + 5)2. (6.6d)

Now from Egs. (6.5), (6.2a), and (6.6a), (6.6d), we have
UG, D)oo < C(1+ 07925 + c/ol(l +1—5) "G, 9|, ds
+C /0 t e TINVAG(U(, 5)|| ds
< C(1+ )88+ CLy(1) L (F) fo t(l +1—95)"%PA +95)2ds
+ CLy(NE(7) /0 t eI 457D ds,

Subdividing these integrals at s = 7/2, simple estimates bound them by (1 + 7)~¢/?,

and so
UG, )l < C(1+ 0)7P(S + Lo(1) L1 (1) + Loo())E(D)).

It follows that L. (¢) is bounded by the right-hand side of Eq. (6.4).
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Going back to Eq. (6.5), the corresponding bound for L(¢) is proved using
Egs. (6.2b), (6.6a), (6.6b), as follows:

t
NUCG, 0| < C(1+ )"/ + c/ (A +1—5"YNGW, VU, 5)| 1 ds
0
!
+ C/ e INGU, VU, 5)|| ds
0
t
< C(+ 1) s + CLy(H) L, (1) / (1+1—5)"%1 +5)2ds
0

!
+ CLy(NE(7) / e I 570 gy
0
< C(1+ 1) %S + Lo(t) L1 (1) + Lo (DE()).
A similar argument using Eq. (6.6a), (6.6¢c) yields the bound for L, (). L]

Theorem 6.1. Suppose Uyl + || Ul s < 8, with & sufficiently small. Then the quan-
tities Loo(1), Lo(t), Li(t) remain bounded for all time, and so the following decay
estimates hold:

U@l < CA+ 072 U@ < €A+ 17,

IVU@)| < C(1 + 1)"5/%. (6.7)
Proof. Set Q(f) = Loo(¢) + Lo(?) + L1(?). It follows from Lemma 6.2 and the small-
ness of &£(f) that Q(r) < C5+ CO(1)>. Now if § < 1/4C?, the function f(x)=
C8 — x + Cx” has positive roots 0 < r; < r,. By Lemma 6.1, 0(0) < C8§ < r,. But
since f (Q(7)) > 0 and QO(¢) is continuous, we must have Q(r) < ry, for all t > 0. [

We now show the exponential decay of the vorticity.

Theorem 6.2. The vorticity w =V x v decays exponentially in L*.

Proof. In three space dimensions, the curl of the velocity equation in Eq. (2.1) gives
o,w+aw+v-Vo—w-Vy=0.
Thus

1d
EE/|w|2dx+a/|w|2arx5 C/(|a)|2|V.v|+|a).Vv-a)|)dx
< C|Vv|oo/|a)|2dx. (6.8)
Since |Vv|, < CE [v]l/2 is small, we have

1d 2 a 2

This implies the exponential decay of ||w(-, 7)]|. ]
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7. LOWER BOUNDS AND FORMATION
OF SINGULARITIES

In this section, we derive some simple identities and differential inequalities
which are used to show that smooth solutions of the Cauchy problem for the
damped Euler equation do not decay exponentially in time and may blow up in
finite time if the data is sufficiently large.

Fix R > 0 and define

Fo= [ wovds. M= [ o= pas
B(t) = {|x| < R+ot}, |B(f)| = volume of B(¢),
A(1) = (R+ 60> (M(0) + plB(1)),
D(f) = 36> M(0)A(f) — (aA(1)/2)*, and

1 D(2)

_gm,, if D(1) > 0
K(t) = 172
1 D(1) (=D()'*1\ .

Then we have the following theorem.

Theorem 7.1. Suppose that Uy = (uy, vy) € H*, supp Uy C {|x| < R} for some R > 0,
and (y — 1)/2ug + & > 0. Let py =0 ((y — 1)/2uy + &) and p= o '(&). Assume
that M(0) = [(py — p)dx > 0.

If E[U(0) is sufficiently small so that, by Theorem 5.2 and Lemmas 2.1 and 2.2,
the initial value problems (1.1), (1.2) and (2.1), (2.2) have global classical solutions,
then for sufficiently large t

lu()l > Co(R + &)~ /2 (7.12)
(o — D)D) = Co(R + 1) /2 (7.1b)
V(D) = Co(R + 1), (7.1¢)

for some constant Cy > 0.
Suppose that (p,v) is a solution of the Cauchy problems (1.1), (1.2), with
(o — p,v) € C([0,7), H) N CY([0, 7), H?), for some T > 0. For any fixed T > 0, if either

F(0) > exp(aT)A(T)/T, (7.2a)
or

F(0) > A(T YT " +a/2+ K(T)) (7.2b)
then t < T.

Proof. We will use repeatedly the finite propagation speed given in Lemma 3.2:
supp(p — p,v) C B(1), as long as the solution is defined.
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From the first equation of Eq. (1.1), we see that
M(t) = M(0), (7.3a)
and likewise using Eq. (1.1) and integration by parts we derive
F0+aF®) = [ (1 +3(0(6) ~ p(30) d
By the convexity of p = 4p” for y > 1, we get
/ (p(p) — p(p)) dx = /R P (P)p—p)dx = &°M(0). (7.3b)
Thus, from Eq. (7.3b), we find that
F'(1) 4 aF(t) > / plv|* dx + 36° M(0). (7.3¢)
With these preliminaries, we now prove the first part of the theorem. Thus, we

assume that the solution is globally defined. To prove Eq. (7.1b), we use Eq. (7.3a)
and the Cauchy—Schwarz inequality:

_ (4r _ 172
Sllp—pH(?(RJrol)}) .

Next, take p = (u) = o (((y — 1)/2)u + &) and then p = ¢(0). Since E[UI(?) is
uniformly bounded, the same is true for |u(f)|.,. Therefore, we have that pointwise

0 < M(0) =

(p— p)dx
B(1)

(0 — P = lp(u) — p(0)] < |ul /Ollw’(su)| ds < Clul,
and so

nmz%w—Msz+&ﬂ”%
This proves Eq. (7.1a).

Discarding the first term on the right in Eq. (7.3¢c), simple integration yields the
lower bound

F(f) > [F(0) — 36*M(0)/a] exp(—at) + 36> M(0)/a. (7.4a)

Using the Cauchy—Schwarz inequality, finite propagation speed, and the fact
that |p| < p + Clu| is uniformly bounded, we have that

1,2
Ft) = / - pvdx < C(R+ 602 ( f |v|2dx> . (7.4b)
B(1)

Together, Eqs. (7.4a) and (7.4b) imply Eq. (7.1c).
We now turn to the proof of the second half of the theorem. So now the solution
is assumed to exist on the time interval [0, t). Use the finite propagation speed and
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the Cauchy-Schwarz inequality to obtain

2
2 . - 2 2
F(t) = (/B(t)x pvdx) < (/B(t) x| pdx) </B(I)p|v| dx). (7.5a)

Using Eq. (7.3a) we see that

/ IxI*pdx < (R + &1)° pdx
B(1) B(1)

= (R+61)° (M(t) + / ﬁdx)
B(1)
= (R + 60> (M(0) + p|B(1)]) = A(1). (7.5b)

Combining Egs. (7.3c), (7.5a), (7.5b), we obtain the following differential
inequality:

F(1)
A(7)

F'(t) > — aF(t) 4+ 36* M(0),

which is valid for 7 € [0, 7). Since A(¢) is increasing, the inequality

F(1)

-2
1~ PO+ 3 M), (7.6)

F'(1) >

holds for ¢ € [0, 7).
If the condition (7.2a) holds, then using M(0) > 0 and setting G(1) = e“'F(¢),
one has

G(1)*

G0 = e A(7)

for any 7 € [0, 7). Then

F(0)e"" A(T)
60 2 =~ FOy

Thus r < T.

Suppose that the weaker condition (7.2b) holds. For simplicity we write
A= A(r) and D = D(r). Completing the square in Eq. (7.6) and letting
H(t) = F(t) — aA/2, we obtain a simpler differential inequality for H(¢):

H'() 2 % (H( + D)
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for ¢ € [0, 7). In order that H(7) is increasing we require that H(0)* + D > 0 which is
implied by Eq. (7.2b). Now let ¢* = |D|. Then

%(H(t)z +0%), ifD>0
H'(t) >
Z(H(;)2 —0), ifD<0.

Integrating from 0 to 7 we get

¢cot(fr/4), if D=0
HO) = {ecoth(zf/A), it D <0,

Next we use the facts that cotx <1/x—(1/3)x for xe€(0,7), and
cothx < 1/x 4 (1/3)x(1 4+ 2x). (Note, if D > 0 then £T /A < n.) Hence we get that

2
A _1e7 if D>0
H(0) < T 3A(7)
- @Jrlei 2 irp<o
T 3A(r) A())’ =5

Remembering that H(t) = F(t) — aA/2 we see that Tt < T, otherwise assumption
(7.2b) is contradicted.
This completes the proof of Theorem 7.1. ]

We remark that conditions (7.2a) and (7.2b) can easily be satisfying by first
fixing the radius of the support R, then choosing the initial density p,, and finally
choosing v, so as to make F(0) sufficiently large.
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