Math 2370 - Fall 2006
Practice Problems 111

Problem 1: Consider the quotient space obtained by reducing the space P of polynomials
modulo subspace M of P. If M = Py, the subspace of polynomials of degree less than m,
is P/M finite-dimensional ? How about if M is the space of even polynomials ? How

about if M is the subspace of polynomials divisible by p(t) =t" ?
Problem 2: Show that congruence is an equivalence relation.

Problem 3: Show that if X is the subspace of €" consisting of all vectors (X, X, ,..., X,,)
such that x, =X, =...= x, =0 and Y is the subspace of €" of vectors for which

Xj =Xj., j=1..,n then C*" =X @Y.

Problem 4: If Y and Z are subspaces of a linear space X such that X =Y @ Z then Z' is
isomorphicto Y+, Y’ isisomorphicto Z*,and X'=Y*@®Z*.

Problem 5: The vectors x, = (111), x, = (1,1,-1), and X, = (1,—1,—1) form a basis of C>.
If {y;,V¥,, Y3} is the dual basis and if x =(0,1,0), find y,(x), y,(x),and y;(x).

Problem 6: Show that if Y and Z are subspaces of a finite-dimensional linear space, then
YNnZ) =Yt+Ztand (Y+2)r =Yt 2zt

Problem 7: Define three linear functions on P53, space of polynomials of degree less than
3, by

1 2 -1
fi(p)=f pMdt,  f,(p) =] pM)dt,  f:(p) =] pt)dt
Show that {f,, f,, f5} is a basis for (P;)" by exhibiting the basis for P3 of which
{f,, f,, f5} is the dual basis.

Problem 8: Consider the space €™" of nxn complex matrices. Show that the trace is a
linear function on €™". Find the relation between trace(AB) and trace(BA) where

ABe C™. Use that relation to prove that there are no matrices obeying AB—BA=1,
where | is the identity matrix.

Problem 9: Let IR™" be the linear space of all 2x 2 real matrices and let

2 -2 0 0
B :[ L1 } , C= {O J . LetY be the subspace of IR™" consisting of all A such that

AB =0. Letfbe a linear function on IR™" thatisin Y. Suppose that f (1) =0 and
f(C)=3. Find f(B).



