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Abstract

Models of chemical reactions that undergo subcritical Hopf bifurcations and have a regime of bistability are shown to
exhibit some interesting behavior when diffusively coupled. Waves joining a stable steady state to a periodic wavetrain are
constructed for low and high thresholds. For intermediate thresholds, localized oscillatory regions are found. These can interact
at a distance and behave like weakly coupled oscillators. These patterns are found in both solvable and realistic models for
chemical oscillations.
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1. Introduction

Reaction—diffusion systems have provided the canonical example of spatio-temporal pattern formation (see [1,3,7]
for examples.) The variety of patterns in these systems range from simple oscillations and waves to complex spatio-
temporal phenomena [12]. In this paper, we will describe and analyze some phenomena that occur in simple
reaction—diffusion models. We will consider systems in which there are two stable states: a stable fixed point and a
stable limit cycle. Such a situation is common in systems with excitable dynamics. As some parameter changes the
system goes through a subcritical Hopf bifurcation with a parameter interval where there is a stable rest state and
a stable large-amplitude periodic orbit. An unstable periodic orbit acts as the separatrix between the two states. In
a recent paper, Kobayashi et al. [9] study the dynamics of this situation and find a variety of wavefronts and other
solutions. By varying the diffusion coefficient of one of the species, they exhibit transitions from traveling fronts
joining the fixed point to a periodic orbit to spatially localized oscillatory structures and ultimately to disordered
structures. They also study some of the behavior in two space dimensions. In a related paper Thual and Fauve
[16] show the existence of localized oscillatory structures in a variant of the complex Ginzberg—Landau equations.
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We will build on these results; in particular, we study the transition from waves to isolated patches of oscillatory
behavior as a function of the threshold. We also attempt to understand the traveling waves that are left in the wake
of the fronts.

Fronts joining differing states are well known in reaction—diffusion systems, particularly in the scalar case. The
Fisher equation

U = M(l “M) +u,xx

provides the standard example. Here there are infinitely many fronts that join the unstable state 0 to the stable
state 1. The particular front chosen and the velocity of the front depends intimately on the initial data [17]. An
analogous phenomena has been described extensively by Sherratt [13—15] for fronts joining an unstable rest state
to an oscillatory solution. Sherratt studies a simple A — w system:

ir = Zf(ZE) + Zxxs

where f(rz) =1-r2+ iw(r?). In absence of diffusion, there is a stable periodic solution (z = e@D1y and an
unstable fixed point (z = 0). Sherratt shows with a combination of formal estimates and numerical studies that
there are infinitely many wavefronts joining the unstable rest state to one of many different plane wave solutions.
He shows that, like the Fisher equation, the velocity and form of the traveling waves are dependent on the initial
data.

Wavefronts between systems with two stable states behave quite differently. For example, in the bistable reaction—
diffusion system

= u(u —a)(l —u) + tyy,

there is a unique traveling wave that joins the stable state 4 = O to the other stable state ¥« = 1. All sufficiently
large initial data evolve into wavefronts with this velocity [4]. Klassen and Troy [8] proved an analogous result for
system of two coupled reaction—diffusion equations in which there were two stable fixed points but diffusion on only
one variable. In general, however, the behavior of systems with two stable fixed points can be quite complicated.
Haim et al. [5] and Pearson [12] have shown the existence (through simulations and experiments) of complicated
spatio-temporal behavior when a bistable system is coupled with diffusion. For example, Haim et al. have found
“breathing spots” in a two-dimensional flow reactor model. Pearson observes spots that split into new spots and a
variety other complicated spatio-temporal patterns that have been subsequently experimentally verified.

Here we will explore the behavior of systems of reaction—diffusion equations which admit a stable periodic orbit
and a stable fixed point separated by an unstable periodic orbit. As mentioned above, Kobayashi et al. [9] consider
this situation and treat the diffusion of one of the variables as a parameter. They numerically study behavior of
a simple nonlinear reaction—diffusion equation on the line and in a two-dimensional square domain. Our goal is
to study the transition waves and the selection mechanism for the velocity of the front as well as the asymptotic
behavior of the medium after the front has passed. In particular, we are interested in the wavelength of the resultant
plane waves. Finally, we look at the localized patterns described by Kobayashi et al. [9] and by Thual and Fauve [16].

In Section 2, we numerically examine a simplified version of the Field—Noyes equations and show the transition
waves. We turn to a variation of the complex Ginzberg-Landau equations that arises near a subcritical Hopf
bifurcation. We are able to explicitly compute a unique wavefront joining the two stable states. We show that this
exists only for some ranges of parameters. In Section 3, we show that localized oscillations occur for parameters
outside the range in which front solutions exist. We explore their interactions in one- and two-dimensions and show
how they behave like discrete weakly coupled oscillators.






