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Abstract. The Hodgkin±Huxley equations with a slight
modi®cation are investigated, in which the inactivation
process (h) of sodium channels or the activation process
of potassium channels (n) is slowed down. We show that
the equations produce a variety of action potential
waveforms ranging from a plateau potential, such as in
heart muscle cells, to chaotic bursting ®rings. When h is
slowed down ± dierently from the case of n variable
being slow ± chaotic bursting oscillations are observed
for a wide range of parameter values although both
variables cause a decrease in the membrane potential.
The underlying nonlinear dynamics of various action
potentials are analyzed using bifurcation theory and a
so-called slow±fast decomposition analysis. It is shown
that a simple topological property of the equilibrium
curves of slow and fast subsystems is essential to the
production of chaotic oscillations, and this is the cause
of the large dierence in global ®ring characteristics
between the h-slow and n-slow cases.

1 Introduction
Neurons and many other cells mainly utilize electrical
signals to transfer information in nervous systems such
as the brain and to control biological organs such as the
heart. Neurons produce an action potential which is a
rapid increase then decrease of the membrane voltage in
response to external stimuli. Action potentials are the
main information carrier in nervous systems, and the
waveform (and thus the underlying nonlinear dynamics)
of action potentials dier considerably from cell to cell
(Hille 1992).
The famous Hodgkin±Huxley (HH) equations
(Hodgkin and Huxley 1952) are a model of a squid giant
axon that describes the generation of an action potential
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quantitatively (but see Strassberg and DeFelice 1993;
Clay 1998). The equations are important not only as one
of the most successful mathematical models in quantitatively describing biological phenomena, but also in
that the method (HH formalism) used in deriving the
model of a squid is directly applicable to many kinds of
neurons and other cells. The equations derived following
this HH formalism are called HH-type equations.
Following the HH formalism, various kinds of HHtype equations have been proposed (Chay and Keizer
1983; Cronin 1987; Rinzel 1990; Canavier et al. 1991;
Traub et al. 1991; Noble 1995; Keener and Sneyd 1998).
HH-type equations include many variables depending
on the number of dierent ionic currents and their gating variables, whereas the original HH equations possess
only four variables (membrane voltage, activation and
inactivation variables of the Na current, and an activation variable of the K current). These HH-type
equations can reproduce the action potentials of real
neurons quantitatively and thus can be considered as a
virtual neuron. Therefore, it is important to analyze the
HH-type equations and to clarify the generation mechanism of action potentials.
So far, the original HH equations (Plant 1976; Rinzel
1978; Hassard 1978; Troy 1978; Rinzel and Miller 1980;
Bedrov et al. 1992; Guckenheimer and Labouriau 1993;
Fukai et al. 2000a,b) and various kinds of HH-type
equations (Chay and Rinzel 1985; Alexander and Cai
1991; Canavier et al. 1993; Av-Ron 1994; Bertram 1994;
Rush and Rinzel 1995; Schweighofer et al. 1999) have
been analyzed numerically and/or analytically. The importance of diering time scales has already been demonstrated in the production of bursting oscillations in
many types of cells. However, the essential factor in
producing speci®c membrane potential waveforms is not
clear, since many factors (the number of variables,
functional forms of nonlinear functions, and constants)
dier considerably from model to model.
The main purpose of the present article is to provide
a viewpoint that uni®es the previous studies on speci®c
HH-type models, and to clarify the diversity and common features in the nonlinear dynamics of diverse
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HH-type equations. To do so, as a ®rst step, we consider the original HH equations of a squid which is the
simplest HH-type model. As a prototypical model, we
propose modi®ed HH equations whose time constants
are the only modi®cation from the original ones. Despite this small change, it is shown that the equations
can reproduce the various action potential waveforms
of diverse neurons, and exhibit signal transmission
properties that are completely dierent from the original ones. By a numerical bifurcation analysis using the
AUTO software package (Doedel et al. 1995) and a socalled slow±fast analysis (Rinzel and Lee 1986), the
generation mechanism underlying a variety of action
potentials in the modi®ed HH equations is explored. In
particular, we investigate why chaotic bursting oscillations appear over a wide range of parameter values
when the inactivation process (h) of the Na current is
slowed but not when the activation process (n) of the
K current is slowed.

2 Bifurcation analysis of the HH equations
Consider the following modi®ed HH equations for a
space-clamped squid giant axon:
dv
 G v; m; n; h  Iext
dt
dm
1

m1 v
sm sm v
dt

1a

m

1b

dn
1

n1 v
dt sn sn v

n

1c

dh
1

h1 v
dt sh sh v

h

1d

G v; m; n; h
 INa v; m; h  IK v; n  IL v
 gNa m3 h VNa

v  gK n4 VK

gNa  120;

gK  36;

VK 

VL  10:599

12;

1
;
ax v  bx v
ax v
;
v 
ax v  bx v

gL  0:3;

v  gL VL

v

VNa  115;

sx v 
x1

0:1 25 v
am v 
exp 25 v=10
0:01 10 v
an v 
exp 10 v=10

1

bh v 

exp 30

1
v=10  1

where v is the membrane potential, and m, n, h are the
gating variables: m and h are the activation and
inactivation variables of the Na ionic channel, respectively, and n is the activation variable of the K channel.
Iext is the constant current that is externally applied to a
neuron. Note that in these equations the membrane
potential has been shifted in a depolarized direction so
that the resting potential becomes zero when Iext  0.
The only modi®cation from the original HH equations is the introduction of the `time constants' sm , sn ,
and sh ; in the case of sm  sn  sh  1, these equations
are equal to the original HH equations. In the following,
the modi®ed HH equations are also called the HH
equations except where any confusion is possible.
Throughout the present article we consider the dependence of the HH equations' behavior on the parameter Iext ; we investigate the constant-current transfer
characteristics of the HH neuron since they are considered to be the basis of the neuronal information transduction characteristics to more complicated synaptic
inputs such as periodic pulsatile stimuli (Doi and Sato
1995; Doi et al. 1999).
Figure 1 shows examples of waveforms of the membrane potential v of the HH equations (1) when n is slow
(sn  100), while Fig. 2 corresponds to the case that h is
slow (sh  100). It can be seen that the shape of the
membrane potential varies with the external constant
current Iext .
Figure 3 is the bifurcation diagram of the HH equations (1) for the bifurcation parameter Iext ; the (local)
extrema of the membrane potential v t after the transient dies are plotted for each value of Iext . Figure 3a is
the case in which n is the slow variable and Fig. 3b is the
case in which h is the slow variable. Both bifurcation
diagrams are completely dierent from that of the original HH equations, in which only a simple oscillation
appears (see Fig. 4). We note that in contrast to Fig. 3a,
in Fig. 3b various chaotic oscillation are observed over a
wide range of values of the external current Iext .
These (one-parameter) bifurcation diagrams are calculated by numerical simulations. Thus they show only
stable solutions and are not bifurcation diagrams in a
rigorous sense because `bifurcation analysis' is not actually performed (i.e., they are only brute-force simulations with various values of the parameter Iext ). So, ®rst
of all, we made detailed bifurcation analyses of the
(modi®ed) HH equations (1) using the AUTO software
package (Doedel et al. 1995).
2.1 One-parameter bifurcation analysis

x  m; n; h

1

ah v  0:07 exp v=20;

v=18

;

bm v  4e

;

bn v  0:125e

v=80

First let us show the bifurcation diagram of the original
HH equations (1) (sm  sn  sh ), even though such an
analysis has already been performed by many researchers (Rinzel 1978; Guttman et al. 1980; Rinzel and Miller
1980). Figure 4 shows such bifurcation diagrams; the v
values of the stationary solution of the HH equations
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Fig. 1. Examples of waveforms of the
membrane potential v t of the HH equations (1) when n is slow sn  100. The value
of Iext is: a 10.0, b 20.0, c 24.2571, d 24.2572,
e 60.0, and f 70.0

Fig. 2. Examples of waveforms of the
membrane potential v t of the HH equations (1) when h is slow (sh  100). The value
of Iext : a 20.0, b 36.0, c 36.5, d 38.0, e 50.0,
and f 91.0
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Fig. 3. Bifurcation diagram of
the HH equations (1) when the
bifurcation parameter is the external constant current Iext . Local extrema of membrane
potential v t are plotted for
each value of Iext . a The n-slow
case (sn  100, sm  sh  1). b
The h-slow case (sh  100,
sm  sn  1)

Fig. 4. a One-parameter bifurcation diagram of the original
HH equations. Maximal values
of the membrane potential of
stable (solid line) or unstable
(dotted line) equilibria and stable
(®lled circles) and unstable (open
circles) periodic orbits are plotted for each value of Iext . HB and
DC denote the Hopf and doublecycle (saddle-node of periodic
orbits) bifurcation points, respectively. b Magni®cation of a.
c Magni®cation of b (PD denotes period-doubling). d Membrane potential waveform at
point DC1 of c. e Membrane
potential waveform at point A of
c. Abscissa is the time normalized by its period

are plotted for various values of Iext , while the maximum
value of v is plotted for a periodic (oscillatory) solution ±
dierently from Fig. 3. Solid and dotted lines denote
stable and unstable equilibria, respectively. The ®lled
(open) circles denote stable (unstable, resp.) periodic
solutions. Figure 4b is the magni®cation of left part of
Fig. 4a, and we can verify the multiple stability of an
equilibrium and a periodic solution in the range of
6:3 < Iext < 9:8.
At point HB2 in Fig. 4a, a stable periodic solution
bifurcates from an equilibrium point by the (supercritical or stable) Hopf bifurcation. An unstable periodic
solution is bifurcated by the (subcritical or unstable)
Hopf bifurcation at point HB1. As is seen from Fig. 4b,
a multistability occurs near a subcritical Hopf bifurca-

tion. At point DC3, a double-cycle bifurcation or a
saddle-node bifurcation of periodic orbits occurs, and a
pair of stable and unstable periodic solutions is generated. At both points DC1 and DC2, double-cycle bifurcations also occur. Figure 4c is the magni®cation of
the region near points DC1 and DC2 of Fig. 4b where,
for the sake of clarity, dotted curves are used to denote
unstable periodic solutions rather than open circles. At
point PD1, a period-doubling bifurcation of an unstable
periodic solution occurs, and a branch of unstable periodic orbits with `double period' is bifurcated. This bifurcated branch turns over at point A and ends at an
another period-doubling bifurcation point PD2. Thus,
near Iext  7:9, seven periodic solutions (one stable solution and six unstable solutions) coexist (Rinzel and
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Fig. 5. Period of the periodic
solution of the original HH
equations

Miller 1980). The fact is that there are more coexisting
unstable solutions (data not shown); another perioddoubled bifurcated branch may exist at point PD3.
Figure 4d shows the membrane potential waveform
(only a one-period length of the periodic solution is
shown, and the abscissa is the time-normalized by its
period) of the unstable periodic solution at point DC1 of
Fig. 4c. Figure 4e is the waveform corresponding to the
period-doubled solution at point A of Fig. 4c.
We cannot observe these unstable solutions in real
experiments. The unstable solutions, however, connect
`the missing links' between stable solutions and help us
to understand the total behavior of neuronal models.
The bifurcation analysis of Fig. 4 was performed using
the computer software package AUTO (Doedel et al.
1995). AUTO can detect several bifurcation points automatically and can trace both stable and unstable
branches of equilibria and periodic solutions.
Figure 5a shows the period of the periodic solutions
shown in Fig. 4a. Figure 5b is the magni®cation of
Fig. 5a. The period of the stable periodic solutions
(closed circle) varies from several to 20 ms. The period
does not change much, although the variation is comparatively large in the small Iext range.
Figure 6 shows several one-parameter bifurcation
diagrams when the time constant sn of the gating variable n is changed. Figure 6a is the case of sn  100. The
points labeled HB1 and HB2 are again Hopf bifurcation
points. At point DC, the double-cycle bifurcation or
saddle-node bifurcation of periodic orbits occurs, and a
period-doubling bifurcation occurs at point PD. Note
that there exist several branches of stable periodic orbits
between points DC and PD. However, these branches
(such as a period-doubled branch bifurcated from PD)
are not shown in this ®gure for the sake of clarity. On
the almost vertical branch bifurcated from HB1, several
bifurcations occur and thus we can see switching between closed and open circles. Furthermore, there are
many bifurcated branches of periodic orbits between
point HB1 and the vertical branch where the membrane
potential does not change its waveform but does change
its period considerably. These bifurcations are very interesting since they seem to be related to so-called homoclinic bifurcations, but they are very dicult to trace
using AUTO. This analysis is now in progress and we
will present it elsewhere. The bifurcation diagram of

Fig. 6a corresponds to the previous bifurcation diagram
of Fig. 3a.
The bifurcation diagram of Fig. 6a-i looks much
simpler than Fig. 3a because a maximum value of a
periodic solution is plotted in the former while (local)
extrema are plotted in the latter. However, if we look at
the period we can see such complicated structure again:
Fig. 6a-ii shows the periods of periodic orbits of Fig. 6ai as a function of the bifurcation parameter Iext . In the
left region of Fig. 6a-ii, the period changes its value in a
very complicated way, and this corresponds to the
complicated structure of Fig. 3a. In this region the
waveform of the membrane potential is a wide plateau
with several sharp spikes superimposed on it plateau (see
Fig. 1a±d), while above the Iext values, the membrane
potential has a simple waveform with only sharp spikes,
although various oscillations are observed between points
DC and PD. For example, the waveform of Fig. 1e is a
period-doubled solution bifurcated at point PD.
Figure 6b shows the case of sn  1:5. This ®gure is
almost the same as that of the original HH equations (see
Fig. 4a); the only dierence is that the two double-cycle
bifurcation points (DC1 and DC2 of Fig. 4) are coalesced (see point Cusp1 in the two parameter bifurcation
diagram of Fig. 8a) and disappear as the value of sn is
slightly increased from sn  1. The Hopf bifurcation
point HB1 is `subcritical', and thus unstable periodic
orbits are bifurcated here and multi-stability occur,
whereas point HB1 of Fig. 6a is `supercritical'. The stability of the Hopf bifurcation changes between sn  20
and sn  10 (see point A of Fig. 8a, where the doublecycle bifurcation curve merges with the Hopf bifurcation
curve). Figure 6c shows the case in which the value of sn
is decreased further. In this case, the left Hopf bifurcation point changed its stability again from subcritical to
supercritical and thus stable periodic orbits rather than
unstable periodic orbits are bifurcated from point HB1.
Figure 7 shows the one-parameter bifurcation diagrams for various values of the time constant sh of the
gating variable h. Figure 7a is the case of sh  100, and
corresponds to the bifurcation diagram of Fig. 3b. Figure 7a-ii shows the periods of the periodic orbits rather
than their maximum membrane potentials (Fig. 7a-i).
These bifurcation diagrams are completely dierent
from the case in which the value of sn is changed (Fig. 6)
and from the case of the original HH equations (Fig. 4).
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Fig. 6. One-parameter bifurcation diagrams of the HH equations for various values of the time constants sn : a 100, b 1.5, and c 0.37. Left column
shows the maximal value of the membrane potential and right column shows the period, both as a function of Iext

Points labeled HB1 and HB2 are the sub- and supercritical Hopf bifurcation points, respectively. The stable
periodic orbit bifurcated from point HB2 changes its
stability at point PD1. At the same time, another stable
periodic solution with double period is bifurcated from
point PD1. This is the so-called period-doubling bifurcation, in which the period of the bifurcated periodic
solution is twice the period of the original periodic solution (see Fig. 7a-ii). The second period-doubling bifurcation occurs at point PD2 on the branch which is
bifurcated at point PD1, and the period of the resulting
periodic solution is further doubled.
In Fig. 7a it is dicult to distinguish points PD1 and
PD2 and apparently there are no stable periodic solutions (closed circle) on the bifurcated branch by the
period-doubling bifurcation. However, there is a small
region on the bifurcated branch where stable periodic

solutions exist, although it is invisible at this scale.
Moreover, there are more period-doubling bifurcations
near the value of the bifurcation parameter Iext ; there is a
cascade of period-doubling bifurcations to chaotic solutions (Guckenheimer and Holmes 1983). There are
more cascades of period-doubling bifurcations which
start at dierent periodic orbits although we have shown
only one cascade of period-doubling bifurcations here
for the sake of clarity. Thus we can consider that these
cascades of period-doubling bifurcations organize the
total response of the HH neuron to external currents
and make the response chaotic when h is slow.
Figure 7b shows similar diagrams (cf. Fig. 7a) when
the value of sh is decreased (sh  30) and Fig. 7b-ii
shows the corresponding period also. The only dierence from the case of sh  100 is the two double-cycle
bifurcations labeled by DC1 and DC2. These bifurca-
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Fig. 7. One-parameter bifurcation diagrams of the HH equations for various values of the time constants sh : a 100, b 30, and c 5. Left and right
columns show the maximal value of the membrane potential and the period as a function of Iext , respectively

tions are generated at the same time from the more degenerate bifurcation point (point Cusp of Fig. 8c below).
As a result of these bifurcations, there is a coexistence of
two stable periodic solutions near point DC1 (a closed
circle labeled as PD2). Similarly to the case of sh  100,
a period-doubling bifurcation occurs at point PD1 and
the second one occurs at point PD2. Again, there are
many period-doubling bifurcations in the left part of
Fig. 7b-i, and chaotic responses are seen.
This `horn-like' bifurcation structure can be observed
even in the case of a small time constant sh  5 (Fig. 7c),
although the region where many period-doubling bifurcations and chaotic responses are seen has been
shrunk in the small external current region. In conclusion, as opposed to the n-slow case, many cascades of

period-doubling bifurcations are seen resulting in many
chaotic responses.
2.2 Two-parameter bifurcation analysis
So far, the time constants sn and sh were ®xed to certain
values and the bifurcation parameter Iext was continuously changed. In this subsection, the time constants are
also changed continuously as another bifurcation parameter. These results are summarized in the twoparameter bifurcation diagram of Fig. 8. Figure 8a
shows the loci in the plane of two parameters Iext and
sn , where a speci®c bifurcation occurs. In Fig. 8c, the
parameter sh is used instead of sn .
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Fig. 8. Two-parameter bifurcation diagram of the HH equations: a,b n-slow case; c,d h-slow
case. b and d are the magni®cations of the lower-left region of a
and c, respectively. The loci of
the Hopf, double-cycle, and period-doubling bifurcations are
denoted by solid, broken, and
dotted lines, respectively. Cusp
points are the points where two
double-cycle bifurcation curves
meet each other, and the point
labeled by A is the place where a
double-cycle bifurcation curve
merges with a Hopf bifurcation
curve

In Fig. 8b, a horizontal line (not shown) with sn  1
corresponds to the one-parameter bifurcation diagram
Fig. 4b of the original HH equations. On the line, from
the left, we can see three double-cycle bifurcations and
Hopf bifurcation in that order (see Fig. 4b). At the
leftmost double-cycle bifurcation point, a pair of stable
and unstable periodic orbits is generated, and thus the
bifurcation relates to the onset of repetitive ®rings. At
the Hopf bifurcation point, the unique equilibrium point
changes its stability and unstable periodic orbits are
bifurcated. At the point A, a double-cycle bifurcation
curve meets with a Hopf bifurcation curve and disappears. The Hopf bifurcation curve changes its `stability'
at the point A; e.g., at points to the left of point A on the
Hopf bifurcation curve of Fig. 8b, subcritical Hopf bifurcation occurs while supercritical Hopf bifurcation
occurs at points to the right. The cusp points Cusp1 and
Cusp2 are the points where two double-cycle bifurcation
curves meet and disappear. If we slightly increase the sn
value above Cusp1, the two double-cycle bifurcation
points are not observed in the one-parameter bifurcation
diagram (see Fig. 4 and Fig. 6b). So we can say that the
parameter set of the original HH equations locates in a
very delicate or singular region since slight modi®cation
to the parameter values changes the bifurcation structure qualitatively.
Bifurcation points are degenerate or singular points
in a certain sense. The cusp points and point A of

Fig. 8b at which the Hopf and double-cycle bifurcation curves meet are more singular than the points on
all three curves. Such a highly singular point is called
an `organizing center' since several bifurcation curves
(less-singular points) gather to the point. Singularity
theory (Golubitsky and Schaeer 1985; Golubitsky
et al. 1988) is useful in the analysis of such a
complicated bifurcation structure and has been
applied to the analysis of HH-type equations
(Labouriau 1985, 1989; Hassard and Shiau 1989;
Shiau and Hassard 1991; Labouriau and Ruas 1996;
Fukai et al. 2000b).
From Fig. 8a,c we can see that the two (left and
right) Hopf bifurcation points do not depend much on
the time constants sn and sh (note that the time constants do not aect the position of equilibrium but
they do aect its overall stability). In the h-slow case
(Fig. 8c), several period-doubling curves exist over a
wide range of sh values. Right-most period-doubling
bifurcation curves correspond to stable periodic orbits,
while left ones correspond to unstable orbits. There
are a cascade of many curves (only one or two are
shown) near each period-doubling bifurcation curve
and these curves organize many chaotic oscillations in
the h-slow case (see Fig. 3b). In the following sections,
we clarify the reason why the HH response to a
constant current is so dierent in the n-slow and
h-slow cases.
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3 Slow±fast decomposition analysis
A system with multiple time scales may be denoted as
follows:
dx
 f x; y;
dt
dy
 g x; y;
dt

x 2 Rn ; y 2 Rm
1

2a
2b

Equation (2b) is called a slow subsystem since the value
of y changes slowly, whereas (2a) is a fast subsystem.
The whole (2) is called a full system. So-called slow±fast
analysis (Rinzel and Lee 1986) divides the full system
into the slow and fast subsystems. In the fast subsystem
(2a), the slow variable y is considered to be a constant or
a parameter. The variable x changes more quickly than
y, and thus x is considered to stay close to the attractor
(e.g., stable equilibrium point or limit cycle) of the fast
subsystem for a ®xed value of y. The variable y changes
slowly with a velocity g x; y, in which x is considered to
be in the attractor. The attractor of the fast subsystem
may change if y is varied. The problem of analysis of the
dependency of the attractor on the parameter y is a
bifurcation problem. Thus the slow±fast analysis reduces
the analysis of the full system to the bifurcation problem
of the fast subsystem with a slowly-varying bifurcation
parameter.

Fig. 9. a Waveforms of membrane potential v (solid line) and gating
variable n (dotted line) when n is slow (sn  100, Iext  10). b
Bifurcation diagram of the fast subsystem. c Superposition of the
orbit (closed curve with arrows) of the full system in b. The Zshaped curves of b and c denote the equilibria of the fast subsystem
(dv=dt  dm=dt  dh=dt  0) as a function of the slow variable n

In the case that the gating variable n h of the HH
equations (1) is slow, the corresponding slow subsystem
is (1c) (Eq. 1d) and the remaining equations (1a, b, d)
(Eqs. 1a, b, c, resp.) are the fast subsystem.
3.1 The n-slow case
Figure 9a shows the waveforms of membrane potential v
and gating variable n when n is slow. The action
potential is sharp, followed by a wide `plateau' similar to
an action potential of heart muscle cells, and the gating
variable varies slowly.
Figure 9b is the bifurcation diagram of the fast subsystem (1a, b, d) in which n is considered a bifurcation
parameter. The Z-shaped curve denotes the equilibrium
point of the fast subsystem as a function of n. At the point
labeled SN1 or SN2, a saddle-node bifurcation of equilibria occurs and a pair of equilibria appears or disappears. At point HB, a subcritical Hopf bifurcation occurs,
and the stability of equilibria changes resulting in unstable periodic orbits bifurcating from the equilibrium.
Next we take the motion of the slow variable n into
account. Figure 9c shows the superposition of the projection of the solution of the full system (1) to n±v phase
plane on the bifurcation diagram of the fast subsystem.
Let us start at the point labeled A. At this point, the
solution orbit of the full system stays near a stable
equilibrium of the fast subsystem (lower branch of the
Z-shaped curve). The almost straight line labeled

(solid line denotes a stable equilibrium and dashed line an unstable
one; the open circles denote unstable periodic orbits). The almost
straight curve labeled by dn=dt  0 is the n-nullcline and denotes
the equilibria of the slow subsystem as a function of n. SN1 and
SN2 are the saddle-node bifurcation points
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Fig. 10. a Waveforms of membrane potential v (solid line) and gating variable n (dotted line) when n is slow (sn  100, Iext  20). b Superposition
of the orbit (closed curve with arrows) of the full system on the bifurcation diagram of the fast subsystem

dn=dt  0 is the n-nullcline. Since the point A is below
this curve, and thus dn=dt < 0, the orbit of the full
system moves slowly to the left of A following the lower
branch. When n decreases to close to 0.4, the stable
equilibrium point of the fast subsystem disappears by
the saddle-node bifurcation SN2, and thus the orbit of
the full system quickly jumps to the upper branch. Then,
since the inactivation process (h) is relatively slow and so
some time is needed before the orbit of the full system
approaches the upper branch, a sharp spike appears in
the membrane waveform of Fig. 9a.
On the upper branch dn=dt > 0, and thus the orbit
moves rightwards slowly. If the orbit passes through the
Hopf bifurcation HB, the orbit cannot stay near the
upper branch since the equilibrium of the fast subsystem
becomes unstable. Then the orbit jumps to the lower
branch and repeats the above process. Note that the
jump point on the upper branch is not close to the point
HB. Such a delay of the departure at the slow passage of
a Hopf bifurcation occurs in the general situation (Neishtadt 1987, 1988; Baer et al. 1989; Mandel and Erneux
1989).
Figure 10a shows the membrane potential waveform
when Iext  20. Comparing this ®gure with Fig. 9a, as
the value of Iext changes from 10 to 20, the total period
of the oscillation becomes one-third, and an oscillatory
wave in the plateau region appears (there are also small
oscillations in the plateau region in Fig. 9a). We now
consider why such a slight increase in the value of Iext
changes the characteristics of total oscillations so much.
Figure 10b shows the superposition of the bifurcation
diagram of the fast subsystem and the orbit of the full
system, similar to Fig. 9c. Dierently from the case of
Iext  10, the bifurcation point SN2 moves signi®cantly
to the right and SN1 moves only slightly, and thus the
distance between SN1 and SN2 is less. Since the orbit of
the full system spends much time on the upper or lower
branch between SN1 and SN2, as the distance between
SN1 and SN2 decreases, the total period of the oscillation as decreases. The distance between SN2 and the
Hopf bifurcation point HB is also reduced. As a result,
the attraction of the orbit of the full system at SN2 to
the upper branch is weakened, and thus a big oscillation
appears in the plateau region.

The reason why an increase in the value of Iext decreases the distance between SN1 and SN2 is as follows.
The value of membrane potential v of the equilibria of
the fast subsystem is obtained by
G v; m1 v; n; h1 v  Iext
 gNa m1 v3 h1 v VNa
 gL VL

v  gK n4 VK

v

v  Iext  0

3

Solving this equation for n, we obtain
n4 

gNa m1 v3 h1 v VNa
gK v

v  gL VL
VK 

v  Iext
4

The Z-shaped curves of Figs. 9b and 10b were plotted
using the relation between v and n determined by (4).
Since both denominator and numerator of the righthand side of (4) are positive, the increase in the value of
Iext increases n. This means that the increase of Iext
moves the Z-shaped curves to the right. The amount of
displacement becomes bigger if the value of v is
decreased, since the value of the denominator
gK v VK  of (4) decreases as v decreases. Thus, the
lower part of the curves is displaced more than the upper
part. This is why the Z-shaped curves shrinks as Iext is
increased.
Figure 11 shows the case of Iext  50. There are no
plateau regions in the membrane potential waveform
and the waveform resembles the nervous impulse of the
original (no time-scale change) HH equations. However,
the period of this repetitive ®ring is much longer than
that of the original HH equations since the state point
spends more time on the lower branch. As is seen from
Fig. 11b, the increase in Iext further shrinks the distance
between SN1 and SN2, and the Hopf bifurcation point
comes to the left of SN2. Thus the orbit of the full
system that jumps from the lower branch of the Zshaped curve does not approach the upper branch (since
the upper branch is unstable), but it does approach the
stable periodic orbit of the fast subsystem (denoted by
closed circles) before returning to the lower branch after
it generates one spike. In Fig. 11, unstable periodic
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Fig. 11. a Waveforms of membrane potential v (solid line) and gating variable n (dotted line) when n is slow (sn  100, Iext  50). b Superposition
of the orbit (closed curve with arrows) of the full system on the bifurcation diagram of the fast subsystem

Fig. 12. a Waveforms of membrane potential v (solid line) and gating
variable h (dotted line) when h is slow (sh  100, Iext  20). b
Superposition of the orbit (closed curve with arrows) of the full system
on the bifurcation diagram of the fast subsystem. The S-shaped curve

denotes the equilibria of the fast subsystem (dv=dt  dm=dt 
dn=dt  0) as a function of the slow variable h. The almost straight
curve labeled by dh=dt  0 is the h-nullcline and denotes the equilibria
of the slow subsystem as a function of h

orbits of the fast subsystem branched from the Hopf
bifurcation point HB change their stability by the double
cycle bifurcation labeled by DC, and suddenly terminate
around n  0:533 by the homoclinic bifurcation (of the
fast subsystem).

Similarly to the n-slow case, the orbit of the full system
moves alternately on the upper and lower branches of
the S-shaped curve. Dierently from the n-slow case, the
orbit moves rightward below the h-nullcline (dh=dt  0)
and leftward above it. This is because h is an inactivation
variable while n is an activation one; h1 v is a
decreasing function of v while n1 v is an increasing
function. As is seen from Fig. 12b, both switchings
between upper and lower branches are caused by the
Hopf bifurcations (HB1 and HB2). We note that the
orbit does not leave the branch right at the bifurcation
points, but there are some delays as stated above.
Let us compare Fig. 12b with the n-slow cases
(Figs. 9b, 10b, and 11b). There seems to be no essential
dierence between the dynamics of n-slow and h-slow
cases except that the bifurcation diagrams of the fast
subsystem are mirror images. The n-nullcline intersects
the Z-shaped curve in the middle branch whereas the
h-nullcline intersects the S-like curve in the lower
branch. This leads to a big dierence between n- and
h-slow cases.
Figure 13a shows the membrane potential waveform
when h is slow and Iext  50. The waveform is very different from those shown before. This is a (type III)
chaotic bursting oscillation in which an active phase
with several spikes and a silent phase with no spikes

3.2 The h-slow case
Next we consider the case of h-slow (sh  100). Figure 12a shows the waveforms of membrane potential v
and gating variable h when h is slow. The membrane
potential has a wide plateau similar to the case of n-slow.
The only dierence from the n-slow case is that the
membrane potential of the h-slow case has a sharp
(downward) spike in the hyperpolarized region (v < 0)
beside the depolarized region. Figure 12b is the bifurcation diagram of the fast subsystem (1a, b, c) in which h
is considered as a bifurcation parameter and the orbit of
the full system is also superimposed. The S-shaped curve
denotes the equilibria of the fast subsystem as a function
of the slow variable h obtained by:
h
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Fig. 13. a Waveforms of membrane potential v (solid line) and gating variable h (dotted line) when h is slow (sh  100, Iext  50). b Bifurcation
diagram of the fast subsystem. c Superposition of the orbit (solid curve with arrows) of the full system on b

appear alternately, and the number of spikes in the active phase varies chaotically cycle-by-cycle. (See Bertram
et al. 1995; Wang and Rinzel 1995; Hoppensteadt and
Izhikevich 1997 for the topological classi®cation of
bursting oscillations.) Figure 13b is the bifurcation diagram of the fast subsystem. Comparing with Fig. 10b,
the S-shaped curve shrinks and moves leftward by the
increase of the value of Iext . As a result, the Hopf bifurcation point HB2 moves leftward and the periodic
orbits that bifurcate from HB2 change their stability at
the double-cycle bifurcation point DC. In the range of
0:130 < h < 0:135, stable equilibria coexist with stable
periodic orbits (bistability).
Figure 13c is the superposition of the orbit of full
system (the ®rst 100 ms of Fig. 13a is drawn) on the
magni®cation of the fast-bifurcation diagram of
Fig. 13b. The orbit started at point A moves rightwards
since the lower branch of the S-shaped curve is below the
h-nullcline dh=dt  0. The orbit of the full system
crosses the unstable periodic orbit of the fast subsystem
at point B, then the orbit changes its direction to the
stable periodic orbit of the fast subsystem. When
the orbit of full system stays near the periodic orbit of
the fast subsystem, the value of h decreases since the
membrane potential of the periodic orbit is above the
h-nullcline `on average'. After several spikes are generated, the orbit leaves the stable periodic orbit of the fast
subsystem at point C and returns to a stable equilibrium.
This return point is not same as the starting point A, and
thus chaotic oscillation may appear. The exact generation mechanism of this chaotic (bursting) oscillation has
not yet been characterized well. However, we give a very
rough picture about this mechanism as follows: As
stated above, the silent phase of the bursting oscillation

ends and an active phase starts when the orbit of the full
system crosses an unstable periodic orbit of the fast
subsystem whose maximum value is denoted by an open
circle. This crossing time is very sensitive to the timing of
the beginning of the silent phase, since the stability of
the equilibrium points of the fast subsystem (lower
branch) is weak and the orbit of the full system winds
the equilibria. This sensitivity seems to lead to the socalled `sensitive dependence on initial conditions' of
chaos. Thus, we conjecture that type-III burstings using
Bertram's terminology (Bertram et al. 1995: the active
phase begins at a subcritical Hopf bifurcation point and
ends at a double-cycle bifurcation point of the fast
subsystem) have great relevance to the generation of
chaotic bursting oscillation.
When h is slow ± over a wide range of the values of
Iext ± the structure of the bifurcation diagram of the fast
subsystem is similar to that of Fig. 13b. Therefore,
chaotic bursting oscillations like those in Fig. 13a are
observed over a wide range of Iext values. Thus, the response characteristics (Fig. 3) of the modi®ed HH
equations to a constant current are quite dierent between n-slow and h-slow cases.
4 Generation and annihilation of chaotic oscillation
As is seen above, the only topological or qualitative
dierence between n- and h-slow cases is that in the
n-slow case, the Z-shaped equilibrium curve of the fast
subsystem intersected the n-nullcline (the equilibrium
curve of the slow subsystem) in the middle branch,
whereas in the h-slow case the intersection was in the
lower branch of the S-shaped curve. From this obser-
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Fig. 14a,b. Bifurcation diagram
of the HH equations (1) with
voltage shifts for the external
constant current Iext . Local extrema of membrane potential v t
are plotted for each value of Iext .
a The n-slow case (sn  100,
sm  sh  1). b The h-slow case
(sh  100, sm  sn  1)

vation, we suspect that the method of intersection of two
equilibria curves of the fast subsystem and of slow
subsystem dierentiates the response characteristics of
the HH equations to a constant current between n-slow
(Fig. 3a) and h-slow cases (Fig. 3b). In order to verify
this conjecture, we alter the method of intersection of the
equilibria curves of the fast subsystem and slow
subsystem. To do so, we have shifted the functions
n1 v and h1 v to n1 v  5 and h1 v 10, respectively. Then the intersections occur in the lower branch
in the n-slow case and in the middle branch in the h-slow
case. Figure 14a (Fig. 14b) shows the response characteristics of the n-slow (h-slow) HH equations with n1 v
(h1 v, resp.) shifted in this way. Figure 14a becomes
considerably dierent from Fig. 3a to rather resemble
Fig. 3b, and various chaotic responses are seen in
Fig. 14a while almost all chaotic responses of Fig. 3b
are annihilated in Fig. 14b. From this observation, we
conclude that the topological feature of the intersection
of the equilibria curves of slow and fast subsystems is the
most important factor in the global response characteristics of the neuronal model.
5 Discussion
We have proposed the modi®ed Hodgkin±Huxley equations (1) as a prototypical neuron model with the simplest
formulation and exhibiting a variety of dynamics. In fact,
the equations could produce various kinds of membrane
waveforms that are observed in diverse neurons. If a
parameter such as the potassium equilibrium potential
VK of the original HH equations in addition to the Iext
value is changed, various complicated phenomena
appear (Guckenheimer and Labouriau 1993; Fukai et al.
2000a). The VK value changes the number and stability of
equilibrium points, and this change makes the bifurcation analysis very complicated. Our modi®ed HH
equations, however, have an advantage that the change
of time constants changes only the stability of the unique
equilibrium point of the original HH equations and does
not change the number of equilibria. Thus the modi®ed
HH equations represent a good typical model from the
diverse family of HH-type equations.
Using the slow±fast analysis, we have shown that the
topological feature of the intersection of the equilibrium
curves of fast and slow subsystems determines the
behavior of the full system. We emphasize that the

topological character of equilibria do not have much
relevance to the oscillatory behavior of the system in
general. In our system, however, we can predict oscillatory (chaotic) behavior from the simple nature of
equilibria curves.
The (modi®ed) HH equations with large time constants are mathematically a singularly perturbed system.
In such systems, if a slow variable passes through a bifurcation point of the fast subsystem, then unexpected
phenomena such as the delay at a Hopf bifurcation
point (Neishtadt 1987, 1988; Baer et al. 1989; Mandel
and Erneux 1989) would be observed. However, many
phenomena have not yet been clari®ed mathematically
(Guckenheimer 1996) in spite of the long history of research into the singular perturbation method.
In the slow±fast analysis used in this article, the
number of slow variables was unity. Such slow±fast
analysis is also applicable to the case of more slow
variables; in fact, the bursting b-cell model with two
slow variables has been analyzed already (Smolen et al.
1993). We note that if both variables n and h are slow in
the modi®ed HH equations, then the dynamics is not so
interesting; it is very similar to that of the original HH
equations. Thus, the time-scale dierence between n and
h is essential in the modi®ed HH equations.
We have shown numerically that chaotic oscillations
appear everywhere when the slow variable passes a
double-cycle bifurcation point and a subcritical Hopf
bifurcation point of a fast subsystem, which leads to a socalled type III bursting oscillation (Bertram et al. 1995).
For a rigorous mathematical analysis, more elaborate
use of the geometric singular perturbation method (Jones
and Kopell 1994) would be useful. For a chaotic oscillation when a slow variable passes a homoclinic bifurcation of a fast subsystem, see Terman (1991).
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