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1 lonic basis of the membrane potential

The key feature in maintaining a voltage di erence betweena neuron and
the external world is the cell menmbrane which hasthe property of selectively
allowing di erent ions in and out of the cell. There are many di erent ions
in the intra- and extracellular media. For our purposesthe most important
are calcium [Ca], potassium[K], sodium [Na], chloride [CI], and magnesium
[Mg]. Potassium and sodium have a single positive charge per ion, chloride
has a single negative charge, and calcium and magnesiumhave two positive
charges per ion. Positive ions are called cations and negative are called
anions.

1.1 Nernst Equation

Each ion has an equilibrium potential assaiated with it whereby the dif-
fusive forcesand the electrical forcesbalance. This is given by the Nernst

Equation C]
RT . [Clout
Ei Vin  Vou 7F In [Cln (1)
whereT is the absolutetemperature 27316+ C, R = 8:31451j=(mol K)
is the ideal gasconstart, F = 964853 C=mol is Faraday's constart, and z is
the valenceof the ion. Generally peopleusethe logarithm base10 in which
casethe Nernst equation is multiplied by the factor 2.303. At T = 20 C just
multiply the logarithm base10 of the ratio of outside to inside by 58 mV to
get the equilibrium potential. At T = 37 C the multiplication factor is just
62 mV. The table at the end of this section shaws the typical equilibrium
potentials for various membranesat various temperatures.




1.2 Goldman-Ho dgkin-Katz

In the presenceof seweral di erent ions, the equilibrium of the cell depends
on the relative permeability of the ions. For this, we use the Goldman-
Hodgkin-Katz equation:

_ RT, Pk[K"Jout + Pna[Na"Jout + Pci[Cl Jin
Vrest = —1In

F " P K Tn + PrnalNa T + Pa[Cl Tout @)

Permeability of an ion is dependert on a number of factors sud as the
size of the ion, its mobility, etc. During rest in the squid giant axon, the
permeabilities have the ratio Pk : Pya: Pc) = 1:0:03: 0:1 sothat

1(10) + 0:03(460)+ 0:1(40) _

= 70mV
1(400) + 0:03(50)+ 0:1(540)

Viest = 58log

SincePx dominates,this is closeto Ek : During an action potential the ratio
iSPk :Pna:Pcy=1:15::1 sothat

1(10)+ 15(460)+ 0:1(40) _
1(400)+ 15(50)+ 0:1(540)

Vi = 58log +44mV

Later on we will approximate the GHK equationsby a linearized version:

Vo = OnaEnat Ok Ek + OciEcy
& Onvat Ok T Oci

where the conductancesg are proportional to the permeabilities.
HOMEW ORK

1. Supposethe external potassiumin a mammalian cell is increasedby a
factor of 10. What is the new value of Ex ?

2. At 10 C a cell contains 80 mM sadium inside and has only 100 mM
sadium outside. What is the equilibrium potential for sodium?

3. Using the samepermeabilities for the mammalian cell aswere usedfor
the squid axon, compute V,est; Vin Using the table at the bad of these
notes.



2 lon concentrations and equilibrium potentials

lon Inside Outside Equilibrium  Potential
(mM) (mM) E = B In [P
Frog Muscle T=20C
K* 124 2.25 58log 222 = 10ImV
Na 10.4 109 58log 129 = +59mV
Cl 1.5 775 58log 72 = 99mV
Ca?* 10 4 2.1 29log 1, = +125mV
Squid Axon T=20C
K* 400 20 58log 2% = 75mV
Na* 50 440 58log 42 = +55mV
Cl 40-150 560 58log ;2% = 66t0  33mV
Ca?' 10 # 10 29l0g 2% = +145mV
Mammalian T=37C
cell
K* 140 5 62log 55 = 8%4mV
Na* 5-15 145 62log 45 = +90  (+61)mV
Cl 4 110 62log 3% = 8amv
Ca? 10 4 2.5-5 3llog23-2 = +136 (+145)mV
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Figure 1. Passive Membrane Model

3 Electrical prop erties of a membrane

The simplest represertation of a piece of nerve membrane is a simple RC

circuit as shavn in Figure 1. The capacitanceof a typical membrane, Cp,
arisesdue to the fact that there are layers of conductive and nonconductive
(lipids) media. The capacitanceof a typical patch of membrane is Cy =
1F =cn?. That is the membrane capacitanceis measuredin terms of the
areaof the membrane. The larger the area, the larger the capacitance. Since
we will be doing most measuremets in microns but most constarts are in
certimeters, the corversionfactor is 10* microns per certimeter. The actual
capacitanceis then Cy =A whereA is the areaof the membrane patch. Thus,
a spherical cell which is 20 microns in diameter has a total capacitanceof

Cn=Cu4r®=1 10°% (20 10 %%2=5 10 ! farad= 50pF:

The membrane alsohasan assaiated resistance. As you might guessthe
smaller the patch of membrane, the larger is the resistance. The resistance
of a typical patch of membrane, Ry is 10000 cm? so that for our sphere,
the actual resistanceis Ry, = Rm A or

Rm=Rw=(4 r?)=1 10'=4 (20 10 %)?) = 198V

There are two main points to emphasize:(i) Asscciated with any mem-
brane are certain material constarts that are independen of the shape of
the membrane, (ii) the actual electrical properties of a membrane depend
on its geometry.

We can now write the equation for a patch of membrane:

Cmaz (V  Vm)=Rm 3



which, if we multiply both sidesby Ry, obtain

av

—= (V V 4

5= (V. Vm) 4)
where = RnCh = RWACH=A = Ry Cum is called the membiane time
constant. It is indep endent of geometry . For our preser choice of pa-
rameters, = 10 & 10* = 10mV: The true membrane resistanceis di cult

to measuresince electrodeswill puncture the menmbrane and thus decrease
the apparent resistivity. This simple equation is called a one-compartmert
model for a passive membrane. In general,aswe will see,all neural models
are made up of piecesjust like this and ultimately soare connectionist mod-
elsthat can be derived from these biophysical models. This is the EVE of
GENESIS!

The solution to (4) is easy:

V()= Vm+ (V(0) Vm)e ©

where V (0) is the initial voltage.

We could apply a steady current to this membrane as well. Typically,
currents are measuredin terms of the area of membrane stimulated or cur-
rent density. The units are typically microamperesper certimeter. This is
corveniert since one micro-farad times one milli-v olt per one milli-second
givesonemicro-ampere. Positive currents are inward relative to the cell and
are called deplarizing while negative currents which are outward relative to
the cell are called hyperpolarizing. Supposewe take Vi, = 70mV and ap-
ply a step of current to our spherical cell. Let's apply 2 A=cm 2. What is
the voltage as a function of time? The equation is

Cmc:j—\t/ = (V Vn)=Rp+I (5)
whosesolution is again easyto obtain if | is constart:
V()= (Vm+ Rm)@A e ¥ )+ V(e T (©)

Thus the voltage rises or falls to a new value dependert on the current
density. The current, | = I A wherel is the current density. Note that
the nal value of the potential is dependert on the current density and not
the actual geometry of the cell since the nal potential is Vi, + Ryl =
Vim + (Rm=A)IA = Vi, + | Ry @ For our presert example, the steady state
voltage is

Ves = 70mV + 1000 (1 10* cm?)(2 10 ®Amp=cm?) = 50mV:
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Note the factor of 1000is necessaryto corvert to milliv olts.

HOMEW ORK

1. Calculate R, and C,;, for a cylindrical cell with diameter of 10 microns
and length of 50 microns. Ignore the area at the endsof the cylinder.

2. How much current is neededto raise the potential to -55 mV in the
spherical cell example above?

3. Supposethat Ry is 20000 cm?. What is the time constart of the
membrane.

4. Supposethat the spherical cell above is started at rest. Write the
equation for the voltage asa function of time if the current is stepped
up to 10 A=cm 2 for 20 msecand then setto 0 again. (HINT: Use(6)
twice, once for the time when the stimulus is on. Then again, using
the voltage at the end of the stimulus asinitial voltage.)

4 Numerical solution of passive models

Oncewe get beyond a single compartment model, it is much easierto simu-
late the behavior rather than attempting to explicitly solve the di eren tial
equationsthat you derive. In particular, oncethat are more than 2 compart-
ments and once channels and synapsesare added, simulation is just about
the only generally applicable tool for studying behavior. There are many
simulation programs available and we will talk about someof them later in
the term; notably GENESIS and NEURON, both of which are speci cally
designedfor neural simulations. Both of these simulators solve di erential
equations, but their interface essetially removesthe actual equationsfrom
you. We will use a general purposedi erential equation solver in which
we must explicitly provide the relevant equations. The simulator is called
XPPAUT and runs on any UNIX systemwith X windows.

The rst model we will simulate is the single compartment injected by

a current (3)
dv Vimn V
CvA—=A
M at Rw
where A is the area of the membrane compartmert. We can divide this

whole thing by A to getrid of it. We are interested in a scaleof milliv olts,

+ Al (1)



milliseconds and picoamps. Dividing by ACy we obtain:

d_V_(Vm Vv
dt ' Ry

+1(t))=Cn :

We use the following values for the parameters: Ry = 10000 cm?,
Cm = 1F =cnm?. The with units of milliseconds and milliv olts, we can set
Cuv = 1 and obtain:

d_V = (1000M + | (t))=Cy
dt Rm

where | (t) is measuredin A=cm 2: We can view the reciprocal of the re-
sistance as a conductance measuredin Siemens=cm?: The factor of 1000
comesfrom the corversion to millivolts and from the factor of 10 & from
the capacitance. We typically measurethe conductance,gy = 1=Ry in
S=cm? sothat we nally obtain:

dV_  Vpm V
at (om n

1 (1))=Cu

where gy = 10®=Ry, is the membrane conductancein S=cm2: All units
are now in terms of milliv olts, milliseconds, and microamps, microsiemens,
microfarads per square certimeter.

4.1 Writing an ODE le

To simulate this in XPPAUT we must create an ODE le which has infor-
mation such asthe number of equations, the parameters,initial conditions,
namesof variablesand function de nitions. The following le doesthe trick:

# passive membranewith step function current: passive.ode
dv/dt = (1000 (Vm-V)/R_M+ |I_0*p(t))/C_M

V(0)=-70

parameter R_M=10000,C_m=1,1_0=2, E=-70

parameter t on=5, t off=10

# define a pulse function

f(t)=heav(t_off-t)*heav(t -t on)

# track the current

aux ibar=f(t)*1_0

done



There is little explanation neededexcept for the following points:

heav(t) is the Heaviside step function which is O for t < 0 and 1 for
t > 0: Thusf (t) is a pulse function which turns on at t = t,, and
turns o att = tefs:

V(0)=-70 is the initial condition.

aux meansthat what follows is something that we want to plot but
doesnot satisfy a di erential equation.

XPPAUT is caseinsensitive so upper and lower casesare synonymous.
# meansthat what follows is a commert.

param ... de nes parameters

dv/dt = ... tells XPPAUT that this is a di erential equation

done tells the parserthe le is done.

Notes: (1) All the declarations at the beginning of ead line can be
abbreviated to their rst letter; all others are ignored until a spaceis en-
countered. (2) Variables, functions, and parameterscan have up to 9 letters.
(3) There areat most 100di erential equationsallowed, 200parameters,and
50 functions.

4.2 Running the simulation

Create this le with your editor and re up XPPAUT with the following
command:

Xpp passive.ode

where passive.ode isthe le name. If the program typedin is OK, then a
seriesof 7 windows will be created. If you are using TWM (the manageron
an xterm or the NeXT) you must click where you want the windows. The
seen windows are:

1. The main window with all of the commands

2. The parameter window with the namesof the parameters and their
current values



The initial data window with the variables and their current values
The delay window (ignore this for now)
The boundary condition window (ignore this too)

The equation window (lists the equations)

N o o~ W

The data browser. This lets you look at the numbers and manipulate
them like a spreadsheet.

There are two windows that acceptcommandsand seeral other windows
that are not for input but rather inform you about parameters, boundary
conditions, and initial conditions. The main window is for most of the
commandsand the browserwindow is the \spreadsheet" for viewing, saving,
and manipulating the numbers. The main things one wants to do are:

1. Integrating the equationsand changing initial data. All of the commands
in xpp have keyboard shortcuts so that you can avoid using the mouse.
Except for certain dialog boxes, all inputs such as values of parameters,
etc are put ertered in the command line at the top of the main window.
To changeinitial conditions, click in the Initial Conditions window on the
variable you wish to change. Then changeit in the command line. Type
<Ener>whendone. If you do not pick the last variable, you will be prompted
for all the remaining ones. You can just type <Ener>to acceptthe presen
value.

To run the simulation, click on the Initial Condsbar and then on Go, or
typel G The trajectory is invisible sincethe window only goesfrom -1to 1.
To get a bigger window, click on the \Windo w" bar and then on \Windo w"
or type WW A new window will appear in which you can specify the max
and min of your axes. Click on OK when you are done and the data will
be redrawn in the new window. There are two quicker ways to do it. Click
on\X vsT" and chooseV asthe variable to plot versustime. The window
will automatically be redrawn and tted. Alternativ ely, usethe \Windo w"
command but then click on \Fit".

2. Changing parameters. The parameters can be changed like the initial
conditions by clicking on them in the parameter window. After changing
one parameter, you will not be prompted for others. You will instead be
asked for another parameter. Type <Enter> to get out of this or typein
another parameter or click on another in the parameter window. Another

9



way to changeparametersis to click on "Parameter” in the main window or
type"P" the keyboard shortcut. Hit <Enter> repeatedly to exit this mode.
Change someof the parametersand reintegrate.

3. Changing numerical parameters. Click on "nUmerics" or type "U" to get
a new menu. The main items of interest are

"Total" Clicking on this lets you set the total amount of time for the
integration. The default is 20.

"Dt" This is the time step for integrating the equations. Smaller steps
take longer but are more accurate. The default is 0.05

"Bounds" This setsthe total magnitude that any trajectory can take.
The integration is stopped if the bounds are exceeded. Increaseit if
you want; the default is 100.

"Ncline cortrol" This cortrols the grid for nullcline computation. In-
creaseit for ner nuliclines. The default is 40.

"Metho d" This is the method of integration. The only onesof interest

to you are:
{ Euler
{ Modied Euler
{ Runga Kutta
{ Adams-Bashforth
{ Gear
{ Badkward Euler

The rst two are fast and inaccurate. The next two are more accurate
and the last is the most accurate but requiresadditional input and the
backward Euler is stable but fairly fast.

"Esc-exit" This takesyou bad to the main menu.

There are other that may be of use;read the full doc for them. At this point
you may want to run the full tutorial.

HOMEW ORK
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Figure 2: Cable broken up into discrete segmeits

In the compartmerntal model above, change the current stimulus to be a
sinusoid with frequency of 40 Hz and plot the solution for 200 msec. Use
Dt=.2. To do this, you will have to modify the ODE le. Pleaseprint out
the ODE le and also make a copy of your solution. (Use the postscript
option under graphics.)

5 The passive cable equation

Information o wsin the nervoussystemfrom the somato the axon and then
to the dendrites. In most models, the dendrites are regardedasbeing passiwe
electrical cables. In this section, the cable equation is derived, steady state
cable properties are studied and total input resistanceof a cell is de ned.
We will model the cableasa cortinuous pieceof membrane that consists
of a simple RC circuit coupled with an axial resistancethat is determined
by the properties of the axoplasm. Figure 2 shaws a pieceof a cable broken
into small parts. From this gure, we obtain the following equations
dvy _ E V, + Vise 2Vi + Vi

Cm—b =

()

We have introduced a new quantity, R, which is the axial resistance. This
as you would guessdependson the geometry of the cable, in this case,the
diameter, d and the length, ": As with the membrane resistance,there is also
a material constart, Ra assiated with any given cable. This is measured
in cm. A typical value is 100 cm: As anyone who has ever put a

11



stereowill attest, the resistancealong a cable is proportional to its length
and inversely proportional to the cross-sectionalarea (the fatter the cable,
the lessresistance)thus we have the following (using our de nitions above)

Cm = d'Cwm (8)
R
Ra 4R
Ra = = 1
a (d=2)2 o2 (10)
We plug theseinto (7), let x = |~ de ne distance along the cable, and then
take the limit as”~ ! 0 to obtain the continuum equation for the cable:
@/ (x; ) E V(X t) d® @V (x;1)
= + _
dCwm a d Ry i @l (11)
We multiply both sidesby Ry = d and obtain the following equation:
@ , @V
—=E V+ ‘“— 12
m @ @2 ( )
where |, is the time constart Ryy Cy and
q _—
= (d=4)Rm =Ra (13)

is called the spaceconstart of the cable. The spaceconstart dependson the
diameter while the time constart dependsonly on the material constarts.
Using Ry = 10000 cm? and Ra = 100 cm we obtain

- Pomg
soif the dendrite hasa diameter of, say, 10 microns, or 0:001 certimeters, the
spaceconstart is 0.07certimeters or 0.7 mm. The spaceconstart determines
how quickly the potential decgs down the cable.
An alternate derivation is given by Segevin the Book of GENESIS. The
longitudinal current, I; is given be the following:

1@ _
e

wherer; is the cytoplasmicresistivity asresistanceper unit length along the
cable. This is just 4Rp=( d?):

F (14)
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5.1 Steady state and boundary conditions

To make life easier,we setE = 0: The solution to (12) dependson the initial
spatial distribution of voltage and the conditions at the ends of the cable,
the boundary conditions. We will considereither a nite cable of length | or
a semi-in nite cablewhereoneendgoesto in nit y. Wewill rst look only at
the steady state behavior of the cable. In this case,we drop the derivative
with respect to t and obtain:

d?v
- 20V
0= 02 (15)
whosegeneralsolution is one of the following forms:
V(X) = Ae © + Ae” (16)
V(x) = Bjicosh(l x)=lambda + B,sinh((I x)=) a7)
V(x) = Cjicoshix= )+ Cysinh(x= ) (18)

We de ne the input resistan® of a cable asthe ratio of the steady state
potential divided by the current injected.

5.1.1 Semi-in nite  cable

In this case,we assumethat at x = 0 the voltage is clampedto V = Vj: The
boundednessof the voltageasx ! 1 meansthat we must take

V(x) = Voe (19)

It is now clear why is called a space-constant, it determinesthe voltage
attenuation with distance.

Alternativ ely, we could demand that the current at x = O be speci ed
aslg. From (14) we seethat

and sinceV(x) = Voe * we get
V(x)=rilpe

The input resistanceis the ratio of V (0)=l is thus

2p Rm Ra

L
Ri =1 = (4Ra( o) (d=HRw=Ra = —

(20)
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The input conductancefor the semi-in nite cableis thus
d3=2
L P RuRA
Note: It is often corveniert to introduce the dimensionlessspacevari-

able, X = x= and the electrotonic length of the cable,L = I=: This gets
rid of all the divisions by in the exponertials and hyperbolic functions.

G

5.1.2 Finite cable

There are a variety of possible end conditions we can apply to the ca-
ble. Among them are the (a) sealed end where no current can passand
sodV=dx = 0, (b) short circuit or open end where the voltage is clampedto
0, (c) leaky endswhich is a mixture of the two, somecurrent escagsbut not
an in nite amount. Let's revert to the dimensionlessequations X = x=
and L = |=: Assumethat the voltage at X = 0is V. Then the general
solution to the steady-state equation is:
coshL X)+ Brsinh(L X)
coshL + B sinhL

where B is an arbitrary constart. This general solution is equivalent to
assertingthat the boundary condition at X = 0is Vo andthat at X = L
dv
dx
The free parameter, B is the ratio of the input conductancefor the cable,
G_ to that of the semi-in nite cable,G; : That is, B, = G =G, :

For example, if we want the sealedend condition at X = L we take
B, = Osothat

V(X) = Vo

BLV(L)+ (Ly=0

coshL X)
V(X)=Vg——M—=
(X) 0 coshL
If we want the open end conditions, we take B = 1 sothat
sinh(L X))
V(X)=Vg——mM=
(X) 0" sinhL
If we chooseB| = 1 then
V(X) = Voe X

which is preciselythe solution to the semi-in nite cable. In gure 3 we plot
the steady state voltages for a variety of dierent cablesand at dierent
electronic lengths. Thesecould be solved analytically, but the plots werein
fact generatedby using XPPAUT.

14
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Figure 3: Steady state voltagesfor a variety of electrotonic lengths and for

di erent end conditions

5.1.3 Solving boundary value problems

We want to solve:
d2v
dX?2 Vo=
V() =

av
BLV(L)+ (L) =

Since XPPAUT can only solve systemsof rst
this asa systemof two rst order equations:

dv

dx

dVx

dX

V(0)

BLV(L) + Vx (L)

which translates into the following ODE le

# steady state cable sscab.ode
dv/dt = vx

15

with XPP AUT

0
Vo
0

order equations, we rewrite

Vx

V
Vo



dvx/dt = v

# boundary condition at left end:
bndry v-1

# boundary condition at right end:
bndry bl*v'+vx'

#

parameter bl=1

done

SinceXPPAUT uset asits independert variable, we have changedthe name
of \x" to \t". Boundary conditions are set by using the declaration, bndry.
XPPAUT will try to settheseto zero. Primes meanto evaluate the variable
at the end of the integration while unprimed variables evaluate at the begin-
ning. To generatethesepicture, | just setthe total amount for the integra-
tion to either of 0.5, 1, 2, 3, corresponding to di erent electrotonic distances.
Then | usedthe Bndry (N)o show combination to solve the equations. |
usedthe Graphics Freeze Freeze combination to make a permanen copy
of the given curve. | repeated this for ead curve and usedthe Text Text
option to draw the text on the curvesand the View 2d combination to set
the axesand labels.

HOMEW ORK

1. What is the electrotonic distancefor a cablewith Ry, = 20000 cm?;Rp =
75 cm;d=8; Cy = 1F =cm?

2. Find the input resistancefor the semi-in nite cable with the above
parameters

3. Solwe the steady state voltagesfor B, = 0;:25;1;10;,100 on a cable
with electrotonic length 3 using XPPAUT.

6 Equiv alent Cylinders

Recall that the input conductancefor the semi-in nite cableis given by:

d3=2
G, pP—
' 2" RwRa
Recall also that the spaceconstart is

q _—
= (d=4)Ryp =Ra

16



Figure 4. Dendritic tree

The electrotonic length of a cable of physical length, “isL  "=: The input
conductanceat X = 0 for a nite cable of electrotonic length, L with a
sealedendat X = L is just

Gin = G tanh(L):

There are many other possibilities, but the sealedend is the most common.

The idea that Rall discoveredis that if the dendrites were related in a
particular fashion, then the whole thing could be collapsedto a single cylin-
drical cable. This is called the equivalent cylinder. Considerthe tree shaovn
in the gure 4. Supposethat the branches, 0,1 and 2 have the samemem-
brane resistivities, Ry and Ra: Assumethat the daughter branches, 1 and
2, have the sameelectrotonic length, that is, their physical length divided
by their spaceconstarts (which of course depend on their diameters) are
all the same. (For example, if both have equal diameters and are the same
physical length.) Also, assumethat the two have the sameend conditions,
eg sealed. We want to know if it is possibleto combine the branchesof the
dendrite into a single equivalent cylinder. The key is that we must avoid
impedencemismatches. Thus, to combine the dendrites, 1 and 2 with 0, we
require:

1. All the endsare the sameconditions, sealed.
2. The electrotonic lengths of 1 and 2 are the same
3. The diameters match asfollows:

3 3 3
2 — 2 2
d§ = df + d

17



EXAMPLE

20

HOMEWORK

Figure 5. Example and exercise

It is clear that this last condition is a consequencef the impedanceof the
parent branch equalling that of the sum of the daughters. If theseconditions
hold then 0,1,and 2 can be collapsedinto a single cylinder with diameter
equalto that of dendrite 0 and total electrotonic length asthe sum of 1 and
0 (or equivalently 2 and 0.)

Example

In the above gure, we depict a dendritic tree consisting of sewral
branches with their lengths and diameters in microns. (a) Can they be
reducedto an equivalent cylinder (b) What is the electrotonic length (c)
What is the input conductance. Assume sealedends for all terminal den-
drites and assumethat Ry, = 2000 cm?2 and that R = 60 cm :

Answ er.
e 3=2 ey ey 3=2
B2+ o+ d¥?= 1+ 1+ 1= 3= 2082 = d

d3 2+ d¥?=3+3=6=332=d"

18



sothe 3=2 rule is obeyed. Clearly a,b,c are all the sameelectrotonic length.
The spaceconstarts are:

q_
a= b= c¢= daRv=Ra = 289

6 [
q
f = dfRy=4Ra = 524
Thus, the total electrotonic length of abcwith d is

) ) 10 10
L = _a + _d = —+ — =
abcd N . 289" 116 0586

_ e _ 24 _ |
Le= T :0576
which are closeenoughto be consideredequal (2% di erence). Thus, we can
combine the whole thing into an equivalert cylinder. The total electrotonic

length is then:
L=Lf+Le=Ls+Lapeg= —+ Le= 0096 0:1
f

Finally, the input conductanceis

3=2
G = Gy tanh(L) = —-p—— tanh(L)
2" Rw Ra

which is

_ tanh(0:1)(3:14159)(33 10 43

Gin = b =27 10°s
272000 60

Exercise

Apply the sameanalysisto the bottom dendrite in the gure.
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7 Numerical Metho ds

This sectionis largely stolen from Artie Sherman'snotes from Woods Hole.
The generalinitial value problem we want to solve is

dy _ ...
AL (21)
with initial condition y(0) = yo. This is a rst-or der di erential equation.
y and f (y;t) can be vectors when we have a rst-order system. For exam-
ple, the Hodgkin-Huxley equationshavey = (V;m; h;n). The t dependence
may re ect experimental manipulations, such asturning an applied current
on and o, or other external in uences, such as an imposedsynaptic con-
ductance change from another cell. We will suppressthe t dependencefor
simplicity in many casesbelow.

First order systemsare natural in neurobiology If confronted with a
higher order system, corvert it to rst order, since most solution padkages
assumethis form. For example, the secondorder equation

z%% 101z°+ 10 = 0 (22)

can be corverted by the transformation x = z;y = z%to
! ! !

% ); - foo 1101 ; (23)
We will make use of this equation in the discussionof sti ness below.
7.1 Euler's Metho d
The simplest method of solving ODE's is Euler's method:
Yn+1 = Yn * hf (yn): (24)

In order to integrate from the initial data att= Ouptot = T, divide the
interval into N equal stepsof sizeh = T=N and approximate y(t, = nh) =
Yn. This method works and is sometimesusedin practice, but much better
alternatives are described below. Nonetheless,it is the conceptual basis of
all other methods, and a little analysisgivesinsight into how they all work.
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7.2 Convergence and Accuracy of Euler's Metho d

It is easyto seethat Euler's method corvergesfor the special caseof the
equation y°= y with solution y(T) = ygeT . For this example,

YN = Yol + h )N = yo(1+ T =N)N (25)

Recalling that limyi;; (1 + 1=|\|)N = e, weseethat limyiz YN = yoeT .
Error estimatesshow

The global error at T is O(h) ( rst order accuracy).
The error grows exponertially in time.

The error increaseswith M. This suggestdhat oneshouldtake smaller
stepswhere the solution is changing more rapidly. We will return to
this below.

The error analysis above ignoresround-o error. If one assumeshat a
xed error is addedat ead time step, then the error estimate of is modi ed
to O(h) + O( machh 1). That is, taking more steps reducesthe discretiza-
tion error, but increasesthe round-o error. Therefore, there is a point of
diminishing returns where the total error increasesas h decreases.Better
results require not more e ort, but more e ciency . The key is to take more
terms of the Taylor seriesand reducethe discretization error to O(hP), with
p> 1.

7.3 Higher Order Metho ds: Runge-Kutta

Runge-Kutta methods are commonly usedin many numerical applications.
The secondorder Runge-Kutta method usestwo function evaluations and
gives accuracy proportional to h?: This method is called \mo died Euler"
or \Heun's method." The algorithm for evaluating

dy _ ...
g - Foi)
is just:
ki = f(y;t)
ko = f(y+ hkait+ h)

h
Ynew = Y+ E(kl"' k2)
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The most popular of the xed step size methods is the fourth-order
Runge-Kutta method. This is the default method in many integrators. The
algorithm involvesfour evaluations of the right-hand sidesand givesaccracy
that is O(h*): The algorithm is :

ki = f(y:t)
ky = f(y+ hk=2t+ h=2)
ks = f(y+ hko=2:t+ h=2)

kg = f(y+ hka;t + h)ynew =yt %(k1+ 2ks + 2k3 + k4)

Note that this is very similar to Simpsonsrule for integration asthe Heun
method is analogousto the trap ezoidalrule and Euler to the Riemann sum.

While it seemghat higher order rules require more work and more eval-
uations of the right-hand sides, for the same accuracy requiremerts, they
are much more ecient. For exampleto get an error of 0.0001 requires
h = 0:0001for Eulers method and h = 0:1 for RK4. Thus to advanceone
time step requires 10000evaluations of the right-hand side using Euler and
10 setps of 4 evaluations or 40 evaluations for Runge-Kutta. To seethis,
considerthe example:

# harmonic oscillator
X'=y

y'=-Xx

x(0)=1

y(0)=0

aux true=cos(t)

done

of the harmonic oscillator. UseEuler's method and setthe Total to 1.000001.
SetDt=.0005 and integrate the equations. Using the Data Browsercompare
columns 2 and 4. The fourth column is the true solution ansthe secondis

the approximate. 2000function evaluations were required and you still get

agreemetn only to 3 decimals. Now setDt=.1 and setthe method to Runge-

Kutta. Integrate again and you will seethat you have 4 place accuracy!

This was only 40 function evaluations. It is much more e cien t and more

accurate. Moral: Sometimesthe increasedexpenditure in coding pays you

bad with dramatic results.
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7.4 Stabilit y and Sti  Equations

Sofar, our choice of h hasbeendictated only by accuracy We will now see
that stability must alsobe considered. This is especially critical in problems
with multiple time scales.
As we saw in Eq. 25 Euler applied to y°= y givesyy = yo(1+ h )N,

which corvergesto ype! ash! 0. The error decreasedike h. However, if

< 0, then not only will the error be large if h is taken too big, but the
numerical solution will grow exponertially instead of decging exponertially
like the true solution. For example,if = 300 which should lead to a
rapidly decaying solution, then if we take h = 0:1 we seethat yN = yo( 2)N
which is a rapidly growing solution oscillating betweenpositive and negative
values. In order to guarantee a decging solution h must satisfy

jl+hj<1 (26)

or >
0<h< = 27)

An alternative that avoids this dicult y is to use an implicit method,
backwad Euler:

Yn+1 = Yn + hf (the1;Yne): (28)

In general,a non-linear equation must be solved for y,+1, but for our linear
example we get the following recursion:

1
Yn+1 = ﬁYn (29)

This agreeswith forward Euler to rst order, soit too will corvergeto the
solution with global error O(h). Furthermore, the solution will always decay
for any  which is negative. So, the solution may be inaccurate, but it will
never blow up. In fact, if h is very large, the solution will be damped even
more rapidly. That is, the method pushesthe decaing solution prematurely
towards its steady-state value of 0.

Thus, backward Euler is unconditionally stable for any equation with
decging exponertial solutions, whereasforward Euler is stable conditioned
on restricting h. (On the other hand, the backward Euler solution grows
when > 0, but sodoesthe real solution, sowe can't complain.)

An alternative method, expnential Euler, sometimesusedto avoid this
type of instability in linear equations of the form
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Y- amy+ B0 (30
makes the next iterate a corvex combination of the current value and the

steady-state:
B
Yn+1 = Yn€ AN 4 K(l € Ah) (31)

This is the method most commonly usedin neuron models due to the fact
that they are generally of the right form. As h'! 0, this reducesto regular
Euler. For large h the solution remains bounded, but the accuracy is that
of Euler's method O(h) sowhile taking large stepsmay be possible,it is not
always accurate.

Gear'smethod provides an adaptive higher order implicit method sothat
it has the high order advantages of Runge-Kutta and avoids the problems
of instability due to sti ness (the quality of widely disparate time scales).

7.5 Example

In this section,| o er two ODE les, the Hodgkin-Huxley as usually solved
and an exponertial Euler version of the same. Here is the HH equations:

# hhh.ode

int v=0 m=0 h=0 n=0

par vha=50 vk=-77 vl=-54.4 gna=120 gk=36 ¢l=0.3 c=1 =10
am(v)=.1*(v+40)/(1-exp(-(  v+40)/10))
bm(v)=4*exp(-(v+65)/18)

ah(v)=.07*exp(-(v+65)/20)

bh(v)=1/(1+exp(-(v+35)/10 ))

an(v)=.01*(v+55)/(1-exp(- (v+55)/1 0))
bn(v)=.125*exp(-(v+65)/80 )

v'=(l - gna*h*(v-vna)*m”3-gk*(v-v  K)* n*4-gl*( v-vl))/ c
m'=am(v)*(1-m)-bm(v)*m

h'=ah(v)*(1-h)-bh(v)*h

n'=an(v)*(1-n)-bn(v)*n

done

and the iterativ e version using the exponertial method:

# this is the exponential form for HHequations hhexp.dif
int v=0 m=0 h=0 n=0
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par vha=50 vk=-77 vl=-54.4 gna=120 gk=36 ¢l=0.3 c=1 i=10
par delt=.5

am(v)=.1*(v+40)/(1-exp(-(  v+40)/10))
bm(v)=4*exp(-(v+65)/18)
ah(v)=.07*exp(-(v+65)/20)
bh(v)=1/(1+exp(-(v+35)/10 ))
an(v)=.01*(v+55)/(1-exp(- (v+55)/1 0))
bn(v)=.125*exp(-(v+65)/80 )

# x'=-a*x+b ==>  x(t+delt)=exp(-a*delt)*(x( t)- b/a) +b/a
bv=(I+vna*gna*h*m”"3+vk*gk *n*4+gl* vl) /c
av=(gna*h*m”3+gk*n"*4+gl)/ c
v'=exp(-av*delt)*(v-bv/av )+bv/av
amv=am(v)+bm(v)

bmv=am(v)/amv
m'=exp(-amv*delt)*(m-bmv) +bmv
ahv=ah(v)+bh(v)

bhv=ah(v)/ahv

h'=exp(-ahv*delt)*(h-bhv) +bhv
anv=an(v)+bn(v)

bnv=an(v)/anv

n'=exp(-anv*delt)*(n-bnv) +bnv

done

In the exponertial Euler version, iterate for 500 time steps, which at
the step size of 0.5 milliseconds represens (500)(.5)=250. The oscillation
occursat the 85" iterate or about 42 milliseconds. Now repeat this with the
true di erential equation using a variety of integration methods (Backward
Euler, Euler, modi ed euler, Runge-Kutta, Gear) with di erent time steps.
Comparethe results. Try exponertial eulerby setting the parameter delt=1 .

This is a seveely abridgad version of Shermars notes. The full version
will be available on neurocog along with some exercises and sample prob-
lems.
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