
�������������
	��
��������������	������ �"!$#%#

& ')(+*-,/.1012
354 (7618:9<;=,/0%>?.1212�@

A
n

th B�CEDGFHCJILKMI�N%F"OPIRQ
S"TVU$T�WRT�XZY\[)]_^a`bT�U"X�Y\[c]_dfe\[gd�X�YhTZijXZ^kT�[gd�lm^k[/T+enU"]$oh]_d$TVpM]HYnqLdfr/T�qsY\Ufp5t

x(n) + an−1x
(n−1) + . . . a2x

′′ + a1x
′ + a0x = 0. uwv+xyzT�W�^mlkl{Ynq|dfT�[5W�Uf^}dfT�dfr/^a]"e\]

P (D)x(t) = 0W�r/TVU$T
D = d

dt

^k]?d$r/T~`b^}��T�UfT�[gdf^kend$^kY\[MY\�1T�U�e�dfY\U�e\[c`
P (u)

^a]?dfr/T��1Y\lkoh[/Y\p�^aenl/W�^md$r�X�YhTZijXZ^kT�[gdf]��\^k�\TV[M^m[ u_v\��x
� rcT�UfTenUfTMdwWRY�^kp��1Y\U$dfe\[gd�d$r/^k[/�g]�dfY�XZY<[c]$^k`bTVU ��� ^kU�]wd+�%qsUfY\p�dfr/T��g�ce\lm^mdfend$^k�\Tj�1Y\^k[gd�Ynq"�h^kT�W���WRT\� `�lm^k�\T�d$Y��h[/Y�W�^mq"d$rcT]$Y\lk�bd$^kY\[c]�d$Y�d$rc^k]�`bT+X�e7oMe\]
t → ∞

Y\URW�rce�dRd$r/TVo�`bY�Y��\TVU?d$rcT~lkY\[c�
rce\�/l ��� r/T�]$TVX�Y\[c`�dfr/^k[/��^k]Rp�Y\UfT��g�ce\[<df^}d�e�df^m�<Ten[)`MW:T�WRe\[<d�d$Y
�h[/Y�W�W�rcend�dfr/T��<T�[/TVUfe\l)]$Y\lk�bd$^kY\[�dfY�d$rc^k]:TV�g�cend$^kY\[M^a] ��� ]:W�^md$r�lk^k[/TVe\U:enlk�\TV�/U�en^aXHTV�g�ce�df^mY<[c]V�nd$rcT�UfTenUfT
n
lk^k[/TVe\U$lkoj^k[c`bT��1T�[)`bT�[gd�]$Y\lk�bd$^kY\[)]Rd$Y uwv7x���� rcTV]$T�enUfT~UfTVe<`b^klmoMqsY<�/[c`G^mqEWRT��h[/Y�W dfr/T�UfYgY\df]HY\qLd$rcT��)Y<lmoh[/Y<p�^ke\l

P (u)
XVenlklmT+`�d$r/T~¡+¢E£b¤�£/¡\¥V¦g¤�§©¨V¥V§©¡��1Y\lkog[cY\p�^ke\l ��� r/TVU$T�e\U$T�ª
X�e<]_T+]�Ynq{^k[gd$T�UfTV]_d ��« T�d r �1T�e�UfYhYnd�Y\q P (u) = 0. � r/T�[

• r
§©¨�¤�¦g£c¬R£c­%®¯®E§©¨V¥V§°­%¡\¥\± � r/T�[ x(t) = ert

^a]�e�]_Y<lm�/d$^kY\[ �
• r = α + iω

£/­E®¯§©¨�®E§©¨V¥V§°­%¡\¥\± � r/T�[Gd$rcT�UfT�e\U$T~dwWRY�lk^k[/TVe\U$lkoj^k[c`bT��1T�[)`bT�[gd�]$Y\lk�bd$^kY\[c]Vt
x1(t) = eαt cosωt, x1(t) = eαt sinωt.

• r
§©¨�¤�¦g£c¬R£c­%®�¤�¦g²�¦h£b¥V¦h®

k > 1
¥V§°³´¦h¨\± � r/T�[

x1(t) = ert, x2(t) = tert, . . . , xk(t) = tk−1ert

enUfT�dfr/T
k
lm^k[/TVe\U$lkoM^k[c`bT��1T�[)`bT�[gd�]$Y\lk�bd$^kY\[)] �

• r = α + iω
£/­E®�¤�¦g²�¦h£b¥V¦h®

k
¥+§©³´¦h¨<± � r/T�[Gdfr/T�UfT�enUfT 2k

lk^m[cTVenUflkoj^m[)`bT��1T�[c`/T�[gd�]_Y<lm�/d$^kY\[c]
tjeαt cosωt, tjeαt sinωt j = 0, . . . k − 1.

µ"Y\d$T�d$rcendRXZY<p��/lmT�¶�UfYhYnd�]�en�c�)T+enU�^k[j�ce\^mU�]�]$Y�dfrce�dRo\Y\�MY<[/lko�[/TVTV`�dfY�X�Y\[c]$^k`/T�U�dfr/T�Y<[/T�W�^md$r�e��)Yg]_^md$^k�\T�^mpMen�<^m[)enUfo�ce\U_d �� rh�c]V��^}q�WRT�XVen[�q©e<X�dfY\U�d$r/TG�)Y<lmoh[/Y<p�^ke\l°��dfr/T�[·W:TGX�en[´¸c[c`¹e\lmlRdfr/T�lk^k[/TVe\U$lko�^k[c`bTV�)TV[c`bTV[<dj]$Y\lk�bd$^kY\[)]�d$Y�d$rcTXZY<U$UfTV]$�1Y\[c`b^k[/��`b^m�1TVU$TV[<df^ke\l�TV�g�cend$^kY\[ �S"TVU$T�^a]�en[GTZ¶/enp��/lkT �?� ^k[c`�d$r/T��<T�[/TVUfe\l�]_Y<lm�bdf^mY<[�dfY
x′′ = −x

� r/T~�)Y<lmoh[/Y<p�^ke\l1^a] P (u) = u2 + 1
]$Y�d$r)e�d

r = ±i
enUfT"d$rcT~UfYhYnd�] ��� rh�c]��gdfr/T~dwW:Y�lm^k[/TVe\U$lkoM^k[c`bT��1T�[)`bT�[gd"]_Y<lm�/d$^kY\[c]enUfT

cos t
en[)`

sin t
en[c`�d$rcT��\T�[cT�U�enl�]_Y<lm�/d$^kY\[5^k]

x(t) = A cos t + B sin t.S"TVU$T�^a]�en[/Y\d$r/TVU�TZ¶/enp��/lkT ��� ^k[c`�d$r/T��<T�[/TVUfe\l�]$Y\lk�bdf^mY<[�dfY
(D + 1)2(D2 + 4D + 5)x = 0

� r/T��1Y\lkoh[/Y\p�^aenl�rce\]Rº v e\]�e�`bY<�/�/lkT�U$YhYnd"e\[c` −2 ± i
e\]�e��ce\^mU�Y\qEXZY<p��/lmT�¶�UfYgY\df] ��� rg�)]Rd$r/T��<T�[/TVUfe\l�]$Y\lk�bdf^mY<[G^a]

x(t) = Ae−t + Bte−t + Ce−2t cos t + De−2t sin t.

v
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� Y<lm�<T�dfr/T�qsY\lklkY�W�^m[/��lk^m[/T+enU�������]
v<� x′′′ − 9x′ = 0

� � x′′′′ + 2x′′ − x = 0

� � x′′ − 4x′ + 4x = 0

����� �����! �"$#�"%�'&(�*)
n

th
���,+-	.�0/2143657�

8 [5pMen[ho�XVe\]$TV]Ro\Y<�5e\U$T�^k[gd$T�UfTV]_d$T+`��b[/Y\d"^m[Gd$rcT
e\XZd$�ce\l{]_Y<lm�bdf^mY<[c]V�b�/�bd�W�r/T�d$r/TVU"Y\U�[cYnd�d$rcT:9�T�UfYM]_Y<lm�/d$^kY\[5^k]�]_dfe\�/lkTqsY\U�e�]$oh]_d$TVp�]_�)X�rGe<] u_v+xZ�?� r/T�UfT~e\U$T�dwWRY
dwoh�1TV]HYnq�]wd�en�/^klk^}dwo�qsY<URlk^k[/TVe\UH]$ob]wdfT�pM]�en[)`�]$^m[cX�T�Y\�/UH�\Ygenl�^a]�dfY��c]_T~dfr/^k]^k[bqsY\UfpMe�d$^kY\[�qsY\U�[/Y\[/lk^k[/TVe\U?]_ob]_d$T�pM]V�ndfr/T�Y\[/lko
�h^k[c`�Ynq�]wd�en�/^klk^}dwo�W:T"e\U$TH^k[<dfT�UfTV]_d$T+`�^k[�^k]?TZ¶b�)Y<[/T�[gdf^ke\lbY\U�e<]_ohp��bd$Y\d$^aX]_dfen�c^mlk^}dwo ��� r)e�d�^k]V�{WRT�`/T�pMen[c` d$r)e�d
enlkl�]_Y<lm�/d$^kY\[c]�`bT+X�e7o=TZ¶b�1Y\[/TV[gd$^aenlklmo=q©e<]wd~d$Y;9VT�UfYGe<] t
^k[cXZUfTVe<]_T+] � 8 d�^a]�XZlkTVe\Ud$rcT�[{�hqsUfY\p d$rcT~`b^a]fXZ�c]f]_^kY\[�en�1Y��\T\�<d$r)e�dHW:T~WRe\[gd�d$rcT�UfTVe\l)�ce\U_d�]�Y\q%enlkl1Ynq{dfr/T�UfYhYnd�]�Y\q{d$r/T~�1Y\lkog[cY\p�^ke\l

P (u)
d$Y��)T[/TV�<e�df^m�<T ��� r/T�[�TVe<X�r�YnqLd$r/T~lm^k[/T+enUflmoM^k[c`bTV�)TV[c`bT�[gd�]_Y<lm�/d$^kY\[c]:d$Y uwv7x W�^klkl�`/TVX�e7o�T�¶h�1Y\[cT�[gd$^aenlklmo�q©e<]wd ��� �/U$d$r/TVU$p�Y<U$T<�e\]"W:T�W�^klkl%]$T�T�lae�d$TVU"^k[5d$r/T
X�Y\�/U�]$T\�/�/^mqs�/U�X�end$^kY\[c]�YbXVXZ�/U"W�rcT�[�]$oh]_d$TVpM]�]$W�^}d�X�r�qsUfY\p �1T�^k[/��]_dfen�clmT�dfYj�/[c]_dfe\�/lmT<�)]$Yd$rcT�]wd�en�/^klm^mdwo�e\[c`G[/YndHd$rcT�e\X�df�cenl{]$Y\lk�bdf^mY<[c]H^k]�]$Y\p�T�d$^kp�T+]Hp�Y\UfT~^kp��)Y<U_d�en[gd �� Y<U_df�/[cend$T�lko\�gdfr/T�UfT�^a]He
WHe7o�d$Y�`bT�d$T�Ufp�^m[cT�W�r/T�d$r/TVUHd$r/T�]$^m�<[�Y\q{d$r/T�UfTVe\l)�ce\U_dHYnq%d$r/T�UfYhYndf]:YnqEe
�1Y\lkoh[/Y\p�^aenl�^k]enlkWHe7oh]R[/TV�<end$^k�\T �!< TZqsY<U$T�`b^k�h^m[/��^k[gd$Y�d$rcT~�<T�[/TVUfe\l{X�e<]_T<�glkTZd�]H¸cU�]wd"X�Y\[c]$^k`/T�U n = 1 :

x′ + a0x = 0.

8 [jdfr/^a]�X�e\]$T
P (u) = u + a0

en[)`Md$rcT~UfYhYndRYnq{dfr/^k]R^a]
−a0.

8 q
a0 > 0

d$r/TV[�e\lml�]$Y\lk�bd$^kY\[c]R`bT+X�e7oMTZ¶b�1Y\[/TV[gd$^aenlklmo�W�r/^klmT^mq
a0 < 0

dfr/T�o��\UfY�W �E� rh�c]Rdfr/T�XZY<[c`b^md$^kY\[G^k]"]$^kp��clmo�d$rcend a0 > 0
^mp��/lk^mT+]"enlkl{]$Y\lk�bd$^kY\[c]�`/TVX�e7o �µ"Y�W��brcY�W en�1Y\�/dRdfr/T��\TV[/T�U�enl�]$TVX�Y\[c`�Y\U�`bT�U�XVe\]$T\t

x′′ + a1x
′ + a0x = 0.

� r/^a]�^a]Hp�Y<U$T�`b^mijXZ�/lmd � yzT�X�e\[��)]_T�dfr/T��g�ce\`bU�e�df^kX�qsY\Ufp
�clke�d$Y�¸c[)`�dfr/T�UfYgY\df]Vt

r1 =
1

2
(−a1 +

√

a2
1 − 4a0), r2 =

1

2
(−a1 −

√

a2
1 − 4a0).

8 q
a0 < 0

d$r/TV[=�)Y\d$r=UfYhYndf]�enUfT�U$T+enl{en[)`=]_^k[cXZT�dfr/T
�cU$Yb`b�cXZd"Ynq�d$rcT�U$YhY\df]�^a]!=w�c]_d
a0
dfrce�d�p�T+en[c]"d$rcend"Y\[/T�W�^klklL�1T�1Y<]$^}df^m�<THe\[c`�Y\[/THW�^klmlc�)T�[/TV�<end$^k�\T � � Y a0

rce\`��1TZd_dfT�U?[cYnd?�1T�[/T��ge�d$^k�\T � 8 q a0 > 0
d$rcT�[�d$r/TVU$T"e\U$T:dwWRY~�1Y<]f]$^m�/^klk^}df^mT+]��d$rcT�UfYhYndf]:enUfT"UfTVenl)Y\U�d$r/TVojenUfT�XZY<p��clmT�¶ � 8 q{dfr/T�oMenUfT�X�Y\p��/lkTZ¶��<d$r/TV[ a1

�1TZd$d$T�UH�1T��1Y<]$^}df^m�<T � 8 q�d$rcT�ojenUfT"UfTVe\l°�<d$r/TV[]$^m[cX�T~d$r/T��/UfYb`b�cXZd"YnqLdfr/T�UfYgY\df]H^a]H�)Yg]_^md$^k�\T<�hd$r/TVo��1Yndfr5e\U$T~dfr/T�]$e\p�T�]$^k�\[ ��� r/T�]$�/p�Y\q%dfr/T�U$YhY\df]R^k] −a1
]$Y�d$rcenden�gen^k[

a1
�1TZd$d$TVU��1T��)Yg]_^md$^k�\T �R� rh�c]V�/dfr/T
X�Y\[c`b^md$^kY\[GqsY<U�]wd�en�/^klk^}dwoG^k]�d$rcend��)Y\d$r a1

e\[c`
a0
enUfT��)Yg]_^md$^k�\T �R� r/^a]�]$�/UfT^a]�e�lmY\dHT+e\]$^mTVURd$rce\[�¸)[c`b^k[/��d$r/T�UfYhYnd�] �?> Y\�=X�e\[�dfT�lklLe�d�e��<lke\[cXZTA@« T�dV� ]H[/Y�W X�Y\[c]$^a`bT�URd$rcT��\T�[cT�U�enl�p�Y\[/^aX~�)Y<lmoh[/Y<p�^ke\l°t

P (u) = un + an−1u
n−1 + . . . a1u + a0.

� Y<U$pJe�]$T�Uf^kTV]HYnqEpMe�d$Uf^aXZTV]Vt
H1 = an−1

H2 =

[

an−1 1
an−3 an−2

]

H3 =





an−1 1 0
an−3 an−2 an−1

an−5 an−4 an−3





�



�/��dfY
Hn.
µ"Y\d$T�d$r)e�dLT+e\X�r~Y\[/T�^a]{]f�<�)enUfT�e\[c`�d$r/T?¸cUf]_dLXZY<lm�cp�[�X�Y\[gdfe\^m[)]�T��\TVU$o�Ynd$rcT�ULX�YgT�ijXZ^kT�[gdV�

an−1, an−3, an−5 . . . �� [hoG^m[)`bTZ¶�d$rcend�^k]�[/T��ge�df^m�<T~^a]"UfT��clke<XZTV`G�ho��Me\[c` v ^a]�enlkWHe7oh]:dfr/T
TV[<dfU$o�d$rcend"qsY\lklkY�W"] an−1
W�^md$r5dfr/T�UfT�pMen^k[c`bTVUYnqEd$rcT~UfY�W��c� ] ��� r/T�[L�bd$r/T�UfYhYnd�]:Y\q P (u) = 0

r)e7�\T~[/T��ge�d$^k�\T~UfTVenl��)enU$df]H^mq�e\[c`�Y<[/lkoj^}q
`bTZd

Hj > 0 j = 1 . . . n.

��¦h³´£/¤��{¨<±
•
`bTZd

Hn = a0
`bTZd

Hn−1
]$Y�d$rcend�d$r/^a]�p�TVe\[c]Rd$rcend

a0 > 0.
8 q

a0 = 0
dfr/T�[Gd$rcT�UfT~^a]�e 9�TVU$Y�UfYgY\d �

•
^}q�`bTZd

Hn−1 = 0
�c�bd�enlkl�d$r/T�Y\d$r/TVU"XZUf^}dfT�Uf^ke�r/Y<lk`{�hd$r/TV[�dfr/T�UfT�enUfT~^mpMen�<^m[)enUfoMT�^k�\T�[h��enlk�/T+] �

� ]�e�]$^mp��/lkT�TZ¶/e\p��clmT<�hdfen�<T n = 2,
d$r)e�d"^a]

P (u) = u2 + a1u + a0.

H1 = a1

H2 =

[

a1 1
0 a0

]

yzT�]_TVT `bT�d
H1 = a1,

`bTZd
H2 = a0a1]$YMd$r/T�XZY<[c`b^md$^kY\[5qsY\U~]wd�en�/^klk^}dwoG^k]

a1 > 0
en[c`

a0 > 0.
µ"Y\d$T�dfrce�d�d$r/T�U$TVp�e\U$�b]"e\�)Y��<T�^mp��/lkoGd$rcend"d$rcT�UfT
^a]�e 9VT�UfYUfYgY\d�^}q

a0 = 0
en[c`�d$rcT�UfT�enUfT�^kpMen�\^k[ce\U$oMUfYhYndf]H^mq

a1 = 0, a0 > 0.« T�dV� ]�lkYgY<� e�d n = 3
W�r/^aX�r W:TjX�Y\�/la`z[/Ynd�T+e\]$^mlko `bY=^k[zd$r/TjWHe7o=dfrce�d�WRTj`b^a`

n = 2
�ho�¸c[)`b^m[c�5d$r/T�e<X�df�cenlUfYgY\df] ��� r/T~d$r/UfT�T�pMe�dfU$^aXZT+]HenUfT

H1 = a2

H2 =

[

a2 1
a0 a1

]

H3 =





a2 1 0
a0 a1 a2

0 0 a0





� r/T+]_T�rce7�<T�`/TZd$TVU$p�^k[cen[gd�]
`/TZd

H1 = a2,
`bT�d

H2 = a1a2 − a0,
`/TZd

H3 = a0(a1a2 − a0).

� rh�c]V�bW:T�rce7�<T�dfr/T�UfTV]$�/l}dHdfrce�d�dfr/T�`b^m�1TVU$TV[<df^ke\l�TV�g�cend$^kY\[{t
x′′′ + a2x

′′ + a1x
′ + a0 = 0

rce<]HY\[/lkojTZ¶b�1Y\[/TV[gd$^aenlklmo�`/TVX�e7oh^k[/��]_Y<lm�bdf^mY<[c]H^mq�e\[c`�Y<[/lko�^mq
a2 > 0, a0 > 0, a1a2 − a0 > 0.

� �cU_dfr/T�Ufp�Y\UfT\�h^}q a1a2 − a0 = 0
e\[c`

a2, a0
e\U$T~�)Yg]_^md$^k�\T~dfr/T�[Gd$rcT�UfT�e\U$T~^kp�e\�\^k[cenUfoMUfYgY\df]He\XVXZY<Uf`b^k[/��d$Y�d$rcT�e\�)Y��<TUfT�pMenUf�b] � � Yc�/end�e��\laen[cX�T~WRT�X�e\[G]$T�T~d$r)e�d�enlkl{]$Y\lk�bd$^kY\[c]RdfY
x′′′ + x′′ + 2x′ + x = 0

`bT+X�e7ojT�¶h�1Y\[cT�[gd$^aenlklmoM�c�bd"d$r)e�d"]_Y<p�T�]$Y\lk�bdf^mY<[c]Rd$Y
x′′′ + x′′ + 2x′ + 3x = 0

�\UfY�W T�¶h�1Y\[cT�[gd$^aenlklmo�en[c`�d$rcend�d$r/TVU$T�e\U$T��1T�Uf^mYb`b^aX�]_Y<lm�bdf^mY<[c]Rd$Y
x′′′ + x′′ + 2x′ + 2x = 0.

�



� ±��{± � ��� ³´¦�� � ¤ �
v<�"� Y\UHdfr/T~d$r/^kU�`�Y<Uf`/T�UH�)Y<lmoh[/Y<p�^ke\l°t

u3 + a2u
2 + a1u + a2a1 = 0W�r/T�UfT

a1, a2 > 0
W:T��h[/Y�W dfrce�d�d$rcT�UfT�e\U$T�^mpMe\�\^k[cenUfo5U$YhYnd�]��

±iω. � ^m[c` d$rcT�p ^k[�d$T�UfpM]~Ynq a1, a2. u S"^k[gdVt]_�/�)]wdf^}df�bd$T
iω
^k[gd$YMdfr/T�en�1Y��\T
e\[c`=]_T�d�dfr/T�UfTVe\l%e\[c`=^kp�e\�\^k[cenUfo��)enU$df]�dfY 9VT�UfY ��x=� ^m[ce\lmlko\�)¸c[c`�d$r/T��)TVU$^kYb`b^aX]_Y<lm�bdf^mY<[c]:d$Y

x′′′ + 2x′′ + 2x′ + 4x = 0.

� �"� Y\U�W�r)e�d���enlk�/T�YnqEd$r/T��ce\Ufe\p�TZd$TVU r
`bYje\lml{]$Y\lk�bd$^kY\[)]Rd$Y

x′′′ + rx′′ + rx′ + rx = 0

`bTVXVe7oMTZ¶b�)Y<[/T�[gdf^ke\lmlko	�
� �"� ^k[c`5e�]_T�d�Ynq�XZY\[)`b^}df^mY<[c]RqsY\UHdfr/T�UfYgY\df]RYnq

u4 + a3u
3 + a2u

2 + a1u + a0 = 0

d$Y�rce7�\T~[/TV�<e�df^m�<T�U$T+enl��cenU$df]�e\[c`G�c]$T~o<Y\�/UHUfTV]$�/lmd�d$YM`bTZdfT�Ufp�^m[/T�W�rcTZd$rcT�U�Y\U�[cYnd"enlkl{]_Y<lm�/d$^kY\[c]RdfY
x′′′′ + 3x′′′ + 2x′′ + x′ + 2x = 0

`bTVXVe7oMTZ¶b�)Y<[/T�[gdf^ke\lmlko	�

 �
��� F���C I{KMI�N%F"OPI�� � D N���F�O���N%C ��� F ��� B � F � N � ���\Q
yzT�[/Y�W df�/U$[5Y<�/U�e�d_dfT�[gd$^kY\[GdfY�dfr/T�]$oh]_d$TVp�Ynq�TV�g�cend$^kY\[c]Vt

dX

dt
= A(t)X(t) u � x

W�r/TVU$T
A(t)

^k]�e\[
n × n

`b^kp�T�[c]$^kY\[ce\l�p�end$Uf^}¶�Ynq�XZY\[gdf^m[h�/Y<�c]Rqs�/[cXZd$^kY\[c]�Y\qLdf^mp�T ��� Y\[c]$^k`/T�UHd$rcT�]_T�d"YnqE]$Y\lk�bdf^mY<[c]Rd$Yu � x � Xj(t)
]fe�df^k]_qsoh^m[c�

X1(0) =















1
0
0���
0















, X2(0) =















0
1
0���
0















, . . . , Xn(0) =















0
0
0���
1















.

� ^k[cXZT�dfr/T�T+�g�ce�df^mY<[ ^a]�lk^k[/TVe\UV�{e\[go=]$Y\lk�bd$^kY\[ d$Y u � x XVen[��)T�W�Uf^}d$d$T�[ze\]�e�lm^k[/TVe\U�XZY\p��/^k[ce�df^mY<[�Ynq?dfr/TV]$T n
lk^m[/T+enUflmo^k[c`bT��1T�[)`bT�[gd�]$Y\lk�bd$^kY\[c] � ��e\X�r Y\[cTG^a]M^k[/^md$^aenlklmo´Y<[/T=Ynq�d$r/T�X�Y\lk�/p�[c]�Ynq~d$rcTG^a`bTV[<df^}dwo·pMe�d$Uf^m¶ � µ�Y�WJ`bT�¸c[/T5d$rcTqsY\lklkY�W�^m[/��pMe�dfU$^m¶jqs�/[cXZd$^kY\[{t

Φ(t) = [X1(t) X2(t) . . . Xn(t)].
��e<X�r�X�Y\lk�/p�[¯Ynq~d$r/^a]jpMend$Uf^}¶�]$end$^a]w¸cT+]�d$r/T�`b^}��T�UfT�[gdf^ke\l�TV�g�cend$^kY\[�en[c`¯e\lk]$Y

Φ(0) = I
^a]�dfr/T�^a`bT�[gd$^mdwo p�end$Uf^}¶ �� r/^a]~^k]~X�e\lmlkTV`5dfr/T��! E­E®%£/³¹¦g­�¥+£/¬�³¹£b¥�¤�§#"�Y\q:]$Y\lk�bd$^kY\[c] � � �/�/�1Y<]$T
dfrce�d�WRT
WHen[gd�dfY�]$Y\lk�\T u � x W�^}dfr ^k[/^md$^aenl�`/e�d�e

X(0) = X0. � r/T�[Gd$rcT
]_Y<lm�/d$^kY\[5^k]*=w�c]_d X(t) = Φ(t)X0. � rh�c]��cd$r/T�qs�/[c`/e\p�TV[gdfenlLp�end$Uf^}¶GpMen�\T+]�^md"TVe\]$ojdfYj]_Y<lm�<Td$rcT�^m[/^md$^aenlL�7e\lm�cT~�cU$Y<�/lmTVp � S�Y�W e\�)Y<�bdHd$r/T�^k[/r/Y<p�Y\�\TV[/T�Y<�c]R�/UfY\�/lkT�p5t
dX

dt
= A(t)X(t) + B(t)?

< TZqsY<U$T�`bY<^m[/��dfr/^k]V�bWRT�]wd�e�d$T�e\[�^kp��)Y<U_d�en[gd�U$T+]_�/lmdVt
`bT�d

Φ(t) = exp

(
∫ t

0

� U A(s) ds

)

. u � x
ª



� rcend?^k]V�ndfr/T�`bT�d$T�Ufp�^m[)en[gd?Ynq1d$r/T"qs�/[c`/e\p�TV[gdfenl)pMe�d$Uf^m¶
^k].=w�c]_d�en[�TZ¶b�1Y\[/TV[<df^ke\l/Ynq�dfr/T�^m[gdfT��\U�enlbY\q�d$r/THdfUfe<XZT�Ynq A(t).� r/^a]�p�TVe\[c]Rd$rcendHd$r/T�^k[h�\T�U�]$T�Y\q%dfr/T�qs�/[c`/e\p�T�[gdfe\l�p�end$Uf^}¶GenlkWRe7ob]RTZ¶b^a]wd�]�]_^k[cXZT�dfr/T�`bT�d$T�Ufp�^m[)en[gd�^k]H[/TV�\TVU 9�T�UfY �« T�d X(t) = Φ(t)Y (t). � rcT�[
dX

dt
=

dΦ

dt
Y + Φ

dY

dt
= A(t)ΦY + B(t)

< �bdV� dΦ
dt

= A(t)Φ
]_Y�d$r)e�d"WRT~�<TZd

Φ(t)
dY

dt
= B(t).

� rh�c]
dY

dt
= Φ−1(t)B(t)

en[)`�WRT�X�e\[G]$Y\lk�\T�qsY\U
Y (t)

Y (t) = Y (0) +

∫ t

0

Φ−1(s)B(s) ds.

� ^m[)enlklmo<�bd$r/^a]Hoh^mTVlk`c]
X(t) = Φ(t)

[

X(0) +

∫ t

0

Φ−1(s)B(s) ds

]

e\]Rdfr/T�]$Y\lk�bd$^kY\[�d$Y�d$rcT�^m[/rcY\p�Y\�<T�[/TVY\�c]R�/UfY\�/lkT�p;@S"TVU$T�^a]�en[GTZ¶/enp��/lkT � � Y\lk�\T~d$r/T�qsY<lmlkY�W�^k[/��]$ob]wdfT�p�Y\qET+�g�ce�df^mY<[c]�t
dX

dt
=

[

−2t −2t
2t 2t

]

X +

[

0
1

]

, X(0) =

[

0
0

]

.

� r/T�qs�/[)`/enp�T�[gd�enl�pMe�dfU$^m¶jqsY\U A(t)
^a]

Φ(t) =

[

1 − t2 −t2

t2 1 + t2

]

en[)`jdfr/T�^m[h�<T�U�]_T~^k]
Φ−1(t) =

[

1 + t2 t2

−t2 1 − t2

]

� UfY\p
∫ t

0

Φ−1(s)B(s) ds =

∫ t

0

[

s2

1 − s2

]

=

[

t3/3
t − t3/3

]

� Y)�
X(t) =

1

3

[

t3 − 3t2

3 − t3 + 3t2

]

µ"Y\d$T�dfrce�d"^k[5�\T�[cT�U�enl �bW:T�XVen[/[/Y\dH¸c[c`Gd$rcT � �/[c`cenp�T�[gdfe\l{pMe�dfU$^m¶jqsY\U"d$^kp�T�º `/T��1T�[c`bTV[gd�]_ob]_d$TVp�]��hd$rc^k]�TZ¶/enp��/lkTWHe\]�XZYhY<�\TV`��/� �
� ��� � ������� ��"��
	

Φ
) ����� �
� 5A��������� � 	�����"%	���� � � ���,"�� 	 57�

8 [j�/U�e\XZd$^aXZT<�<^md:^a]��)]_�ce\lmlko�^mp��1Y<]f]_^k�/lkT"d$Y�XZY<p��c�bd$T
Φ(t)

qsY<U?d$^kp�TZº `bT��1T�[)`bT�[gdHp�end$Uf^kX�TV]V�
A(t).

S"Y�WRT��<T�U+�\^k[Md$rcT�X�e<]_TYnq�XZY<[c]_dfen[gd�XZYhTZijX�^mTV[<d�]��b^md"^a]�TVe<]_o � � Y<[c]$^k`bTVURd$r/T�pMe�dfU$^m¶jqs�/[)X�d$^kY\[

E(t) = I + tA +
t2

2!
A2 + . . .

tj

j!
Aj + . . . .

8 dH^k]:TVe<]_o�d$Y��/UfY��\T�dfrce�dRd$r/^a]H]_TVU$^kTV]:XZY<[g�<T�Uf�\T+] �E� ]:o\Y\���/U$Y<�cen�clmo�U$T+XZY<�\[/^ 9�T<�nd$rc^k]R^a]�dfr/T � e7ohlkY\U?T�¶h�)en[c]$^mY<[MqsY\U:d$rcTTZ¶b�1Y\[/TV[gd$^aenl�qs�/[cXZd$^kY\[ �?� Y\UHdfr/^k]"U$T+e\]$Y\[{�gd$rcT�p�end$Uf^}¶�� E(t)
^k]"XVenlklmT+`jdfr/T�TZ¶b�1Y\[/TV[gd$^aenl�Ynq

A
en[c`GWRT�W�U$^md$T

E(t) = eAt.

�



µ"Y\d$^aXZT�dfrce�d
E(0) = I

e\[c`�^}q�W:T�`/^}��T�UfT�[gd$^ae�dfT\�

E′(t) = A + tA2 +
t2

2!
A3 + . . . = AE(t)

]$Y�dfrce�d"^k[Gq©e\XZdV�
E(t) ���������
	���
���������
���������������� � qsY\UHdfr/T�XZY<[c]wd�en[gd"XZYhTZijX�^mTV[<d�lk^m[cTVenU"]$ob]wdfT�p �S"TVU$T�^a]�en[GTZ¶/enp��/lkT �?� en�<T

A =

[

0 1
−1 0

]

µ"Y\d$T�dfrce�d
A2 = −I, A3 = −A, A4 = A]$Y�dfrce�d�dfr/T��1Y�W:TVUf]RYnq

A
U$TV�)T+e�d�T��<T�Ufojª�d$^kp�TV] �?� rg�)]��

E(t) =

[

1 − t2/2! + t4/4! . . . t − t3/3! + t5/5! . . .
−t + t3/3! − t5/5! . . . 1 − t2/2! + t4/4! . . .

]

W�r/^aX�r�o<Y\�GU$T+XZY<�\[/^ 9�T�e\]
E(t) =

[

cos t sin t
− sin t cos t

]

� r/TVU$T�p
�c]_d��)T�en[�TVe\]$^kT�U~WRe7o<�1Uf^k�\rgd�º�o<Y\� XVen[{� d~UfTVe\lmlko5�)T�T�¶h�1TVXZd$T+`�dfYGe<X�d$�)enlklmo=]$�/p d$rcTV]$T�]$T�Uf^mT+] � 8 [ q©e\XZdd$rcT�UfTM^k]�e5U$T+enlklmoz]_lk^kX�� WRe7o d$Y5¸c[c`zdfr/TjpMe�dfU$^m¶�T�¶b�)Y<[/T�[gd$^aenl:en[c`zdfrg�)]�d$r/Tjqs�/[c`/e\p�TV[gdfenlR]_Y<lm�/d$^kY\[ � S"T�UfTM^a]�d$rcTp�TZdfr/Yb`��?^md
�c]$TV]
]_d$�/�¹qsUfY\p�d$r/Tj�cU$TV�g^kY\�)]�]_T+X�df^mY<[ �=« TZd A
�)TGen[

n × n
XZY\[)]wd�en[gd�pMe�d$Uf^m¶ �=� r/T�^k`bT+e5^k]�d$rcend�^mqWRT
`b^m�1TVU$TV[<df^mT+e�dfT

exp(At)
W�^md$r�U$T+]_�1TVXZd"d$Y

t k
df^mp�T+]�e\[c`=T���e\lm�cend$T
end

t = 0
d$r/TV[ WRT
X�e\[��\T�d�ej]$T�Uf^mT+]"Y\q?lm^k[/TVe\UTV�g�cend$^kY\[c]HW�rcY<]$T�]$Y\lk�bdf^mY<[�oh^kT�la`/]Rd$r/T�qs�c[c`/enp�TV[<d�enl�pMe�dfU$^m¶ �S"TVU$T�^a]Rd$r/T�e\lm�<Y\Uf^}dfr/p�XVenlklmT+`"! � �/lkp�T�U+� ]$#�p�TZdfr/Yb`�t

v<� y�Uf^}dfT�`bY�W�[�dfr/T�X�rce\Ufe<X�d$TVU$^a]_d$^aX��1Y\lkoh[/Y\p�^aenl�Ynq A �
P (λ) =

`bT�d
(λI − A)

� � � Y\[c]$^k`/T�URd$r/T�lk^k[/TVe\U"`b^}��T�UfT�[gdf^ke\l�TV�g�ce�df^mY<[{t
P (D)x = 0en[c`�W�U$^md$T�`bY�W�[�d$rcT

n
lk^m[cTVenUflkoM^m[c`/T��1T�[c`bTV[gd�]_Y<lm�/d$^kY\[c]V�

x1(t), x2(t), . . . , xn(t).

� � µ"Y�W��bWRT�e<]$]$T�U$dRd$rcend�d$r/T�qs�/[)`/enp�T�[gd�enl{pMe�dfU$^m¶�^a]�]_Y<p�T~pMend$Uf^}¶�lk^k[/TVe\U"XZY\p��/^k[ce�df^mY<[�YnqEd$rcTV]$T n
]$Y\lk�bd$^kY\[c]Vt

eAt = x1(t)E1 + x2(t)E2 + . . . + xn(t)En

W�r/T�UfT
Ej

e\U$T��/[/�h[/Y�W�[
n × n

pMend$Uf^kX�TV] � � T�d t = 0
^m[�d$r/Tje\�)Y��<T
T+�<�)e�d$^kY\[L�L`b^m�1TVU$TV[<df^kend$TMen[)`�]$TZd

t = 0en�<e\^m[L�he\[c`G]_Y�Y\[5�/��d$Y
n − 1

`bTVU$^k��e�df^m�<TV] ��� rc^k]�lkTVe<`/]Rd$Y�dfr/T�qsY\lklmY�W�^k[/��TV�g�cend$^kY\[c]Vt
I = x1(0)E1 + x2(0)E2 + . . . + xn(0)En

A = x′

1(0)E1 + x′

2(0)E2 + . . . + x′

n(0)En

A2 = x′′

1(0)E1 + x′′

2 (0)E2 + . . . + x′′

n(0)En

. . . = . . .

An−1 = x
(n−1)
1 (0)E1 + x

(n−1)
2 (0)E2 + . . . + x(n−1)

n (0)En

� Y\lk�\T�d$r/T�]$TZd"Y\q%T+�<�)e�d$^kY\[)]RqsY\U
Ej

^m[GdfT�Ufp�]HY\qE�1Y�WRT�U�]:Y\q
A
e\[c`Go\Y\�GenUfT�`bY\[/T �

S"TVU$T�^a]�en[ TZ¶/e\p��clmT � � �/�/�1Y<]$T�d$rcend A
^a]

3 × 3
en[c` d$r/TjX�r)enU�e\X�dfT�Uf^k]_d$^aX��)Y<lmoh[/Y<p�^aenl�^a]

λ2(λ − 1) � rcT�[zd$r/Td$rcU$TVT~lk^k[/TVe\U$lkoj^k[c`bT��1T�[)`bT�[gd�]$Y\lk�bd$^kY\[c]�e\U$T
1, t, et

]$Y�W:T��<TZd
eAt = E1 + tE2 + etE3.

%



� rh�c]V�
I = E1 + 0E2 + E3

A = E2 + E3

A2 = E3

� UfY\p�d$r/^a]�WRT�]$T�T~dfrce�d
E3 = A2, E2 = A − A2, E1 = I − A2

en[)`jdfrg�)]
eAt = (I − A2) + t(A − A2) + etA2.yzT�XVen[=en�c�/lmojd$r/^a]Hd$Y�dfr/T�TZ¶/enp��/lkT�en�1Y��\T �

A =

[

0 1
−1 0

]

� r/T�X�rce\Ufe<X�dfT�Uf^k]_d$^aX��1Y\lkoh[/Y\p�^aenl�^a] λ2 + 1
]$Y�d$r/T�UfYhYndf]�e\U$T

±i
e\[c`jdfrh�c]Hd$rcT�dwW:Y�lk^m[/T+enUflmo�^m[c`/T��1T�[c`bTV[gd�]_Y<lm�/d$^kY\[c]enUfT

cos t, sin t.
� Y

eAt = E1 cos t + E2 sin ten[)`�WRT�¸c[c`�d$r)e�d
I = E1 A = E2]$Y�dfrce�d

eAt = Φ(t) =

[

cos t sin t
− sin t cos t

]

µ"YM]$T�Uf^mT+]Rd$YM]$�/pJend�e\lml @
� ��� �����
	��
�����

v<��� U$Y��<T u � x qsY<UHd$r/T 2× 2
XVe\]$T � S"TVU$T�^a]Hr/Y�W dfYM�/UfYhX�T�T+` ��« TZd

Φ(t) =

[

φ11(t) φ12(t)
φ21(t) φ22(t).

]

« TZd
A(t) =

[

a11(t) a12(t)
a21(t) a22(t).

]

��^m�1TVU$TV[gd$^ae�d$T~dfr/T�`bTZdfT�Ufp�^m[ce\[gdHY\q
Φ(t)
�
φ11φ22 − φ21φ12

e\[c`��)]_T~d$rcT�q©e\X�d�dfrce�d
Φ′ = AΦ

d$YM]$r/Y�W dfrce�d
d

dt

`/TZd
(Φ(t)) = (a11(t) + a22(t))

`/TZd
Φ(t)

en[c`�d$rh�c]"X�Y\[cX�lm�)`bT~d$r/T�UfTV]$�/lmd u U$T+X�e\lml�dfr/T�]_Y<lm�/d$^kY\[�d$YMe�¸cUf]_d"Y\U�`bTVURrcY\p�Y\�<T�[/TVY\�c]Rlk^m[/T+enUHTV�g�cend$^kY\[ ��x
� ��� U$Y��<T

dΦ−1(t)

dt
= −A(t)Φ−1(t)

u S"^k[gdVt*��^}��T�UfT�[gdf^kend$T Φ−1(t)Φ(t) = I
W�^md$r5UfTV]$�)T+X�d�dfY

t
en[c`��c]$T�d$r/T�q©e<X�dHd$r)e�d

d/dtΦ(t) = A(t)Φ(t).

� � � �/p�dfr/T�]$T�Uf^mT+]�dfY�¸c[c`�d$rcT�qs�c[c`/enp�TV[<d�enl{pMend$Uf^}¶jqsY<U

A =

[

0 1
0 0

]

ª �"� ^k[c`�d$rcT�p�end$Uf^}¶�TZ¶b�)Y<[/T�[gdf^ke\l�qsY\UHd$rcT�qsY\lklmY�W�^k[/��]_ob]_d$T�pM]
�



•

A =

[

0 1
4 0

]

•

A =

[

−1 1
1 −1

]

•

A =





0 1 0
0 0 1
0 −9 −1





� � � ��ILI ����� ��N � B � B�� � ��� � ��C � ��� F���C ILKMI�N%F"OPIRQ
� Y\[)]_^a`bT�U"e�]$ob]wdfT�p5t

x′ = ax + by, y′ = cx + dy.

� r/TVU$T�^a]"Y<�h�g^kY\�)]_lko�e�¸c¶hT+`5�)Y<^m[gd�e�d (0, 0)
en[c`5^mq�d$rcT
pMe�dfU$^m¶GY\q?XZYhTZijXZ^kT�[gd�]"^a]"[/Y<[c]_^k[/�<�/lke\UV�cd$r/TV[�^md�^k]�d$rcT
Y\[clmo¸/¶bTV`��1Y\^k[<d � 8?[/Y�W WHen[gdHd$Y�]$�/p�p�e\U$^ 9�T�d$rcT~�1T�r)e7�g^kY\UH^k[�dfr/T��/rce<]_T�º �/laen[cT (x, y)

^m[G�\TVT��/^k[/��W�^}dfr�Y<�/U��g�cenlk^}d�e�df^m�<Tp�TZdfr/Yb`/] � � r/^a]
^a]�XZY��\TVU$T+` ^m[¹p
�cX�r´�<U$T+e�dfT�U
`bT�dfe\^mlH^k[ � rcen�/d$T�U � Y\q"Y\�/U��)YhY<� ��8�W�^mlklHp�T�UfT�lkoz]$�/p�pMenUf^ 9VTjd$rcTUfTV]$�/l}d�] �� r/T�X�r)enU�e\X�dfT�Uf^k]_d$^aX��1Y\lkog[cY\p�^ke\l?qsY<U
dfr/T 2 × 2
pMe�d$Uf^m¶��

A
^k] =w�c]_d

P (λ) = λ2 + (a + d)λ + (ad − bc). � rcTXZYhT�iMX�^mTV[gdf]�enUfT�=w�c]wd�dfr/TM[/T��ge�df^m�<T�d$U�e\X�T\�
−T
e\[c` d$r/Tj`bT�d$TVU$p�^k[cen[gd
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