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POQSR$TVUXWZY�[E\^]*Y�]*QS_HQa`SY�RbY�QSc$TOdeUeR*YgfS[LTVhZTV\iY�_kj

ẋ = a(t)x x(t0) = x0 lnmpoq ]*UXT�UXTE[iY&fSWZUedrhsTVQadrtaYgWvuwhxTiY�y$fz[{f0\iUeQSRsQz|<t0fz[^UefSu*drY&T
∫ x

x0

dx

x
=

∫ t

t0

a(s)ds

hwUrYgdeW*UrR*`$j
x(t) = x0 exp

[
∫ t

t0

a(s)ds

]

} Qa[�Y�~*fz_Hy*deYS�w\^]*YATiQSdecZ\iUeQSRs\iQ
ẋ = − sin(t)x x(0) = 1UXT3�ncbTn\

x(t) = exp(cos(t) − 1).� Q0��drY�\g� T�TVcby*y$Q�TVY�\^]bf0\L��Y���fSRa\E\^QvTVQadrtaY
ẋ = a(t)x + b(t) x(t0) = x0. l��aoq ]*Yg[iY
fS[iYATiY�taY�[{fzdGTV\i[{f0\^Y�`aUrY&T��$����UrdedG`aUrtaYAhSQack\i]*Y�_�Q�Tn\�`SY�RbY�[{fzd��E�LYg��fSdrdG\i]bfz\�\^]*Y�TiQSdecZ\iUeQSRk\^Q�\i]bY
]*Qa_�Qa`SYgR*Y�QacbTTihwTV\iYg_��EfST

x(t) = x0 exp(A(t))
��]*Yg[iY

A(t)
UeTE\^]*Y�UeRa\^Y�`a[^fSd,QS|

a(t).
POQSR$TVUXWZY�[

y(t) = x(t) exp(−A(t)) l���o��|<�OY�WZUr�,Yg[iYgR�\iUXf0\iY�\^]*UXTE��U�\^]D[^YgTiy,Yg�:\�\^Q�\iUe_�Y���Y�TVYgY�\i]bfz\
ẏ = (ẋ − a(t)x) exp(−A(t)).

��Y&fz[^[^fSR*`SY l��So faT
ẋ − a(t)x = b(t),fzR$Wx_�c*d�\^Urybdrhsu$QS\i]�TVUXWZY&T�u$Y

exp(−A(t)).
q ]bUeT�hwUeY�dXW*T

ẏ = (ẋ − a(t)x) exp(−A(t)) = exp(−A(t))b(t).

� Q0��U�\LUXT�Y&fSTihH\iQvTiQSdetSY�|�QS[
y(t)
TiUrRb��Y��OY��ncbTV\�]bfptaY

dy

dt
= exp(−A(t))b(t)

��]*UX�{]s]$fSTLfHTiQSdecZ\iUeQSRIj
y(t) = C +

∫ t

exp(−A(s))b(s)ds.

m



} UrR$fzdedrhv��Y�cbTiY�\i]*YAWZY��bR*Ur\iUeQSRkQz|
y
\^QHTiQSdetSY�|�Qa[

x
j

x(t) = eA(t)

[

C +

∫ t

e−A(s)b(s)ds

]

. l��wo
� YAR*Q0� ��fzR�TiQSdetSY�fzRwh��b[^TV\LQS[{WZYg[�drUeR*YgfS[LY���cbfz\iUeQSRI� q ]*Y�|�c*R$�:\iUeQSR

e−A(t)
UXTL�gfzdedrY&Wx\^]*Y	��

��������������
���������������|�Qa[\i]bYATVhZTV\iY�_k�

 Yg[iY�UXT�fzRDY�~*fz_Hy*deYS�
ẋ = −x + sin(t) x(0) = 0.

 Yg[iY
a(t) = −1

TiQ
A(t) = −t

TiQ�\i]bfz\�\^]*Y�UeRa\^Y�`a[^fz\iUeR*`�|�fS�:\^QS[EUXT
et. ! c*d�\^UrybdrhwUeR*`�u$QS\i]�TiUeWZY&TEuwhv\i]bUeT���Y�`SY�\

ẏ = et sin(t)

TiQ�\^]bf0\
y(t) = C + et(sin t − cos t)/2.q ]wcbT�\i]bY�`SY�RbY�[{fzd>TVQadrc*\iUeQSRDUeT

x(t) = e−ty(t)
QS[

x(t) = Ce−t + (sin t − cos t)/2.

q ]*Y�UeR*Ur\iUXfzdI��QaRbWZUr\iUeQSRbT�fS[iY
x(0) = 0

TiQ
C = 1/2

fzR$Ws��Y�`SY�\

x(t) =
1

2
(sin t − cos t + e−t).

 Yg[iY�UXT�fzR*QS\i]*Yg[�Y�~*fz_Hy*deYS�
ẋ = −

x

t
+ t2 x(1) = 1.

 Yg[iY
a(t) = −1/t

TVQ�\i]bfz\
A(t) = − ln t.

q ]bY�UrR�\iYg`S[{f0\^UrR*`�|�fS��\iQa[�UXT
e−A(t) = t

TiQ�_�c*dr\iUey*drhwUeR*`�\i]*UXT�uwh
t
hwUrYgdeW*T

ẏ = t3

TiQ�\^]bf0\
y(t) = C + t4/4

fzRbW
x(t) = eA(t)y(t) = (C + t4/4)/t.q ]*Y�UeR*Ur\iUXfzdI��QaRbWZUr\iUeQSRkUe_�ybdrUeYgT�\^]bf0\

C = 3/4
TiQ�\i]bfz\

x(t) =
3

4t
+

t3

4
.

"$#%" &('*),+.-/'*0�12#
3wQadrtaY�\^]*Y�|�QSdedeQ0��UrR*`4�b[{Tn\�Qa[^WZYg[�Y���cbfz\iUeQSRbT
m � ẋ = 2x + e2t

��Ur\i]
x(0) = 0.

� � ẋ = −tx + t3
��U�\^]

x(0) = 1.

� � ẋ = 2x/(1 + t) + 1
��Ur\i]

x(0) = 0.

�
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n

th ?�93BDCE9@;GF�;>=JCLKM;�N
 Yg[iY���Y���QSR$TVUXWZY�[L��QSRbTV\^fSR�\���QwY��v��UeY�R�\�drUeR*Y&fz[LTihwTV\iYg_�TEQz|G\^]*Y�|�QS[^_kj

x(n) + an−1x
(n−1) + . . . a2x

′′ + a1x
′ + a0x = 0. l��So

� Y���UrdedIQz| \^Y�Rk��[^U�\^Y�\^]*UXTLfST
P (D)x(t) = 0��]*Yg[iY

D = d
dt

UeT4\i]*Y�WZU���Y�[^Y�R�\^Uefz\iUeQSR�QSy,Y�[{f0\^QS[ fSRbW
P (u)

UXT4\^]*Y�y,QSdehwR*QS_HUXfzd*��Ur\i]x��QwY��v��UeY�R�\^T `SUetSYgR�UrR l�� � o q ]bY�[^Yfz[^Y�\n��Q�Ue_�y,QS[i\^fSR�\A\i]*UeR*`�TA\^Q ��QaRbTiUeWZYg[g� } Ue[{Tn\&�J|�[^QS_ \^]*Y ��cbfSdrUr\^fz\iUetSYvy,QSUeR�\�Qz|LtwUeY����<��YS� W drU��SYx\iQ��wR*Q0� Ur|L\i]bYTiQSdecZ\iUeQSRbT \iQ�\i]bUeT�WZY&��fph�fST
t → ∞

QS[���]bf0\�\i]*YghxWZQ�Q0tSYg[4\i]bY�deQSRb`
]bfSc*d�� q ]*Y�TiYg��QSRbWH\^]*UeR*`HUeT�_HQS[^Y ��cbfSRa\^U�\{f0\^UrtaYfzR$W��OY���fSRa\ \iQ	�wR*Q0� ��]bfz\ \^]*Y�`aY�R*Yg[^fSd$TiQSdecZ\iUeQSRH\^QA\i]bUeTOY���cbfz\iUeQSR�UXT���
�TO��Ur\i]xdeUeR*YgfS[Ofzde`SYgu*[{fzUX�EY���cbf0\^UrQaRbTg�z\i]bY�[^Yfz[^Y
n
deUeR*YgfS[idehvUeRbWZY�y,Y�R$WZY�R�\�TiQSdecZ\iUeQSR$T�\iQ l��ao � q ]bYgTiYAfz[^Y�[^YgfaWZUedrh�|�Qac*RbWDUr|3��Y��wR*Q0� \^]*YA[^Q�QS\^TEQS|G\i]bYAy$QadrhwR*Qa_HUefSd

P (u)
�gfzdedrY&W�\i]*Y ��
�������� ��� ������������y,QSdeh�RbQS_HUefSd�� q ]*Yg[iY�fS[iY � ��faTVY&T Qz|IUeR�\iY�[^YgTV\g���IY�\ r u,Y�f�[^QwQz\ QS| P (u) = 0.

q ]*Y�R
• r

��� ��� ��� ��
�������������
 � ��� q ]*Y�R
x(t) = ert

UXT�fHTVQadrc*\iUeQSRI�
• r = α + iω

��
�� ��������������
 � ��� q ]*Y�RD\i]bY�[^Y�fS[iY�\n��Q�deUeR*YgfS[idehvUeRbWZY�y,Y�R$WZY�R�\�TiQSdecZ\iUeQSRbTgj
x1(t) = eαt cosωt, x1(t) = eαt sinωt.

• r
��� ��� ��� ��
�� �����*���������

k > 1
����������� q ]*Y�R

x1(t) = ert, x2(t) = tert, . . . , xk(t) = tk−1ert

fz[^Y�\^]*Y
k
drUeR*YgfS[ideh�UeRbWZY�y,Y�R$WZY�R�\�TiQSdecZ\iUeQSR$T��

• r = α + iω
��
�� �����*���������

k
��������� � q ]*Y�RD\^]*Y�[^YAfz[^Y

2k
deUrRbYgfz[^dehvUrR$WZY�y,Y�RbW*Y�R�\�TVQadrc*\iUeQSRbT

tjeαt cosωt, tjeαt sinωt j = 0, . . . k − 1.

� QS\iY�\i]bfz\���Qa_Hy*drY�~�[^QwQz\{T fzyby$Y&fz[ UeRvybfSUr[{T TiQ�\^]bf0\�hSQSc�QaR*deh�R*YgYgWH\^Q���QSRbTiUeW*Y�[ \^]*Y�QaR*Y���Ur\i]xfAy$Q�TVUr\iUetSY�Ur_�fz`aUrR$fz[^hybfS[V\&�q ]wcbTg� U�|���Ys�gfzR |�fa�:\^QS[�\i]*YDy$QadrhwR*Qa_HUefSd��<\^]*Y�R �OYD��fzR��bRbW fSdrd�\^]*YsdeUeR*YgfS[ideh UeRbWZYgy$YgRbWZYgRa\vTiQSdecZ\iUeQSR$T�\iQ \i]bY��Qa[i[^YgTiy,QSRbWZUeR*`HWZUr�,Yg[iYgRa\^UefSd>Y���cbfz\iUeQSRI�
 Yg[iY�UXT�fzRDY�~*fz_Hy*deYS� } UeRbWs\i]*Y�`aY�R*Yg[^fSd>TVQadrcZ\^UrQaRx\^Q

x′′ = −x

q ]*Y�y$QadrhwR*Qa_HUefSd,UXT
P (u) = u2 + 1

TiQA\i]$f0\
r = ±i

fz[^YL\i]bY�[^QwQz\{T�� q ]wcbT���\^]*Y�\n�OQ�drUeR*YgfS[ideh�UeRbWZY�y,Y�R$WZY�R�\LTVQadrc*\iUeQSRbTfz[^Y
cos t

fzR$W
sin t
fzRbWx\i]bY�`SY�RbY�[{fzd>TVQadrc*\iUeQSRkUeT

x(t) = A cos t + B sin t. Yg[iY�UXT�fzR*QS\i]*Yg[�Y�~*fz_Hy*deYS� } UeRbWs\i]*Y�`aY�R*Yg[^fSd�TiQSdecZ\^UrQaRx\^Q
(D + 1)2(D2 + 4D + 5)x = 0

q ]*Y�y,QSdehwR*QS_HUXfzd�]bfST"! m fST�fHWZQac*u*deY�[iQwQz\LfSRbW −2 ± i
fST�f�ybfSUr[�QS|3��Qa_Hy*drY�~x[^Q�QS\^Tg� q ]�c$T�\i]*Y�`aY�R*Yg[^fSd�TiQSdecZ\^UrQaRDUXT

x(t) = Ae−t + Bte−t + Ce−2t cos t + De−2t sin t.

# #%" &('*),+.-/'*0�1
3wQadrtaY�\^]*Y�|�QSdedeQ0��UrR*`�deUrR*Y&fz[%$'&%( T
m � x′′′ − 9x′ = 0

� � x′′′′ + 2x′′ − x = 0

� � x′′ − 4x′ + 4x = 0

�
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n

th
'*0�� + 0�������� #

� Rk_�fzRwhs�gfSTiYgT�hSQackfS[iY�UeR�\iY�[^YgTV\iY&W>�ZR*QS\LUrRD\i]bY
fS��\icbfSdITVQadrcZ\^UrQaRbTg�Zu*cZ\���]*Y�\i]*Yg[LQS[�RbQz\�\i]bY���Y�[^Q�TVQadrc*\iUeQSRkUeT�TV\^fSu*deY|�QS[�fHTihwTV\iYg_�TVc$�{]DfaT l��So � q ]*Y�[^Y�fS[iY�\n��Q
\nhwy,YgTEQz|<Tn\{fzu*UedeU�\nhH|�Qa[�deUeR*YgfS[ETihZTn\^Y�_�T�fzR$WxTiUrRb��Y�QSc*[E`SQ�fzd�UXT \^QHcbTVY�\^]*UeTUeRZ|�QS[^_�f0\iUeQSR�|�QS[ R*QSR*deUeR*YgfS[4TVhZTV\iY�_�Tg�z\^]*Y�QSR*deh	�wUeRbW�Qz|>Tn\{fzu*UedeU�\nh��OYLfS[iYEUeRa\^Y�[^YgTV\iY&W�UeRHUeT4Y�~Zy$QaR*Y�R�\^UefSdZQS[ faTVhw_HyZ\iQS\iUX�TV\^fzubUrdeU�\nha� q ]$f0\�UeTg�I��Y�W*Y�_�fzRbW \i]$f0\
fzded TVQadrc*\iUeQSRbT�WZY&��fph�Y�~Zy,QSR*YgR�\iUXfzdedrh�|�faTn\�\iQ��gY�[^QDfaT
t
UeRb��[^YgfaTVY&T��A��\�UXT���deYgfS[\i]bY�RI�w|�[^QS_ \i]bY�WZUXT^��cbT^TVUeQSRsfzu,Q0tSYS�a\i]$f0\E�OY���fSR�\ \i]bY�[^YgfSd$ybfS[V\{T QS|Jfzded,Qz|I\^]*Y�[^QwQz\{T QS|I\i]*Y�y,QSdeh�RbQS_HUefSd

P (u)
\iQ�u$YR*Yg`af0\^UrtaYS� q ]*Y�RsYgfa�{]xQz|G\i]*Y�drUeR*Y&fz[^drh�UeRbWZYgy$YgRbWZY�R�\�TVQadrc*\iUeQSRbTO\iQ l��ao ��Ueded�W*Yg��fphHY�~wy,QSRbY�R�\iUXfzdedrhH|�faTn\&� } c*[i\i]*Yg[i_HQa[iYa�fSTL�OYA��UededJTiY�Y�dXf0\iYg[LUeRk\i]*Y
��QSc*[{TiYS�*u*Ur|�c*[{��fz\iUeQSRbT�QZ�g��c*[L��]bY�R�TihwTV\iYg_�T�Ti��U�\{�{]s|�[^QS_ u,Y�UeR*`xTV\^fzubdrY�\^Qvc*RbTV\^fSu*drYa�$TiQ\i]bYATn\{fzu*UedrUr\nhxfSRbWDR*Qz\E\i]bYAfS�:\^cbfzdITiQSdecZ\^UrQaRbTEUeT�TiQS_HY�\iUe_�Y&TE_HQS[^Y�Ue_Hy$Qa[V\{fzR�\g�} Qa[V\^c*Rbfz\iY�dehS��\^]*Y�[^Y�UXTEf
�EfphH\iQHWZY�\iY�[^_HUrRbY���]*Y�\i]*Yg[E\i]*Y�TiUr`aRxQS|I\i]*Y�[^YgfSd$ybfS[V\EQz|J\i]*Y�[^QwQz\^TOQz|3f
y,QSdehwR*QS_HUXfzd�UeTfzde�EfphwT�R*Yg`afz\iUetSYS����Y�|�Qa[iY�WZUetwUrR*`HUeR�\iQH\i]bY�`aY�R*Yg[^fSdI��faTVYa��deY�\{T �b[{Tn\L��QSRbTiUeW*Y�[

n = 1 :

x′ + a0x = 0.

� Rv\^]*UXT���fSTiY
P (u) = u + a0

fzR$W�\i]bY�[^QwQz\�Qz|I\^]*UeT�UXT
−a0.

��|
a0 > 0

\i]*YgRsfSdrd>TiQSdecZ\iUeQSRbT�WZY&��fph�Y�~Zy,QSR*YgR�\iUXfzdedrhH��]*UedrYUr|
a0 < 0

\^]*Y�hs`S[^Q0��� q ]wcbT�\^]*YA��QaRbWZUr\iUeQSRDUeTLTiUe_�ybdrhx\i]bfz\
a0 > 0

Ur_Hy*deUrY&TLfzdedITiQSdecZ\iUeQSRbT�W*Yg��fpha�� Q0���Z]bQ0��fzu,QSc*\�\^]*Y�`SYgR*Y�[{fzd>TiYg��QSRbWsQS[{WZY�[��gfSTiYSj
x′′ + a1x

′ + a0x = 0.

q ]*UXT�UXTE_�Qa[iY�WZU �v��c*dr\g� � YA��fSRsc$TVY�\^]*Y ��cbfSWZ[{f0\^Ue��|�QS[^_
cbdef�\iQ �bR$Wx\^]*Y�[^Q�QS\^Tgj
r1 =

1

2
(−a1 +

√

a2
1 − 4a0), r2 =

1

2
(−a1 −

√

a2
1 − 4a0).

��|
a0 < 0

\i]*YgR�u$QS\i]�[^QwQz\^T�fz[^Y�[iY&fzdIfzR$W�TVUeRb��Y�\^]*Y
yb[iQZWZcb��\LQz|<\i]bYA[iQwQS\^T�UXT<�ncbTV\
a0
\^]bf0\�_HY&fzRbTL\i]bfz\LQSR*YA��UededGu,Yy,QaTiU�\^UrtaYEfSRbW�QSR*YE��Uedrdbu$Y�R*Yg`afz\iUetSYS� 3wQ

a0
]bfSW�u,Y�\V\^Y�[4RbQz\4u,Y�R*Y�`�f0\iUetSYa�G��|

a0 > 0
\i]bY�R�\i]*Yg[iYLfS[iYO\n��Q�y,QaT^TiUru*UedeU�\^UrY&T��\i]bY�[^QwQz\^TOfz[^YL[^Ygfzd$QS[ \i]*Yghvfz[^Y���Qa_�ybdrY�~��3��|I\^]*Y�h�fz[^Y���QS_Hy*deY�~>�a\i]*YgR

a1
u,Y�\i\iY�[Eu,Y�y,QaTiU�\^UrtaYS�<��|>\i]bY�hvfz[^YL[^YgfSd��a\i]*YgRTiUrRb��Y�\i]*Y�y*[^QZWZcb��\LQz|G\^]*Y�[^Q�QS\^TEUXTEy$Q�TVUr\iUetSYa�w\i]*Yghxu,Qz\^]kfS[iY�\^]*YATifS_HY�TiUe`SRI� q ]*Y�Tic*_�QS|J\^]*Y�[iQwQS\^T�UeT

−a1
TiQ�\i]bfz\fz`�fzUeR

a1
u,Y�\i\iYg[�u,YAy$Q�TVUr\iUetSYa� q ]wcbTg�*\^]*Y
��QSRbWZUr\iUeQSRD|�Qa[�Tn\{fzu*UedeU�\nhDUeT�\i]bfz\�u$QS\i]

a1
fSRbW

a0
fz[^Y�y$Q�TVUr\iUetSYa� q ]*UXT�Tic*[^YUXT�fHdrQS\EY&fSTiUrYg[�\i]bfSR �$RbWZUeR*`H\i]*Y�[^QwQz\{T�� �4QSc���fSRx\^Y�dedGf0\�f�`adefSRb��Y"!

�IY�\g� TER*Q0����QSRbTiUXWZY�[�\i]bY�`SY�RbY�[{fzd>_HQSR*UX��y$QadrhwR*Qa_HUefSd�j
P (u) = un + an−1u

n−1 + . . . a1u + a0.} Qa[i_@f�TiY�[^UeYgTEQz|3_�f0\i[^UX��YgTgj
H1 = an−1

H2 =

[

an−1 1
an−3 an−2

]

H3 =





an−1 1 0
an−3 an−2 an−1

an−5 an−4 an−3





c*y�\^Q
Hn.
� QS\iY<\i]$f0\GY&fS�{]�QSR*Y UXTIT �ac$fz[^Y<fSRbW�\i]*Y �b[^TV\G��Qadrcb_�RA��QSR�\^fSUrR$T�Y�tSYg[ih�Qz\i]bY�[G��Q�Y �v��UeY�R�\g�

an−1, an−3, an−5 . . .
�


LRwhDUrR$WZY�~s\i]bfz\�UeT�R*Y�`�f0\^UrtaY�UXTL[^Y�ybdefa��YgWDuwh$#�fSRbW m UXT�fzde�EfphwTO\^]*Y
YgRa\^[ihx\i]bfz\L|�QSdedeQ0�LT an−1
��Ur\i]k\^]*YA[^Y�_�fzUeRbWZYg[Qz|3\i]bY�[^Q0�%#b� Tg� q ]*Y�RG�Z\i]*Y�[^QwQz\{TOQS|

P (u) = 0
]$fptSY�R*Y�`�f0\iUetSY�[^Ygfzd>y$fz[i\^TEUr|<fSRbWxQaR*dehvU�|
WZY�\

Hj > 0 j = 1 . . . n.

& �������(' � �

•
WZY�\

Hn = a0
WZY�\

Hn−1
TiQ�\i]bfz\�\i]*UXT�_HYgfSRbT�\i]bfz\

a0 > 0.
��|

a0 = 0
\^]*Y�RD\i]bY�[^Y�UXT�f)��Yg[iQ�[^Q�QS\g�

•
U�| WZY�\

Hn−1 = 0
ubcZ\�fzded�\i]*Y�QS\i]*Yg[L��[^U�\^Y�[^Uef�]*QadeWI�w\i]*YgRs\^]*Y�[^YAfz[^Y�Ur_�fz`aUrR$fz[^h�Y�Ue`SY�Rwt0fzdec*Y&T��

�




�T�fHTiUr_Hy*deY�Y�~*fS_�ybdrYa�w\^f �aY
n = 2,

\i]$f0\LUXT
P (u) = u2 + a1u + a0.

H1 = a1

H2 =

[

a1 1
0 a0

]

� YATVYgY WZY�\
H1 = a1,

WZY�\
H2 = a0a1TiQ�\i]*Y���QaRbWZUr\iUeQSRk|�QS[�Tn\{fzu*UedeU�\nhDUeT

a1 > 0
fzRbW

a0 > 0.
� QS\iY�\^]bf0\�\i]*Y�[iYg_HfS[ �ZTLfSu$Q0taY�Ur_Hy*dehD\i]bfz\L\i]bY�[^Y
UXT�f �gY�[^Q[^Q�QS\�U�|

a0 = 0
fzRbWx\i]bY�[^YAfz[^Y�Ue_�fz`SUeRbfS[ih�[^QwQz\^TEUr|

a1 = 0, a0 > 0.�IY�\g� T�deQ�Q � f0\
n = 3

��]*UX�{] �OYv��QSc*dXW R*Qz\AY&fSTiUrdeh WZQ�UeR \i]*Yv�Efph�\^]bf0\A��YvWZUXW
n = 2

uwh �bR$WZUrRb`k\i]*Yxfa�:\^cbfzd[^Q�QS\^Tg� q ]*Y�\i]*[^Y�Y�_�f0\^[iUX��Y&TEfz[^Y
H1 = a2

H2 =

[

a2 1
a0 a1

]

H3 =





a2 1 0
a0 a1 a2

0 0 a0





q ]*Y&TVY�]bfptaY�W*Y�\iYg[i_HUeRbfzR�\{T
W*Y�\

H1 = a2,
WZY�\

H2 = a1a2 − a0,
W*Y�\

H3 = a0(a1a2 − a0).

q ]wcbTg�Z�OY�]bfptaY�\^]*Y�[^YgTic*d�\E\^]bf0\�\^]*YAWZUr�,Yg[iYgRa\^UefSd>Y���cbfz\iUeQSRIj
x′′′ + a2x

′′ + a1x
′ + a0 = 0

]bfaTEQSR*dehvY�~Zy,QSR*YgR�\iUXfzdedrhxW*Yg��fphwUeR*`HTVQadrcZ\^UrQaRbTEUr|<fSRbWxQaR*dehxUr|
a2 > 0, a0 > 0, a1a2 − a0 > 0.

} cb[V\^]*Y�[^_HQS[^YS�wU�|
a1a2 − a0 = 0

fSRbW
a2, a0

fS[iY�y$Q�TVUr\iUetSY�\^]*Y�RD\i]bY�[^Y�fS[iY�Ue_HfS`SUeRbfz[^h�[^Q�QS\^TEfS�g��Qa[^WZUeR*`�\iQ�\i]bY�fSu$Q0taY[^Y�_�fz[ �ZT��$3wQb�*fz\�f�`SdXfzRb��Y���Y���fSRDTiY�Y�\i]$f0\�fzdedITiQSdecZ\iUeQSRbT�\^Q
x′′′ + x′′ + 2x′ + x = 0

WZY&��fphvY�~wy,QSRbY�R�\iUXfzdedrh�ubcZ\L\i]$f0\LTVQa_HY�TiQSdecZ\^UrQaRbT�\iQ
x′′′ + x′′ + 2x′ + 3x = 0

`S[^Q0� Y�~wy,QSRbY�R�\iUXfzdedrhsfzRbWx\i]bfz\�\i]*Yg[iY�fS[iY�y,Y�[^UrQZWZUX��TVQadrcZ\^UrQaRbT�\iQ
x′′′ + x′′ + 2x′ + 2x = 0.

� � � ��� � � �����	� � '

m � } QS[E\^]*Y�\i]*Ue[{WsQa[^W*Y�[Ey$QadrhwR*Qa_HUefSd�j
u3 + a2u

2 + a1u + a2a1 = 0��]*Y�[^Y
a1, a2 > 0

�OY��wR*Q0� \^]bf0\�\i]bY�[^Y�fS[iY�Ur_�fS`SUeRbfz[^hk[iQwQz\{T��
±iω.

} UrRbW \i]bY�_ UeR \iY�[^_�T�Qz|
a1, a2. l  UeR�\gjTVc*u$Tn\^U�\^cZ\iY

iω
UeR�\iQ�\^]*YHfzu,Q0tSY
fSRbW�TVY�\�\^]*Y�[^YgfSdJfSRbW�Ue_HfS`SUeRbfz[^hxy$fz[i\^T�\^Q �gY�[^Qb� o } UrRbfSdrdehS� �bRbW�\i]*Y�y$Yg[iUeQZWZUX�TVQadrcZ\^UrQaRbTO\iQ

x′′′ + 2x′′ + 2x′ + 4x = 0.

�



� � } QS[���]$f0\�t0fzdec*Y�Qz|3\i]*Y�ybfS[^fS_HY�\iYg[ r
WZQvfSdrdITiQSdecZ\iUeQSR$T�\iQ

x′′′ + rx′′ + rx′ + rx = 0

WZYg�gfph�Y�~Zy$QaR*Y�R�\^UefSdrdeh��
� � } UeRbWkfHTVY�\�Qz| ��QSR$WZU�\^UrQaRbT�|�QS[E\^]*Y�[^Q�QS\^T�Qz|

u4 + a3u
3 + a2u

2 + a1u + a0 = 0

\iQH]bfptSY�R*Yg`af0\^UrtaY�[iY&fzd�ybfz[i\^T�fSRbWDcbTiY�haQSc*[E[^YgTic*dr\�\iQ�WZY�\^Y�[^_HUrR*Y���]bY�\i]bY�[�QS[�RbQz\LfzdedITVQadrc*\iUeQSRbT�\^Q
x′′′′ + 3x′′′ + 2x′′ + x′ + 2x = 0

WZYg�gfph�Y�~Zy$QaR*Y�R�\^UefSdrdeh��
� � 7��DC���9 ;IF�;>=JCLKM;��	�sB =�
sC�K���=J937�
 C�
�� ?��sC���=J7����SN
� Y�R*Q0� \^c*[iRkQac*[�f0\V\^Y�R�\iUeQSRD\^Q�\^]*YATihwTV\iYg_�Qz|<Y���cbfz\iUeQSRbTgj

dX

dt
= A(t)X(t) l��ao

��]*Yg[iY
A(t)

UeT�fSR
n × n

WZUe_HY�RbTiUeQSRbfSd>_Hfz\i[^U�~sQz| ��QSR�\^UrRwc*QacbT�|�c*Rb��\iUeQSRbT�QS|G\^Ur_HYS�EPOQSRbTiUeW*Y�[E\i]bYATVY�\LQz|3TiQSdecZ\^UrQaRbT�\iQ
l���o � Xj(t)

T^f0\^UeTV|�hwUrRb`

X1(0) =















1
0
0���
0















, X2(0) =















0
1
0���
0















, . . . , Xn(0) =















0
0
0���
1















.

3wUeRb��Y�\^]*Y�Y���cbf0\^UrQaR UXT�deUeR*YgfS[g�IfSR�h�TiQSdecZ\iUeQSR \iQ l���o �gfzR u$YH��[^U�\i\iY�R fST�fsdrUeR*YgfS[���QS_�u*UeRbf0\^UrQaR�Qz|4\^]*YgTiY n
deUrR*Y&fz[^drhUeRbWZY�y,Y�R$WZY�R�\xTiQSdecZ\iUeQSRbTg� ( fS�{]8QSRbYDUXT�UeR*Ur\iUXfzdedrh�QaR*Y�Qz|�\i]*Y���QSdec*_HRbTHQz|�\i]bYDUXWZYgRa\^U�\nh _�f0\i[^Ur~�� � Q0�@WZY��bR*Yk\i]bY|�QSdedeQ0��UrR*`�_�f0\^[iUr~v|�c*Rb��\iUeQSRIj

Φ(t) = [X1(t) X2(t) . . . Xn(t)].
( fa�{] ��QSdec*_HR Qz|�\i]*UXTv_�fz\i[^U�~ Tifz\iUXT �bY&T�\i]*Y WZU���Y�[^Y�R�\^UefSd�Y���cbfz\iUeQSR fzRbW fSdeTiQ

Φ(0) = I
UXTH\^]*Y�UXWZY�R�\iUr\nh8_Hfz\i[^U�~>�q ]*UXT�UeT���fSdrdeYgWk\^]*Y ����
�� � � � 

��� � � ��������� QS|OTiQSdecZ\iUeQSRbTg� 3wc*y*y,QaTiY
\^]bf0\���Y
�EfzR�\�\^QsTiQSdetSY l��ao ��U�\^] UeR*Ur\iUXfzd W*f0\{f

X(0) = X0.
q ]*Y�RD\i]bY
TVQadrc*\iUeQSRkUeT4�ncbTV\

X(t) = Φ(t)X0.
q ]wcbT��b\i]*YA|�c*RbW*fS_�YgR�\^fzdG_Hfz\i[^U�~D_�f �SY&T�Ur\LYgfSTihv\^QvTVQadrtaY\i]bY�UrR*Ur\iUXfzdGtpfSdrcbY�yb[iQau*drYg_k�  Q0� fSu$QacZ\E\i]*Y�UeR*]*Qa_HQS`SYgR*Y�QacbT�y*[^QSu*deY�_kj

dX

dt
= A(t)X(t) + B(t)?

��Y�|�Qa[iY�WZQaUrR*`�\^]*UeTg�Z��YATn\{f0\iY�fSRsUe_Hy$Qa[V\{fzR�\�[iY&TVc*dr\gj
WZY�\

Φ(t) = exp

(
∫ t

0

q [
A(s) ds

)

. l��So
q ]bfz\4UeTg�z\^]*Y�WZY�\iY�[^_HUrR$fzR�\4Qz|,\i]*YL|�c*RbW*fS_�YgR�\^fzd$_�f0\i[^Ur~
UeTI�ncbTV\ fzRHY�~Zy,QSR*YgRa\^UefSd*Qz|�\^]*Y�UrR�\^Y�`S[{fzdZQS|�\i]*YE\^[^fa��Y�Qz|

A(t).q ]*UXT�_HYgfSRbT�\i]bfz\E\i]*Y�UeRwtSY�[{TiY�QS|J\^]*Y�|�c*RbW*fS_HY�R�\^fSd>_Hfz\i[^U�~Dfzde��fphZT�Y�~ZUXTn\{T�TVUeRb��Y�\^]*YAWZY�\iY�[^_HUrR$fzR�\�UeTER*YgtSYg[ ��Y�[^Qb�
�IY�\

X(t) = Φ(t)Y (t).
q ]bY�R

dX

dt
=

dΦ

dt
Y + Φ

dY

dt
= A(t)ΦY + B(t)

�



��cZ\g�
dΦ
dt

= A(t)Φ
TVQ�\i]$f0\L��Y�`aY�\

Φ(t)
dY

dt
= B(t).

q ]wcbT
dY

dt
= Φ−1(t)B(t)

fzR$Wx��YA��fSRDTiQSdetSY�|�QS[
Y (t)

Y (t) = Y (0) +

∫ t

0

Φ−1(s)B(s) ds.

} UrR$fzdedrha�Z\i]*UXTEhwUrYgdeWbT
X(t) = Φ(t)

[

X(0) +

∫ t

0

Φ−1(s)B(s) ds

]

fST�\^]*YATiQSdecZ\iUeQSRs\iQ�\i]bY�UrR*]bQS_HQS`aY�R*YgQScbT�y*[^QSu*deY�_�!
 Yg[iY�UXT�fzRDY�~*fz_Hy*deYS�*3ZQSdetSY�\i]*Y�|�QadrdeQ0��UeR*`�TihZTn\^Y�_�QS|3Y���cbf0\^UrQaRbT�j

dX

dt
=

[

−2t −2t
2t 2t

]

X +

[

0
1

]

, X(0) =

[

0
0

]

.

q ]*Y�|�c*R$W*fz_HY�R�\{fzd>_�f0\^[iUr~v|�QS[
A(t)

UXT
Φ(t) =

[

1 − t2 −t2

t2 1 + t2

]

fzR$Wv\^]*Y�UrRwtaY�[{TVY�UeT
Φ−1(t) =

[

1 + t2 t2

−t2 1 − t2

]

} [^QS_
∫ t

0

Φ−1(s)B(s) ds =

∫ t

0

[

s2

1 − s2

]

=

[

t3/3
t − t3/3

]

3wQ$�
X(t) =

1

3

[

t3 − 3t2

3 − t3 + 3t2

]

� QS\iY�\^]bf0\LUeRk`SY�RbY�[{fzd��Z�OYA�gfzR*R*QS\ �bRbWD\i]bY } c*RbWbfz_HY�R�\^fSdI_�f0\^[iUr~v|�QS[L\iUe_�Y !�W*Y�y,Y�RbWZYgR�\�TVhZTV\iYg_HTg�w\i]bUeT�Y�~*fz_Hy*deY�EfST���QwQ �SYgWxc*yI�
� #%" � '*)���� � ���	�

Φ
� '*0�

'�� �"���
����

' +���
 � +�� � ) � ��0���

+ � #

� Rvy*[{fS��\iUX��Ya�aUr\OUXT c$TVcbfSdrdeh�Ur_Hy,QaT^TVUeu*deYL\iQ���Qa_�ybcZ\iY
Φ(t)

|�Qa[4\iUe_HY�! WZY�y,Y�R$WZY�R�\E_Hfz\i[^Ue��YgTg�
A(t).

 Q0��Y�taY�[&�SUeR�\i]bY���faTVYQz| ��QaRbTV\^fzR�\���QwY��v��UrYgRa\{T��ZUr\LUXT�YgfaTVha�4POQaRbTiUeWZYg[�\i]*Y�_�f0\^[iUr~v|�c*R$�:\iUeQSR

E(t) = I + tA +
t2

2!
A2 + . . .

tj

j!
Aj + . . . .

��\EUeTOYgfaTVh�\iQ�y*[^Q0tSY�\^]bf0\�\i]*UXTETVYg[iUeYgTO��QaR�taY�[^`SY&T���
�TOhSQScxy*[iQaubfzubdrh�[iY&��Qa`SR*U ��Ya�z\i]bUeT�UXT \^]*Y q fphwdeQS[4Y�~wy$fzRbTiUrQaR�|�QS[O\i]bYY�~Zy,QSR*YgR�\iUXfzd�|�c*Rb��\iUeQSRI� } QS[E\^]*UeTL[iY&fSTiQSRI��\i]bY�_Hfz\i[^U�~>�
E(t)

UeTL�gfzdedrY&Wv\^]*Y�Y�~Zy,QSR*YgR�\iUXfzd>Qz|
A
fzRbWD��Y���[iUr\iY

E(t) = eAt.

� QS\iUX��Y�\^]bf0\
E(0) = I

fSRbWsU�|<�OYAW*U���Y�[^Y�R�\iUXf0\^YS�

E′(t) = A + tA2 +
t2

2!
A3 + . . . = AE(t)

TiQ�\^]bf0\LUeRD|�fS��\g�
E(t) �������������! #"%$'&(�) *�+$-,.&($'�0/1�32 |�QS[E\^]*YA��QaRbTn\{fzR�\L��QwY��v��UrYgRa\�deUrRbYgfz[LTihZTn\^Y�_k�

�



 Yg[iY�UXT�fzRDY�~*fz_Hy*deYS� q f �aY
A =

[

0 1
−1 0

]

� QS\iY�\^]bf0\
A2 = −I, A3 = −A, A4 = ATiQ�\^]bf0\�\^]*Y�y,Q0�OYg[^T�Qz|

A
[iYgy$Y&f0\�Y�taY�[^h � \iUe_HYgTg� q ]�c$T��

E(t) =

[

1 − t2/2! + t4/4! . . . t − t3/3! + t5/5! . . .
−t + t3/3! − t5/5! . . . 1 − t2/2! + t4/4! . . .

]

��]*UX�{]shaQScD[iY&��Qa`SR*U ��Y�fST
E(t) =

[

cos t sin t
− sin t cos t

]

q ]*Yg[iY�_
cbTV\�u$YHfzR YgfSTiUeY�[���fpha�,[^Ue`S]�\%!�haQSc �gfzRI� \�[^YgfSdrdehku$YHY�~wy,Yg��\iY&W�\^QDfa�:\ic$fzdedrh�Tic*_ \i]bYgTiY�TiY�[^UrY&T���� R |�fS��\\i]bY�[^Y�UeT�fk[iY&fzdedrh TVdeUe� � ��fph \iQ �bRbW \^]*Yv_�f0\^[iUr~ Y�~Zy$QaR*Y�R�\iUXfzdOfzRbW \^]�c$T�\i]*Yv|�c*RbW*fS_�YgR�\^fzd�TVQadrc*\iUeQSRI�  Y�[^Y�UXT�\i]bY_HY�\^]*QZW>�4Ur\
cbTiYgT
TV\ic*� |�[^QS_�\i]*Yvyb[iYgt�UeQSc$TATVY&�:\^UrQaRI� �IY�\
A
u$YDfzR

n × n
��QSR$Tn\{fzR�\A_�f0\i[^Ur~�� q ]*YxUeWZY&fkUeTA\i]bfz\�Ur|��Y
WZUr�,Yg[iYgRa\^UrY&f0\^Y

exp(At)
��Ur\i] [iY&TVy,Yg��\L\iQ

t k
\^Ur_HY&T�fSRbW�Y�t0fSdrcbfz\iY
fz\

t = 0
\i]*YgR ��Y
��fSR�`SY�\�fvTiY�[^UrY&TLQS|4drUeR*YgfS[Y���cbfz\iUeQSRbTE��]bQaTiY�TiQSdecZ\^UrQaRshwUeY�dXW*T�\i]*Y�|�cbRbW*fz_HYgRa\{fzd>_�f0\^[iUr~>�

 Yg[iY�UXT�\i]*YAfSdr`aQS[^U�\^]*_��gfzdedrY&W�� } c*de_HY�[&� T���_HY�\^]*QZW>j
m � � [^U�\^Y�WZQ0��Rx\^]*YA�{]bfS[^fa�:\iYg[iUXTV\iUX��y,QSdehwR*QS_HUXfzd>Qz| A �

P (λ) =
WZY�\

(λI − A)

� ��POQSRbTiUeW*Y�[�\i]*Y�deUeR*YgfS[LWZU���Y�[^Y�R�\^UefSd>Y���cbf0\^UrQaRIj
P (D)x = 0fzRbWs��[iUr\iY�WZQ0��Rs\i]bY

n
deUrRbYgfz[^deh�UrRbW*Y�y,Y�RbWZYgR�\�TVQadrc*\iUeQSRbTg�

x1(t), x2(t), . . . , xn(t).

� � � Q0���Z��Y�faTiTiY�[i\�\i]bfz\�\i]*Y�|�c*R$W*fz_HY�R�\{fzdI_�f0\^[iUr~xUXT�TVQa_HY�_�fz\i[^U�~xdeUeR*YgfS[L��QS_�u*UeRbf0\^UrQaRxQz|3\i]bYgTiY n
TiQSdecZ\iUeQSRbTgj

eAt = x1(t)E1 + x2(t)E2 + . . . + xn(t)En��]*Y�[^Y
Ej

fS[iY�c*R �wR*Q0��R
n × n

_�fz\i[^Ue��YgTg� 3wY�\
t = 0

UrR \i]*YvfSu$Q0taY
Y��ac$f0\iUeQSRG�GWZUr�,Yg[iYgRa\^Uefz\iY�fzR$W TiY�\
t = 0fz`afSUrRG�wfSRbWDTVQHQSRkc*ys\iQ

n − 1
WZYg[iUet0f0\^UrtaYgTg� q ]bUeT�deYgfaW*T�\iQ�\^]*Y�|�QSdedrQ0��UeR*`�Y���cbfz\iUeQSRbTgj

I = x1(0)E1 + x2(0)E2 + . . . + xn(0)En

A = x′

1(0)E1 + x′

2(0)E2 + . . . + x′

n(0)En

A2 = x′′

1(0)E1 + x′′

2 (0)E2 + . . . + x′′

n(0)En

. . . = . . .

An−1 = x
(n−1)
1 (0)E1 + x

(n−1)
2 (0)E2 + . . . + x(n−1)

n (0)En

3wQSdetSY�\i]*YATiY�\LQS|JY��ac$f0\iUeQSR$T�|�QS[
Ej

UrRD\^Y�[^_HTEQS|3y,Q0��Y�[{TOQS|
A
fSRbWDhSQScDfz[^Y�WZQSR*Ya�

 Yg[iYHUXT�fzR Y�~*fS_�ybdrYa� 3Zc*y*y,QaTiYH\i]bfz\
A
UXT

3 × 3
fzRbW \i]*Yv�{]$fz[{fS�:\^Y�[^UeTV\iUX��y$QadrhwR*Qa_�UXfzd<UXT

λ2(λ − 1)
q ]bY�R \i]*Y\i]b[iYgY�deUeR*YgfS[idehvUeRbWZY�y,Y�R$WZY�R�\�TiQSdecZ\iUeQSRbT�fS[iY

1, t, et
TiQ��OY�`aY�\

eAt = E1 + tE2 + etE3.q ]wcbTg�
I = E1 + 0E2 + E3

A = E2 + E3

A2 = E3

�



} [^QS_�\i]*UXT���Y�TiY�Y�\^]bf0\
E3 = A2, E2 = A − A2, E1 = I − A2

fzR$Wv\^]�c$T
eAt = (I − A2) + t(A − A2) + etA2.

� Y��gfzR�fzyby*drhv\i]*UXTE\iQ�\^]*Y�Y�~*fz_Hy*deY�fzu,Q0tSYa�

A =

[

0 1
−1 0

]

q ]*YA�{]bfS[^fa�:\^Y�[^UeTV\iUX��y,QSdehwR*QS_HUXfzd>UXT
λ2 + 1

TiQH\i]*Y�[^QwQz\^T�fS[iY
±i
fSRbWv\^]wcbTE\i]bY�\n�OQHdeUrR*Y&fz[^drhxUrRbW*Y�y,Y�RbWZYgR�\�TVQadrc*\iUeQSRbTfz[^Y

cos t, sin t.
3wQ

eAt = E1 cos t + E2 sin tfzR$Wx��Y2�bRbWs\i]$f0\
I = E1 A = E2TiQ�\^]bf0\

eAt = Φ(t) =

[

cos t sin t
− sin t cos t

]

� Q�TiY�[^UrY&T�\iQ�Tic*_@fz\�fSdrd !
� #�# &('*),+.-/'*0�1

m ���4[iQ0taY l �zo |�Qa[E\i]*Y 2× 2
�gfSTiYS�  Yg[iY�UXTE]*Q0� \^Q�y*[^Qw��Y�Y&W>���IY�\

Φ(t) =

[

φ11(t) φ12(t)
φ21(t) φ22(t).

]

�IY�\
A(t) =

[

a11(t) a12(t)
a21(t) a22(t).

]

&�Ur�,Yg[iYgR�\iUXf0\iY�\^]*YAWZY�\^Y�[^_HUrRbfSR�\EQS|
Φ(t)
�
φ11φ22 − φ21φ12

fSRbWxc$TVY�\i]bY�|�fS�:\�\^]bf0\
Φ′ = AΦ

\iQ�Ti]*Q0� \^]bf0\
d

dt

W*Y�\
(Φ(t)) = (a11(t) + a22(t))

W*Y�\
Φ(t)

fzRbWx\i]wcbTL��QSRb��drc$WZY�\i]*Y�[^YgTic*dr\ l [iY&��fSdrd�\^]*YATVQadrc*\iUeQSRs\iQ�f4�b[^TV\LQS[{WZYg[�]bQS_HQS`aY�R*YgQScbT�deUrR*Y&fz[EY���cbfz\iUeQSRI� o
� ���4[iQ0taY

dΦ−1(t)

dt
= −A(t)Φ−1(t)

l  UeR�\gj &�U���Y�[^Y�R�\^Uefz\iY Φ−1(t)Φ(t) = I
��Ur\i]k[^YgTiy$Y&�:\�\^Q

t
fzRbWscbTiY�\i]*Y�|�fa�:\E\i]$f0\

d/dtΦ(t) = A(t)Φ(t).

� � 3wc*_�\^]*YATiY�[^UrY&T \^Q �bRbWs\i]bY�|�cbRbW*fz_HYgRa\{fzdI_�fz\i[^U�~v|�Qa[
A =

[

0 1
0 0

]

� � } UeRbWs\i]bY�_Hfz\i[^U�~sY�~Zy$QaR*Y�R�\^UefSd�|�QS[E\i]bY�|�QSdedrQ0��UeR*`HTVhZTV\iY�_�T
•

A =

[

0 1
4 0

]

�



•

A =

[

−1 1
1 −1

]

•

A =





0 1 0
0 0 1
0 −9 −1





� � � �A;G;J7�������=J7�?	� ?�� � ���	� ��9 ��7��DC���9 ;GF�;>=JCLKM;�N
POQSR$TVUXWZY�[LfHTihZTn\^Y�_kj

x′ = ax + by, y′ = cx + dy.q ]*Yg[iYAUXTLQauwt�UeQSc$TVdehsf �b~wY&Wky$QaUrR�\�f0\
(0, 0)

fzRbWkUr| \i]bY
_�f0\^[iUr~DQS|4��QwY��v��UeY�R�\{TLUXTLR*QaRbTVUeR*`ac*defS[g�b\i]*YgR�Ur\�UeT�\i]bY
QSRbdrh
�*~ZYgWsy,QSUeRa\&� �4R*Q0� �EfzR�\E\iQHTic*_H_HfS[iU ��Y�\i]bY�u,Y�]$fpt�UeQS[EUeRx\^]*Y�y*]bfaTVY !�y*dXfzRbY

(x, y)
UrR �SYgY�y*UeR*`���U�\^]sQac*[ ��cbfzdeU�\{f0\^UrtaY_HY�\^]*QZW*T�� q ]*UXT
UXT���Q0tSYg[iY&W UrR _
cb�{]�`a[iY&f0\^Y�[
WZY�\^fSUrdEUeR8PO]bfzy*\iY�[ � QS|LQSc*[�u$QwQ �,�O����UrdedE_HY�[^Y�deh Tic*_H_�fz[^U �gYv\i]bY[^YgTic*d�\{T��q ]*Yx�{]$fz[{fS�:\^Y�[^UeTV\iUX�Hy,QSdeh�RbQS_HUefSd4|�Qa[
\^]*Y

2 × 2
_�f0\i[^Ur~��

A
UeT��ncbTV\

P (λ) = λ2 + (a + d)λ + (ad − bc).
q ]bY��QwY ����UrYgR�\^T�fz[^Y��ncbTn\�\^]*Y�R*Y�`�f0\^UrtaYA\i[{fS��YS�

−T
fSRbW \i]*YvWZY�\iYg[i_HUeRbfzR�\

D
QS| \i]bY�_Hfz\i[^U�~

A
� q ]*YHy*[iYgtwUrQacbT�[iY&TVc*dr\^T\i]wcbT�Ue_Hy*drh�\i]bfz\�\^]*Y �*~ZYgW�y,QSUeR�\

(0, 0)
UXT�fSTihw_�y*\iQz\^Ue�gfzdedrh�TV\^fSu*drY�Ur|�fzR$W�QSRbdrh�Ur|

T < 0, D > 0.
��Yg�gfzded3\i]bfz\�\^]*YY�Ue`SYgRwtpfSdrcbYgTEfz[^Y

λ =
1

2
(T ±

√
∆), ∆ = T 2 − 4D,

��]*Yg[iY�\i]bY �ac$fzR�\iUr\nhS�
∆
UeT��gfzdedrY&Wx\^]*YAWZUXTi��[iUe_HUrR$fzR�\g� � YA��fzRDR*Q0� ��dXfST^TVUr|�h�\i]bY�Y���c*UedrUeu*[^Urc*_�|�c*[V\^]*Y�[&�

m � &�� #b� q ]bYAWZY�\^Y�[^_�UeRbfSRa\�UXT�R*Yg`af0\^UrtaY�Ue_Hy*deUrY&TE\i]bfz\�\i]*Yg[iY�fS[iY�\n��Q�[^YgfSd>Y�Ue`SYgR�t0fSdrc*Y&T��wQaR*Y�UeT�y,QaTiUr\iUetSY�fzRbWDQaR*YUeTER*Yg`afz\iUetSYS� � YA��fSdrd�\^]*Y2�*~ZYgWsy$QaUrR�\
(0, 0)

f���� ������� �*� ��

��fzRbWsUr\LUeT�cbRbTn\{fzu*deYS�
� � &�	 #b� q ]bYAWZY�\^Y�[^_�UeRbfSRa\�UXTEy$Q�TVUr\iUetSYa� q ]*Y�[^Y�fz[^Y�\n��Q���faTVY&T
l f o ∆ < 0

Ur_Hy*deUrY&TE\i]$f0\�\i]bY�Y�Ue`SY�Rwt0fzdec*Y&T�fS[iY���QS_Hy*deY�~s��QSR0�nc*`�f0\^YgTg�
U��

T < 0
�w\^]*Y�\i[{fS��Y�UeT�RbY�`afz\iUetSY�fzRbWs��YA��fzded�\i]bY2�*~ZYgWsy$QaUrR�\�f�������
����
� � � ��� � QS[ ������
���� � � ����� � �

UeU��
T > 0

�J\i]bYH\i[{fS��Y�UXT�y,QaTiU�\^UrtaYvfzRbW ��Yv��fSdrd4\i]*Y �b~wY&W y$QaUrR�\�fSR ��
�������
������ ��� ��� � Qa[	� 
�������
����
� ����� ��� �

UeUeU��
T = 0,

\^]*Y�\i[{fS��Y�tpfSR*UXTV]*Y&T�fzRbWD��Y���fzded�\i]bY2�*~ZYgWsy$QaUrR�\�f � ��

��� ���
l u o ∆ > 0

Ur_Hy*deUeTiY�\i]bY�Y�Ue`SY�Rwt0fzdec*Y&T�fS[iY�u,Qz\^]D[^YgfSd>fzRbWD]bfptaY�\^]*YATifS_HY�TiUe`SRI�
U��

T < 0
�w\^]*Y�\i[{fS��Y�UeT�RbY�`afz\iUetSY�fzRbWs��YA��fzded�\i]bY2�*~ZYgWsy$QaUrR�\�f�������
���� 
�� � � �

UeU��
T > 0

�w\^]*Y�\i[{fS��Y�UeT�y,QaTiUr\iUetSY�fzRbWs��Y��gfzded�\i]*Y2�b~wY&WDy$QaUrR�\�fzR � 
�������
���� 
�� � � �
3�\{fzu*deYxR*QZWZY&T�fSRbW taQS[i\iUX��YgT
fz[^YxfzdXTVQ ��fzdedeYgW ����
 ' �v��]*UedeYxc*RbTV\^fSu*deYxR*QZWZY&T�fSRbW tSQa[V\^Ue��YgTAfS[iYs��fzdedeYgW ��� ��������� � ��|\i]bYAWZY�\^Y�[^_�UeRbfSRa\�UXT ��Yg[iQ$��\i]*UXT�UXTLfHWZY�`aY�R*Yg[^fz\iY���fSTiY�fzRbWs��]*YgRs\^]*YAWZUXTi��[iUe_HUrR$fzR�\�tpfSR*UXTV]*Y&T��w\^]*UXT�_HYgfzR$T�\i]*Yg[iY�UXTLfWZQac*u*deY�YgUr`aY�Rwt0fzdec*Y�fzRbWx\i]bY�R*QZWZY�UeTEYgU�\^]*Y�[�Tn\{fzu*deY�QS[�c*RbTV\^fSu*deY�fa����QS[{WZUrRb`
\^Q�\^]*YATiUr`aRsQS|J\^]*Y�\i[{fS��YS�
� #%" &('*),+.-/'*0�1

m ��POdefaTiTiU�|�hs\i]bY
|�QadrdeQ0��UrRb`xTVhZTV\iYg_HT���]*Yg[iY (a, b, c, d)
fS[iYA`aUrtaY�RIj l U o�lnm � #b� #b� ! m&o � l UrU o�lnm � ! � � � � m&o � l UrUeU o�lnm � ! � � � � ! m&o �l Uet o�lVm � #*� m � �So � l t o�l ! m � � � � � ! m&o � l t�U o�l [&� � � ! � � ! m&o fST�f�|�c*Rb��\iUeQSRkQz| r.

� � 3��SY�\^�{]s\i]*Y�y*]$fSTiY�!�y*defSR*Y�Qz|3\i]*Y&TVY�TihwTV\iYg_�T��

m #


