1. Right Triangle Trigonometry

i opposite 1 hypotenuse
sin = ———— cscl = — = .
hypotenuse sin ¢ opposite
adjacent 1 hypotenuse
coslt) = —— sec = = -
hypotenuse cosf adjacent

opposite  sinf adjacent  cos @
tanf = —; = cot O = — = -
adjacent  cos6 opposite  sin @

2. Trigonometric Equalities

sin?0 + cos?0 =1 sin 20 = 2sin f cos 6
tan?6 + 1 = sec?d cos 20 = cos? O — sin? 6
cot?f 4+ 1 = csc? 0

3. More Trigonometric Equalities

sin?0 =

(1 — cos 20)
cos? ) =

sin Acos B =
(14 cos 20)

DO [ =

:[sin (A — B) + sin (A + B)]
cos A cos B = [cos (A — B) + cos (A + B)]

sin Asin B = $[cos (A — B) — cos (A + B)]
4. Trigonometric Substitution

2 2 .
a - x vaz —z22 x=asinf
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1, ?
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a V2 +a2 x=atanf
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vVt —a? 1z =asecl



5. Decomposition Examples-Partial Fractions

z—1 A B

@—2)(@+5) 2-2 745

3r+5 A B

(x+7)2_x+7+(a:+7)2

Tx Tx A Bx+C

:L'3—1:(:r—1)(962+x+1) :r—1+x2+1:+1

5042 A N B N C
(z+D)(x-32 -1 -2 (z—2)?

T+ 2 A n B C n D
(z+D(xz—-23 2+1 -2 (2-2)2 (z—2)3

6. Exercises with Integration

(a) / sin? z cos® z du.

Save a factor of cosx dz for du and use the identity cos?z = 1 — sin® z.

/sin2 rcos® xdr = /sin2 2(1 —sin®z) cosz dr = /(81112 r —sin*z) cosx dr =

/(u2 — u*) du. Letting u = sinx and du = cos x dx.

1 1
= gu?’ — gu5+c: gsin‘gm — gsin5a:+c
Ve —2
(b) / ’ dx. Rationalize.
T+ 2

Let u=+z —2sothat u> =2 — 2 and 2udu = dzr and u> + 4 = x + 2.
N 2
Then/ ‘ 2du:/ 4 2udu:/2idu:/(2— 8 ) du

T+ 2 u-+4 u2 +4 u? +4
Make the secoald term look like the derivative of the arctan function:
= /(2 — W) du = 2u — 4 arctan (u/2) + ¢
Vo — 2 vV —2
/ :r+2 dr = 2vV/x — 2 — 4 arctan x2 + c.
T

_ ) B
(c) /ln(l+x2)dx- By parts. u=1In(l+ 2% ‘ ‘dv—dx

du = —2Z_ dx V=x

1+22



/1n(1+x2)dx:a;1n(1+x2)—/liﬂ d:clen(1+w2)—/(1—

/ln (1+2%) dr ==zl (1+2*) — 2+ arctanz + c.

(d) / cos (y/z) dz. Rationalize and Substitute.

Let w = y/x,then w? = x, and 2w dw = dz. So we have:
u = 2w dV = cosw dw
du = 2dw V =sinw

/cos (Vx)dr = 2wsinw — /QSiandw = 2wsinw + 2 cos w.
/cos (Vx)dr = 2y/z sin (v/z) + 2 cos (v/T)

(e) / ﬁ dx. Factor and decompose.

/Qw cosw dw. By parts this is:

8

A N B -1 L2
(z+2)(x+1) z+1 2+2 x+1 z+2
Note: A(z+2)+B(z+1)=z2. fe=-2=-B=-2 Ifr=—-1=A=-1.

/#dx:/< —1 + 2 )dx:—ln(x+1)+21n(m+2)+c.

22+ 32+ 2 x+1 x+2

Trig Substitution. Complete the square first.

/ dx

v/ 922 + 2z +5

/ / dz Let 3tanf = 3z + 2.
02 + 127 + 5 [(3z +2)2+1 Then sec?0df = dx

2

/ de :/sec 0d0:/Se09d9:ln|se(‘,9+tan9|+c.
V9z2 4+ 122+ 5 sec

Now substitute back sec = /922 + 12z + 5 and tan 6 = 3z + 2.

d
/ 5 2+”§2 +5:ln|\/9:1:2+123:+5+3x—|—2|+c.
X T

Let u = ¢ 1 1 2c _ T T .
/ 1 +eff dx. Then du — ¢ da Now substitute using e** = e* - e” :
2
1

U
— — — _1
/1+ew 1+u /1+udu /(u +1+u)du

1
—§u —u+In(l4+u)= 2e$—ef”+ln(1—|—e$)—|—c.

x? Let u = 2°
() / 10416 dr. Then du = +a*



/x10+16 5/u2+16 80/(u/4)2+1
4

. 4 1 1
/ a:loxi—klﬁi =30 arctan (u/4) + ¢ = 20 arctan (%) +c.

(i) /cos (3z) sin (bz) dr = % /(sin (87)+sin (2z)) dx = 1—3 Ccos 8x+T1 cos 2z +c.



