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Abstract

A common approach in modeling martensitic phase transitions in the framework of continuum mechanics involves a
nonconvex energy. This paper analyzes tae influence of the spinodal region, or the region where the energy density is concave,
on the resulting equilibria. We compare a one-dimensional model with a degenerate spinodal region to models with a finite
spinodal region. In all models we consider an elastic bar with a nonconvex energy placed on a rigid elastic foundation, to
mimic elastic interactions between different phases in higher dimensions. Interfacial energy is modeled by a strain-gradient
term. We find that when the spinodal region is small, global minima are not affected, and the minimum energy as a function
of the overall strain exhibits nonsmooth oscillations associated with sudden finite phase nucleation. However, a sufficiently
wide spinodal region results in the partial smoothening of the global minimum energy and infinitesimal phase nucleation in
the interior of the bar. This involves gradual growth of a pretransitional nucleus with strain in the spinodal region. We show
a hysteresis path using an energetic strategy of switching between branches of local minima. Copyright © 1998 Elsevier
Science B.V.
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0. Introduction within the framework of elasticity theory. A common

approach involves minimization of a nonconvex elas-

Materials undergoing stress-induced martensitic
phase transitions often form a variety of finely lay-
ered microstructures and exhibit hysteretic behavior
(1,4,7,11,24,26].

In the last 20 years, a number of researchers
have attempted to describe twinning, formation of
microstructure and hysteresis in crystalline solids
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tic energy for the material. In his pioneering analysis
of a one-dimensional elastic bar, Ericksen [9] has
demonstrated the relevance of nonconvex energy in
the modeling of crystalline solids exhibiting twin
microstructures.

We consider a one-dimensional bar whose elas-
tic energy density is a nonconvex two-well poten-
tial function of strain. The two wells represent two
different material phases. The bar interacts with
an elastic foundation. This interaction mimics the
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Fig. I. Two-parabola model: (a) energy density; (b) stress.
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Fig. 2. Three-parabola model: (a) energy density; (b) stress.

three-dimensional boundary conditions constraining
the surface displacements and induces microstructural
refinement [3]. On the other hand, a strain-gradient
term, intended to model inter7acial energy, causes
the system to minimize the number of interfaces [6].
The combined effect of these two terms in the total
energy selects the number of irterfaces in both local
and global minimizers.

This approach has been considered by Miiller
[20,21] for a smooth two-well energy with zero dis-
placement boundary conditions and by Truskinovsky
and Zanzotto [29,30] for the case of multi-valued
energy density represented by two convex (quadratic)
functions (see Fig. 1) and general displacement
boundary conditions.

For a smooth energy density f(u’), the spinodal re-
gion is the set of strains u” where f is locally concave,
or f” < 0. In the “two-parabola model” model by
Truskinovsky and Zanzotto [29.30] the spinodal region
reduces to a point separating two convex quadratic
branches of f (the low- and high-strain phases).

This paper is concerned with the effect of the
spinodal region on the structure of equilibria of
the elastic bar. For analytical simplicity we adopt a
“three-parabola model” with single-valued energy; f
is piecewise quadratic with two intervals of convex-
ity (low- and high-strain well) separated by a finite
spinodal region (see Fig. 2). We compare the two-
and three- parabola models and also consider a model
with a smooth nonconvex f (Fig. 3).

As in [29,30], we are interested in local minimiz-
ers of the total energy functional. Although the usual
approach involving absolute minimization of the total
energy captures some basic features of the microstruc-
tures [13)], it cannot account for hysteresis, which
arises when the material gets locked in metastable
states as suggested by calculations in [10,22]; see also
[1,2,4,16,24].

Our approach relies on bifurcation analysis with re-
spect to a loading parameter and enables us to study
the evolution of branches of local minima. We find
that the presence of the spinodal region yields a more






