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a b s t r a c t

Weconsider the steadymotion of a twinning dislocation in a Frenkel–Kontorova latticewith a double-well
substrate potential that has a non-degenerate spinodal region. Semi-analytical traveling wave solutions
are constructed for the piecewise quadratic potential, and their stability and further effects of nonlinearity
are investigated numerically. We show that the width of the spinodal region and the nonlinearity of the
potential have a significant effect on the dislocation kinetics, resulting in stable steady motion in some
low-velocity intervals and lower propagation stress. We also conjecture that a stable steady propagation
must correspond to an increasing portion of the kinetic relation between the applied stress and dislocation
velocity.

© 2010 Elsevier B.V. All rights reserved.

1. Introduction

Martensites can accommodate very large deformations (up to
10% strain in ferromagnetic shape memory alloys) due to the phe-
nomenon of twinning [1]. A planar twin boundary separates two
symmetry-related variants of the same crystalline phase. When
an external loading is applied, the atoms on one side of the twin
boundary undergo a shear deformation relative to the other. On
the microscopic level, a twin boundary propagates via the motion
of twinning dislocations (also known as steps or ledges) along the
boundary [2–4]. Lattice dynamics of a twinning dislocation thus
largely determines themacroscopic kinetics of a twin boundary [5].
Since the mid-sixties, a lot of progress has beenmade in under-

standing dislocation dynamics on the lattice level (see [5–12] and
the references therein, aswell as [13,14] and other relatedwork re-
viewed in [15]). Nevertheless, a number of questions remain open.
In particular, existing lattice models generally predict that a dislo-
cation cannot propagate steadily through an underdamped lattice
with a velocity below a certain threshold. However, the influence
of the nonlinearity of the elastic interactions on this threshold and
on the existence and size of other ‘‘forbidden’’ velocity intervals is
not well understood. This is the focus of this work.
To model the motion of a twinning dislocation, we use a

variant of the well-known Frenkel–Kontorova (FK) model [16].
The model was originally formulated for slip dislocations in
crystals but its various modifications have since been used to
model a whole spectrum of physical and biological phenomena,
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including twinning, dry friction, surface reconstruction, proton
conductivity of hydrogen-bonded chains, the motion of domain
walls in ferroelectrics, Josephson junctions and DNA dynamics and
denaturation [15]. The model consists of a linearly elastic chain
of particles placed in a nonlinear substrate potential. The linear
nearest-neighbor interactions model interatomic interactions on
the twin plane, and the nonlinear substrate potential accounts
for the interactions with other atoms. In general, the substrate
potential is periodic, with alternating slip and twinning energy
barriers, but since in martensitic materials such as Cu–Al–Ni
the energy barriers for slip are much higher than those for
twinning [5], it suffices to consider a double-well potential. The
wells correspond to two different variants of themartensite phase.
A twinning dislocation is represented by a displacement profile
that connects equilibrium states in two different wells. Under
a force (representing an external loading of the crystal) applied
to each particle, the dislocation is either pinned or propagates
through the lattice. No internal damping is introduced, so the
discrete system is Hamiltonian. Although the FK model is one-
dimensional, it successfully captures the essential features of
dislocation dynamics and is more transparent than its higher-
dimensional counterparts.
A steadily moving dislocation is a traveling wave solution of

the governing equations. As first shown by Atkinson and Cabrera
in [6], exact analytical solution can be found for a two-parabola
(biquadratic) substrate potential. In this case the nonlinearity is
concentrated at one point where the two convex parabolae meet,
and the traveling wave equation can be solved using Fourier
transform. For smoother potentials, the existing literature mostly
relies on the results of numerical simulations and continuum and
active point approximations that are valid only within certain
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velocity intervals and parameter regimes [11,17]. In this paper
we consider a three-parabola substrate potential where the two
convex parabolas (variant wells) are connected by a concave
parabola that represents a non-degenerate spinodal region. Using
the approach described in [12] in the context of a high-velocity
screw dislocation motion, we find the traveling wave solution
at a given velocity as a convolution of a certain shape function
and the already available exact solution of the problem with a
biquadratic potential. The shape function can be found by solving
the eigenvalue problem for an integral operator whose kernel is
again determined by the solution of the two-parabola problem.
Recently this approach was used to analyze the role of spinodal
region in a related quasilinear problem for a phase-transforming
nonlinear chain [18]. In the context of FK model, some elements of
this solution procedure were first introduced in [10], but the shape
functions were only found using the continuum approximation
and did not in general satisfy the consistency conditions of the
discrete problem [12].
The constructed traveling wave profiles correspond to steady

dislocation motion with speeds ranging from very small to
supersonic. When velocity is smaller than a certain value, these
solutions feature lattice waves of different wave lengths emitted
both ahead and behind the moving dislocation. In contrast,
Atkinson–Cabrera solutions for the biquadratic case exist only
at relatively large velocities and have a single oscillation mode
propagating behind the dislocation [6,11,17]. We show that the
width of the spinodal region has a significant effect on the kinetic
relation between the applied stress and the dislocation velocity.
As in [12,18], we find that a wider spinodal region results in
smaller amplitude of the lattice waves emitted by the moving
front and a smaller driving force. When the spinodal region is
sufficiently wide, the kinetic relation includes segments around
certain selected speeds where the stress grows rapidly over a
very small change in velocity. The fact that similar near-plateau
segments at the same velocity values were observed numerically
in [13] for FK model with sine nonlinearity suggests that this
feature of dislocation kinetics does not depend on the details of
the substrate potential as long as spinodal region is wide enough.
To verify the obtained solutions and study their stability, we

conduct a series of numerical simulations of the initial value
problem for the original discrete system. Using either piecewise
constant displacement or the constructed solutions as initial
conditions, we show that stable steady front motion may coexist
with the equilibrium states (trapped dislocation) when the applied
stress is below the Peierls value. Above the Peierls stress, there are
no equilibrium states, and the numerical simulations converge to
a stable steady front propagation. Since the numerical simulations
only fall onto the increasing portions of the kinetic curve, we
conjecture that this is a necessary (but not sufficient) condition
for stability of steady dislocation motion. In the biquadratic case
this is consistent with the hypothesis in [6] that only traveling
waves above the minimum stress (called dynamic Peierls stress)
of the highest-velocity kinetic segment are stable. As the width
of the spinodal region is increased, propagation at lower velocity
becomes stable. When the spinodal region is wide enough, there
are two or more stable segments of the kinetic relation that
correspond to different numbers of radiativemodes emitted by the
moving front. These segments are separated by velocity intervals
where there is no stable steady motion. In some cases, a branch of
non-steady states bifurcating from the obtained solutionsmay also
become stable. In these solutions,which donot satisfy the traveling
wave ansatz, propagation velocity oscillates about some average
value.
To investigate the effect of full nonlinearity, we consider a

one-parameter family of smooth functions that approximate the
three-parabola potential. Numerical simulations with piecewise

constant initial data show similar stability results at the small
value of the parameter. As we deviate further from the three-
parabola potential, the lowest propagation speed becomes notably
smaller and some other low-velocity solutions become stable. This
suggests that strong nonlinearity plays a stabilizing role.
Overall, we find that nonlinearity in general and a sufficiently

wide spinodal region in particular reveal amore complex structure
of stable and unstable solutions of the FK model than the one
suggested by the Atkinson–Cabrera solution for the biquadratic
model. In particular, we show that a twinning dislocation can
move steadily at speeds that are ‘‘forbidden’’ by this solution and
emit waves in both directions. The combination of semi-analytical
calculations and numerical simulations allows us to see features
of the discrete kinetics, such as velocity gaps and the detailed
structure of emitted latticewaves, that are easy tomiss if one relies
on numerical simulations alone.
The rest of the paper is organized as follows. The model is

introduced in Section 2, and the traveling wave solutions for the
three-parabola potential are constructed in Section 3. In Section 4
we discuss solution admissibility, obtain the kinetic relation and
analyze its dependence on the width of the spinodal region. The
equilibrium states are discussed in Section 5. In Section 6 we
present the numerical simulations that suggest stability of some
of the obtained solutions. The effect of nonlinearity is further
analyzed in Section 7, and the concluding remarks can be found
in Section 8.

2. The model

Consider an infinite Frenkel–Kontorova chain of particles of
mass m connected by massless linear springs to each other and
interactingwith an external substrate potentialΦ(un), where un(t)
is the displacement of the nth mass from its reference position
at time t . We assume that the particles can move only along one
direction and that an external stressσ , acting in the samedirection,
is applied to each mass. Let ε denote the reference length of the
linear springs and ρ = m/ε be the mass density. The total energy
of the system is given by

E = ε
∞∑

n=−∞

[
1
2
ρu̇2n +

1
2
E
(
un+1 − un

ε

)2
+ Φ(un)− σun

]
,

and the equations of motion are

ρεün −
E
ε
(un+1 − 2un + un−1)+ ε(Φ ′(un)− σ) = 0.

Here u̇n and ün denote the first and second derivatives of un(t),
respectively, and E > 0 is the elastic modulus of the harmonic
nearest-neighbor interactions. Tomodel twinning, we assume that
the substrate potential has two symmetricwells that represent two
different variants of the martensite phase. The wells are located at
u = ±a and have the local elastic modulus G:

Φ ′(±a) = 0, G = Φ ′′(±a) > 0.

We now introduce the dimensionless variables

t̄ =
t
ε

√
ρ

E
, ūn =

un
a
, σ̄ =

σ

aE
, Φ̄ =

Φ

aE
(1)

and the dimensionless parameter

µ =
Gε2

E
(2)

measuring the relative stiffness of the nonlinear interaction with
the substrate. In terms of the new variables, with the bars dropped,
the dimensionless equations of motion are

ün = un+1 − 2un + un−1 + µ(σ − Φ ′(un)). (3)
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Fig. 1. The piecewise quadratic potentialΦ(u) and its derivative (4).

To obtain semi-analytical results, we will further assume that
the substrate potential is piecewise quadratic, with a continuous
piecewise linear derivative

Φ ′(u) =

{u+ 1, u < −δ/2
(1− 2/δ)u, −δ/2 ≤ u ≤ δ/2
u− 1, u > δ/2.

(4)

The two linearly increasing segments correspond to the two
symmetric quadratic wells of Φ(u), connected by a downward
parabola (|u| < δ/2) that represents the spinodal region of width δ
such that

0 ≤ δ < 2.

See Fig. 1.

3. Traveling wave solutions

To model a steadily moving twinning dislocation, we seek
solutions of (3) in the form of a traveling wave:

un = u(ξ), ξ = n− Vt. (5)

Substituting this ansatz in (3), we obtain the advance-delay
differential equation

V 2u′′ = u(ξ + 1)− 2u(ξ)+ u(ξ − 1)+ µ(σ − Φ ′(u(ξ))). (6)

In what follows, we will assume that Φ ′(u) is given by (4). We
are interested in finding solutions of (6) subject to the following
conditions at infinity:

〈u(ξ)〉 → σ ∓ 1 as ξ →±∞. (7)

Here σ ∓ 1 are stable equilibrium solutions of (6), and the angular
brackets denote the average value of the displacement because
we expect the Hamiltonian discrete system to develop oscillations.
The average is taken over the largest oscillation period.
To solve the problem (6), (7) for given V > 0 and find the

corresponding σ = σ(V ), we follow the approach of [12], which
was recently applied to a related quasilinear problem in [18]. Since
the details of the solution procedure can be found in [12,18], we
only outline themain steps. First, we assume that u(ξ) takes values
inside the spinodal region (|u| < δ/2) when ξ is in the interval
|ξ | < z, for some z > 0 to be determined. We further assume that
for ξ < −z we have u > δ/2 (second well) and for ξ > z we have
u < −δ/2 (first well). Then we can write

Φ ′(u(ξ)) = u(ξ)−
∫ z

−z
h(s)(2θ(s− ξ)− 1)ds, (8)

where θ(s) is a unit step function, and we introduced an unknown
shape function h(s) which is zero outside the interval [−z, z] and
is normalized so that∫ z

−z
h(s)ds = 1 (9)

Thus we obtain

V 2u′′ + (µ+ 2)u(ξ)− u(ξ + 1)− u(ξ − 1)

= µ

[
σ − 1+ 2

∫ z

−z
h(s)θ(s− ξ)ds

]
. (10)

For consistency, we must require that in addition to (10) and (7),
the solution satisfies the conditions

u(z) = −
δ

2
, u(−z) =

δ

2
(11)

and the inequalities

u(ξ) >
δ

2
, ξ < −z

|u(ξ)| <
δ

2
, |ξ | < z

u(ξ) < −
δ

2
, ξ > z.

(12)

Applying Fourier transform to (10) and using the convolution
theorem, one can show (see [18] for details) that

du
dξ
= −

∫ z

−z
h(s)q(ξ − s)ds, (13)

where the kernel is the negative derivative of the solution u0(ξ) of
the problemwith biquadratic potential with a degenerate spinodal
region (δ = 0) and z = 0:

q(ξ) = −
du0

dξ
. (14)

At the same time, (4) and (8) imply that for |ξ | < z

d
dξ
Φ ′(u(ξ)) =

(
1−

2
δ

)
u′(ξ) = u′(ξ)+ 2h(ξ),

and thus u′(ξ) = −δh(ξ) for |ξ | < z. Together with (13), this
yields the integral equation∫ z

−z
h(s)q(ξ − s)ds = δh(ξ), |ξ | < z. (15)

Thus the shape function h(ξ) is the eigenfunction of the integral
operator in the left hand side of (15)with the kernel (14) associated
with the eigenvalue δ. The eigenvalue problem is similar to the the
ones obtained in [12] for the uniformmotion of a screw dislocation
and in [18] for the motion of a phase boundary (with different
kernels) and was derived in the same way.
The solution for any δ > 0 is thus obtained from the solution

u0(ξ) for the case of δ = 0 (biquadratic potential) and z = 0. The
latter can be found exactly using Fourier transform [6] (see also
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Fig. 2. (a) Kinetic relation resulting from the formally obtained Atkinson–Cabrera solution of the FK model with the biquadratic potential (δ = 0, z = 0). Only the first
twelve segments are shown. The grey curves correspond to inadmissible traveling waves. (b) Solutions of L(k, V ) = 0 for positive real k. The dashed lines indicate the first
five resonance velocities at which Lk(k, V ) = 0. Here µ = 1.

[11,17] for more details). Performing these calculations for our
case, we obtain

u0(ξ) =


σ 0 − 1− 2µ

∑
k∈M+(V )

eikξ

kLk(k, V )
, ξ > 0

σ 0 + 1+ 2µ
∑

k∈M−(V )

eikξ

kLk(k, V )
, ξ < 0,

(16)

where Lk ≡ ∂L/∂k and

σ 0 = 2µ
∑
k∈N(V )

1
|kLk(k, V )|

. (17)

Here

M±(V ) = {k : L(k, V ) = 0, Im k ≷ 0} ∪ N±(V ) (18)

are the sets of roots of the dispersion relation

L(k, V ) = µ+ 4 sin2
k
2
− V 2k2 (19)

contributing to the solution ahead (M+) and behind (M−) of the
moving front, and

N±(V ) = {k : L(k, V ) = 0, Im (k) = 0, kLk(k, V ) ≷ 0} (20)

denote the sets of real roots which correspond to lattice (phonon)
waves emitted by the moving dislocation and are distributed
according to the radiation condition [6,11]. This condition, also
known as the causality principle [19], states that lattice waves can
only be emitted by the moving front and must carry energy away
from it (radiative damping). Thus phonon modes whose group
velocity Vg = V + Lk(k, V )/(2Vk) is less than velocity V of the
front must be placed behind it (the set N−), while the modes
with group velocity above V propagate ahead (N+). Note that the
applied stress σ 0 in (17) is determined entirely by the real roots.
As shown in [11], one can derive (17) by accounting for the energy
fluxes carried by the phonon waves.
Knowing the solution (16) for a given V > 0, we determine the

kernel of the integral operator in (15),

q(ξ) =


2µi

∑
k∈M+(V )

eikξ

Lk(k, V )
, ξ > 0

−2µi
∑

k∈M−(V )

eikξ

Lk(k, V )
, ξ < 0,

(21)

and find the unknown shape function h(ξ) and its support [−z, z]
using a numerical approximation of (15), as described in the next
section. The solution for δ > 0 is then given by

u(ξ) = σ − σ 0 +
∫ z

−z
h(s)u0(ξ − s)ds, (22)

where the applied stress

σ = σ 0 −
1
2

∫ z

−z
h(s)(u0(z − s)+ u0(−z − s))ds (23)

is found by using the switch conditions (11).

4. Admissible solutions and kinetic relations

Since the Atkinson–Cabrera solutions of the problem with bi-
quadratic substrate potential (δ = 0, z = 0) serve as the founda-
tion for the construction of the traveling wave solutions in the case
of a non-degenerate spinodal region, we start by briefly reviewing
their properties. The reader is referred to [6,11,17] for additional
details.
For each non-resonant velocity V > 0, one can calculate the

traveling wave solution (16) and compute the corresponding ap-
plied stress σ using (17). The resulting functional relation σ =
σ(V ), often referred to as a kinetic relation, is shown in Fig. 2a for
the case of µ = 1. The relation consists of disjoint segments sepa-
rated by resonance velocities, i.e. values of V such that L(k, V ) = 0
and Lk(k, V ) = 0 for some real k (see Fig. 2b). A typical solution
above the first resonance (V = 0.5) is shown in grey in Fig. 3.
One can see that amoving dislocation emits phonon oscillations

behind it, with the wave number corresponding to the single real
root of (19). As velocity decreases below the first resonance (see
the grey curve at V = 0.2 in Fig. 3), more oscillationmodes appear,
and the formally obtained u0(ξ) features phonon emission on both
sides. However, a closer inspection reveals that this ‘‘solution’’ is
in fact inadmissible and should be removed because it violates the
assumption that u0(ξ) < 0 for ξ > 0. In fact, all segments of
the kinetic relation below the first resonance do not contain any
admissible travelingwaves and thus need to be removed,while the
remaining large-velocity segment contains admissible solutions
above a certain threshold velocity [11] (in the case of µ = 1,
V ≥ 0.36). This implies non-existence of traveling wave solutions
with the velocity lower than the threshold value in the δ = 0,
z = 0 case. Nevertheless, as we will see, solutions that are non-
admissible in this case still play an important role because they are
used to construct admissible low-velocity solutions when z > 0.
Consider now potentials with δ > 0. The procedure used to find

the travelingwave solutions and obtain the kinetic relations in this
case is as follows. After computing the kernel (14) of the integral
operator in (15) from the solution (16) for a given V , the integral
equation is approximated using the trapezoidal rule for a finite z,
so that the eigenvalue problem reduces to finding z andh such that
the given δ is an eigenvalue of the resultingmatrix in the numerical
approximation, and the vector h is the corresponding eigenvector
that approximates the eigenfunction h(ξ). In general, there ismore
than one value of z but our calculations show that atmost one value
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u u
= 0.5 = 0.2

Fig. 3. Displacement profiles at δ = 0, z = 0 (grey curves) and δ = 0.8 with the corresponding nonzero z (black). At δ = 0, z = 0 the traveling wave solution at V = 0.5 is
admissible, while the one at V = 0.2 is not. At δ = 0.8 both solutions are admissible. Here µ = 1.

yields admissible solutions that satisfy the constraints (12). Once z
and h are found, the trapezoidal approximation of the integrals in
(22) and (23) is used to compute the solution u(ξ) and the applied
stress σ .
The resulting displacement profiles at δ = 0.8 are shown by

black curves in Fig. 3. The main effects of δ > 0 are the phase shift,
the decreased amplitude of the oscillations and the lower value of
the applied stress. These were also observed and explained in [12].
The phase shift occurs due to the continuous particle acceleration
at δ > 0 (as opposed to the discontinuity at t = n/V when δ = 0),
which results in lower velocities and thus longer time needed to
reach the maxima of oscillations. Meanwhile, wave modulation
during the finite time interval [n − z/V , n + z/V ] when Φ ′(un)
for the well-switching nth particle has the negative slope leads to
the diminished contribution of the short-wave oscillations to the
energy radiation (and thus lower applied stress).
As a result of the smaller wave amplitude, velocities for which

solutions were inadmissible at δ = 0 and z = 0 may in fact lead to
admissible solutions at sufficiently large z > 0. For example, the
solution at V = 0.2 is admissible at δ = 0.8, while the correspond-
ing Atkinson–Cabrera solution for the biquadratic potential is not;
see Fig. 3.
Fig. 4(a) shows the half-width z of the transition region as the

function of V for δ = 0.4, 0.8 and 1.2. One can see that z increases
with δ, as expected. The corresponding kinetic relations are shown
in Fig. 4b. Remarkably, all solutions shown except the ones along
the grey portions of the curves are admissible, i.e. satisfy the
constraints (12). This includes solutions in the immediate vicinity
of the resonance velocitieswhich correspond to cusps in the figure.
As V tends to infinity, the kinetic relation approaches the spin-

odal value σS = 1− δ/2, the maximum value for which there exist
equilibrium solutions of Φ ′(u) = σ in two different wells. Thus z
tends to infinity in this limit. We remark that at sufficiently large
velocities (e.g. V > 1.045 at δ = 0.8) the amplitude of the waves
propagating behind becomes so large that the oscillations enter the
spinodal region, violating the constraintu(ξ) > δ/2 at ξ < −z that
was assumed to obtain solutions. The corresponding solutions are
thus not admissible (see the grey large-velocity segments in Fig. 4),
although, as we will see, they still predict the velocity of the front
propagation obtained numerically. No admissible solutions were
also found in the velocity interval [0.163, 0.165] at δ = 1.2 due to
a small oscillation near the dislocation front (note the jump in the
z value in Fig. 4a).

5. Lattice trapping and the Peierls threshold

In addition to dynamic solutions, there are trapped equilibrium
states (V = 0) governed by the system of difference equations

un+1 − 2un + un−1 + µ(σ − Φ ′(un)) = 0. (24)

Solutions of (24) can be found, for example, in [20]. Herewemerely
summarize the results for completeness using our notation.

If no particles have displacement in the spinodal region, the
problem is solved the same way as in the case of biquadratic
potential considered in [21]. The equilibrium solutions with a
single dislocation that has larger displacement behind are given by

un =
{
σ − 1+ Ayn2, n ≥ 0
σ + 1+ (A− 2)yn1, n < 0, (25)

with

A =
√
4+ µ−

√
µ

√
4+ µ

and

y1,2 = 1+
µ

2
±

√
µ

2

√
4+ µ.

Solutions (25) exist if and only if the applied stress is inside the
trapping region |σ | ≤ σP , where

σP =

√
µ

√
4+ µ

−
δ

2
(26)

is the Peierls stress. At stresses outside the trapping region only dy-
namic solutions exist. Since the Peierls stressmust be nonnegative,
the obtained equilibrium solutions only exist for sufficiently nar-
row spinodal regions, i.e. when

0 ≤ δ ≤
2
√
µ

√
4+ µ

.

For larger δ, equilibria must have at least one particle with
spinodal displacement. The trapped states in the case of a single
particle in the spinodal region are again given by (25) but with

A = 1+
2µσy1

δ((2+ µ)y1 − 2)− 2µy1
,

and the Peierls stress becomes

σP =
(1− y2 − δ/2)(δ((2+ µ)y1 − 2)− 2µy1)

2µ(1− y1)+ δ((2+ µ)y1 − 2)
. (27)

Notice that the dependence on δ is no longer linear, as it was for
(26). These solutions exist whenever

2
√
µ

√
4+ µ

≤ δ ≤
√
µ(
√
4+ µ−

√
µ).

Fig. 5 shows the dependence of Peierls stress on the width δ
of the spinodal region for the cases of zero and one spinodal
particles. Note that there is no lattice trapping (σP = 0) at
δ = 2

√
µ/
√
4+ µ and δ =

√
µ(
√
4+ µ −

√
µ). At δ >

√
µ(
√
4+ µ−

√
µ)weneed to insert two particles in the spinodal

region, then three, etc.
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σ
ba

Fig. 4. (a) The half-width z of the transition region as the function of V for different δ and µ = 1 calculated for V ≥ 0.04. (b) The corresponding kinetic relations, shown
together with the high-velocity segment at δ = 0, z = 0. Insert: zoom-in of the small-velocity region. Grey portions indicate inadmissible solutions that violate the
constraints (12).

ns=0

ns=1
δ

σ

Fig. 5. Dependence of the Peierls stress on the width δ of the spinodal region
at µ = 1. Here ns denotes the number of particles in the spinodal region in the
corresponding trapped equilibria.

6. Stability of the traveling waves: numerical simulations

To investigate stability of the obtained traveling waves and
verify the above calculations, we conducted a series of numerical
simulations. For a given applied stress σ , we used the Verlet
algorithm (a fourth-order symplectic scheme) to solve the system
(3) of ordinary differential equation for a truncated lattice with N
masses, ranging from N = 600 to N = 2000, depending on the
time of the simulation. A longer chain was used if the simulation
ran for a long time, in order to avoid reflection of elasticwaves from
the domain boundaries. The boundary conditions were u0 = σ +1
and uN = σ−1. Two types of initial conditionswere used. The first
one was Riemann-type piecewise constant initial displacement
and zero initial velocity:

(un(0), u̇n(0)) =

{
(σ + 1, 0) 0 ≤ n < n0
(s, 0), n = n0,
(σ − 1, 0), n0 < n ≤ N

(28)

where 0 ≤ s < δ/2 and n0 = N/2 for even N . Numerical simula-
tionswith this initial data sought to identify stable states at a given
loading that have a relatively wide basin of attraction. Such tests
would clearly miss other possibly stable states that coexist with
solutions found using (28) but have a more narrow basin of attrac-
tion. To capture such states and identify solutions that are likely to
be unstable, we used the second type of initial conditions thatwere
built from the obtained traveling wave profiles un(t) = u(n− Vt):

(un(0), u̇n(0))

=

{
(σ + 1, 0) 0 ≤ n < p
(u(n− n0),−Vu′(n− n0)) p ≤ n ≤ N − p
(σ − 1, 0) N − p < n ≤ N.

(29)

The truncated traveling wave solutions were surrounded by inter-
vals of constant displacement of appropriately chosen size p < n0
in order to ensure compatibility with the boundary conditions and

avoid wave reflection from the boundaries. In both types of simu-
lations, after a sufficiently long time (usually t = 200 but longer
for small-velocity propagation), the solution approached an attrac-
tor corresponding to either a stationary dislocation (zero velocity)
or a moving front. In most cases the front in the long-time solution
propagated steadily, meaning that the time period during which
the front moved from one lattice point to the next approached a
constant value T , yielding the velocity V = 1/T . The velocity was
averaged over the last ten periods.
Figs. 6–8 show the numerical results for δ = 0.4, 0.8 and

1.2, respectively, and compare themwith the corresponding semi-
analytical kinetic curves. Thick vertical segment along V = 0 axis
indicates the trapping region 0 ≤ σ ≤ σP in each case. The results
with piecewise constant initial conditions (28) are shown by black
circles, while grey circles indicate the results with initial data
(29) based on traveling wave solutions, with at least one solution
taken from each decreasing or increasing portions of the kinetic
curve. Numerical solutions corresponding to steady propagation
(constant V > 0) fall onto the constructed kinetic curves. If the
obtained velocity lies within the interval of admissible solutions,
one can verify that the numerical solution near the front indeed
approaches the corresponding traveling wave solution, indicating
its stability. See, for example, Fig. 9, where the numerical solution
at δ = 0.8 that yields V = 0.162 is compared to the corresponding
traveling wave solution. When V = 0, the long-time numerical
solution near the front approaches the equilibrium state (25) for
the given value of σ .
In all three cases shown in Figs. 6–8, stable steady motion

coexists with a trapped state when σ is below the Peierls value.
Above it, there are no equilibrium states, and the numerical
results yield a steady front propagation. At δ = 0.4 only the
highest-velocity portion of the kinetic relation appears to contain
stable steady motion; see the thicker black segment in Fig. 6. It
corresponds to traveling wave solutions with a single oscillation
mode that propagates behind the dislocation. In this case such
solutions become stable at V = 0.265. At this value a branch of
non-steady solutions bifurcates and becomes stable for 0.065 <
σ < 0.069. These solutions, shown by grey circles in Fig. 6b, were
obtainedusing initial data (29)with corresponding travelingwaves
that have V < 0.265. Non-steady motion does not satisfy the
traveling wave ansatz and thus is not captured by the constructed
solutions. The non-steady states have velocity oscillating around
the average value shown in the figure. The amplitude of velocity
oscillations becomes smaller as the subcritical bifurcation point is
approached. At σ = 0.065 and below the numerical simulations
approach a trapped state. We conjecture that stability of the non-
steady branch terminates at a turning point.
At larger values of δ non-steady motion was not observed.

Instead, numerical simulations at δ = 0.8 and δ = 1.2 (see Figs. 7b
and 8b) indicate that steady propagation can be stable at lower
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Fig. 6. (a) Results of the numerical simulations for δ = 0.4 with initial data (28) with s = 0.1 (black circles) and (29) (grey circles), shown together with the kinetic curve.
(b) Zoom-in inside the rectangle in part (a). Thicker black segments indicate stable solutions. Here µ = 1.

V V
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Fig. 7. (a) Results of the numerical simulations for δ = 0.8 with initial data (28) with s = 0.1 (black circles) and (29) (grey circles), shown together with the kinetic curve.
(b) Zoom-in inside the rectangle in part (a). Thicker black segments indicate stable solutions. Here µ = 1.
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Fig. 8. (a) Results of the numerical simulations for δ = 1.2 with initial data (28) with s = 0.1 (black circles) and (29) (grey circles), shown together with the kinetic curve.
(b) Zoom-in inside the rectangle in part (a). Thicker black segments indicate stable solutions. Here µ = 1.

a b

t=0 t=600

Fig. 9. (a) Displacement profiles (solid lines) at t = 0 and t = 600 for the numerical simulation at δ = 0.8, µ = 1 and σ = 0.011. (b) The numerical solution (dots) at
t = 600 zoomed in around the dislocation front and compared to the traveling wave solution (solid curve) with the same velocity, V = 0.162.

velocities, along some segments of the kinetic relation (marked by
thicker lines) that correspond to dislocation emitting lattice waves
in both directions, as shown in Fig. 9. Note that stable solutions
with different velocities may coexist at the same value of σ .
Overall, the numerical simulations suggest that a dislocation

canmove steadily through the latticewith velocitieswithin certain
preferred intervals separated by velocity gaps where there is no

stable steady motion. The structure of these gaps depends on the
width of the spinodal region.
Observe that stable solutions fall onto some (but not all)

portions of the kinetic curve where σ is increasing with V .
Meanwhile, solutions along the partswhere σ is decreasing appear
to be unstable. For example, when the traveling wave with V =
0.35 at δ = 1.2 is used in the initial condition (29), the numerical
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Fig. 10. (a) Inadmissible traveling wave profile at V = 1.189 (σ = 0.59) and δ = 0.8 (b) Snapshot of the numerical solution (dots connected by dashed lines) at t = 200,
with the same stress and velocity, zoomed in around the dislocation front and compared to the inadmissible traveling wave solution (solid curve).

solution around the front converges to the traveling wave with
V = 0.489,which is located on the increasing portion of the kinetic
segment at the same applied stress (see Fig. 8b). Similarly, starting
from V = 0.1 at δ = 1.2 leads to V = 0.154 on a stable segment.
In general, our simulation results suggest the following

Conjecture. A necessary (but not sufficient) condition for stability of
the traveling wave solution of (3) with velocity V is that it is located
on the increasing portion of the kinetic curve: σ ′(V ) > 0.

We emphasize that the above condition is not sufficient. For ex-
ample, at δ = 1.2 the traveling wave solution with V = 0.082 is
located along an increasing part of the kinetic curve (see Fig. 8b).
Using it in the initial condition (29), however, we obtain the trav-
eling wave with V = 0.156, on a stable segment. The necessity
of the condition σ ′(V ) > 0 is suggested by the observation that
velocity of each steady motion obtained via the numerical simu-
lation corresponds to an increasing portion of the kinetic relation.
Proving this conjecture is not an easy task even for the biquadratic
problem. In this case a proof of stability of traveling waves with
sufficiently high velocities can be found in [22], along with some
remarks about extending these results to smoother potentials. Un-
fortunately, the proof does not extend to the entire conjectured
stability interval, since it relies on positivity of Green’s functions,
and in the case of Hamiltonian lattice dynamics these functions
change sign at speeds below a certain value [22].
Kinetic relation at δ = 1.2 is particularly interesting because

it contains nearly vertical segments around velocities V = 0.1572,
V = 0.0793, V = 0.0529 and V = 0.0398. These are the resonance
velocities corresponding to the first four local minima of the
function V = V̂ (k) obtained by solving equation L(k, V ) = 0 for
V (see Fig. 2b). Remarkably, segments of nearly constant velocity
around the same speeds were also obtained in the numerical
simulations in [13] for FK model with Φ ′(u) = sin u, suggesting
possible universality of this feature of the dislocation kinetics for
substrate potentials with a sufficiently wide spinodal region. The
difference is that in the present case only the segment near V =
0.1572 appears to be stable. This indicates that full nonlinearity
may stabilize some of the lower-velocity solutions. This conjecture
is supported by numerical results presented in Section 7.
We conclude this section with a remark about high-velocity so-

lutions. Recall that at δ > 0 traveling wave profiles with velocities
above certain value (along the grey portions of the kinetic curves)
are not admissible because the large-amplitude oscillations behind
the front enter the spinodal region, violating (12); see Fig. 10a for
an example. Nonetheless, these inadmissible portions of the ki-
netic curve give a very good prediction of the velocity of the steady
motion at a given stress. For example, numerical simulation at
σ = 0.59yields steadymotion atV = 1.189. Fig. 10b compares the
corresponding inadmissible traveling wave ‘‘solution’’ (solid line),
which also yields σ = 0.59, to the snapshot of the numerical sim-
ulation at t = 200 near the dislocation (dots connected by dashed

Φ'

=0.25

=0.1

=0

Fig. 11. The first derivative of the potential Φε(u) defined in (30) for ε = 0 (grey
curve) and ε = 0.1 and 0.25 (black curves). Here δ = 0.8.

lines). The non-solution predicts the right velocity but there is a
phase shift and amplitude difference in the oscillations behind the
front, with numerical solution entering deeper inside the spinodal
region. To capture the numerical solution in this case, one needs to
appropriately modify the assumption (12).

7. Fully nonlinear potentials

In order to obtain semi-analytical solutions, we have assumed
that the potentialΦ(u) (for δ > 0) has piecewise linear continuous
first derivative and piecewise quadratic discontinuous second
derivative. To investigate the effect of full nonlinearity on the
Frenkel–Kontorova kinetics, for a given δ > 0 we now consider
a family of fully nonlinear potentials Φε(u) with the second
derivative given by

Φ ′′ε (u) = 1−
1
δ
+
2
πδ
arctan

u2 − δ2

4

ε2
. (30)

In the limit ε → 0 Φ ′′ε (u) approaches the piecewise constant
discontinuous second derivativeΦ ′′(u) of the potential defined by
(4). At small ε Φ ′ε(u) approximates the piecewise linear function
Φ ′(u) by smoothening its corners; see Fig. 11.
We conducted numerical simulations for fully nonlinear

potentials with δ = 0.8, ε = 0.1 and ε = 0.25 using piecewise
constant initial conditions (28)with s = 0.1 andwithσ+1 andσ−
1 replaced ul and ur , respectively, where ul, ur are the equilibrium
states located in the two wells:Φ ′ε(ul) = Φ

′
ε(ur) = σ ,Φ

′′
ε (ul) > 0,

Φ ′′ε (ur) > 0, ul > ur . The results of the simulations are shown
in Fig. 12a, where the corresponding results for the piecewise
linear case (ε = 0) are also included for comparison. At larger
ε, the stress at a given velocity is lower, which is consistent with
the lower spinodal stress. Otherwise, the results of the simulation
at ε = 0 and ε = 0.1 are very similar in the sense that the
velocity intervals corresponding to stable steadymotion accessible
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Fig. 12. (a) Results of simulations with piecewise constant initial conditions at ε = 0, ε = 0.1 and 0.25. Insert zooms in on the rectangle near the origin. (b) Zoom-in of
small-velocity region at ε = 0.25. Here δ = 0.8 and µ = 1.

from piecewise constant initial conditions are almost the same.
However, at ε = 0.25 (strong nonlinearity) the lowest propagation
speed, V = 0.077, is significantly smaller (see Fig. 12b). At ε =
0 this velocity belongs to the decreasing portion of the kinetic
relation and the corresponding solution appears to be unstable
(see Fig. 7b). Note also that the velocity interval [0.143, 0.217]
of apparently stable solutions at ε = 0.25 (see connected dots
in Fig. 12b) includes velocities 0.143 ≤ V ≤ 0.157 at which
solutions at ε = 0 correspond to a decreasing part of the kinetic
curve and are unstable (see Fig. 7b). The apparent stabilization
cannot be attributed to the width of the spinodal region, which
only slightly increases with ε. The results thus again suggest that
the full nonlinearity plays a stabilizing role.

8. Concluding remarks

We studied the effect of nonlinearity of the elastic interaction
potential on themotion of a twinning dislocation in the framework
of FKmodel. Using a piecewise quadratic interaction potential with
non-degenerate spinodal region, we constructed semi-analytical
traveling wave solutions for a wide range of velocities. We showed
that the width of the region has a significant effect on the
kinetics of the dislocation and conducted numerical simulations
to investigate stability of the obtained solutions. The simulations
suggest that as the width of the spinodal region is increased,
dislocation motion at some low speeds becomes stable. These
solutions feature lattice waves emitted in both directions and
may coexist with pinning and high-velocity propagation of the
dislocation. We also found that steady motion may exchange
stability with a branch of non-steady states bifurcating from the
constructed solutions. We conjectured that a necessary condition
for stability is that the solution is located on an increasing part
of the kinetic relation. Our results show the existence of velocity
gaps in which there is no stable steady motion. The size of these
gaps depends on the width of the spinodal region. The gaps
are completely eliminated only when unrealistically high internal
damping is included into the model [10,21].
While more work is needed to understand the effect of full

nonlinearity, our initial investigations suggest that it may further
stabilize steadymotion at low velocities. At the same time, the fact
that a sufficiently wide spinodal region leads to a similar structure
of low-velocity kinetics as observed in the simulations in [13] with
sine nonlinearity indicates that this feature is determined by the
width of the spinodal region and not the details of nonlinearity.
Although we presented our results in the context of twinning

dislocations, the main conclusions apply more generally to a
variety of physical and biological processes that can be described
by the FK model or related higher-dimensional lattice models.
To extend our calculations to a periodic potential one needs to
impose additional constraints on the values of the displacement in

each well [21]. This will yield an upper bound for velocity beyond
which the constructed solutions are no longer valid because
the large amplitude of oscillations behind the front violates
the constraints. However, the low-velocity behavior of solutions
connecting two neighboring wells will remain the same. Of course,
a periodic potential also makes possible solutions that connect
non-neighboring wells (e.g. 4π-kinks [13]), and such solutions are
clearly beyond the scope of this work.
Finally, we remark that while this work focused on potentials

with non-degenerate spinodal region, the solution procedure may
also be used to find admissible traveling wave solutions at low
velocities in the case of biquadratic potential. This result will be
presented elsewhere.
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