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Abstract. This work is a follow-up on the study [32] of interface dynamics and hysteresis in
materials undergoing solid-solid phase transitions. We consider the dynamics of a viscoelastic bar
with a nonmonotone stress-strain relation and viscous stress linearly proportional to the strain rate.
The bar is placed on an elastic foundation with stiffnessβ mimicking the interaction of phases in
higher dimensions. Time-dependent displacement-controlled loading of the bar results in a tilted and
serrated hysteresis loop, in qualitative agreement with some experimental observations in shape-
memory alloys. The model exhibits three phase transition processes: phase nucleation, interface slip
and phase annihilation. Between these dynamic processes the system gets stuck in local minimizers
of the potential energy. Asβ increases from zero, a slip-dominated solution behavior transforms to
the one where slip and annihilation events are preceded by a step-by-step nucleation process. We
show that this transition is caused by an interplay between the slip-favoring inertia term and the
nucleation-favoring elastic foundation terms.

Key words: dynamics, phase transformation, hysteresis, microstructures, viscoelastic material.

1. Introduction

Materials undergoing stress-induced martensitic phase transitions often form a
variety of finely layered microstructures and exhibit hysteretic behavior when sub-
jected to cyclic loading [6, 9, 16, 17, 19, 24, 25].

Following the pioneering work of Ericksen [7], who has studied equilibria of
an elastic bar with a nonmonotone stress-strain curve, it has become common to
describe these phenomena by employing a nonconvex elastic energy density [1, 2,
4, 5, 12, 22, 23]. Material phases are represented by the potential wells in the energy
density function. The absolute minimization of such potential energy captures basic
features of the microstructure [14] but cannot explain hysteresis, which arises when
the material gets locked in metastable states [8, 18]. Other studies of hysteresis in
shape-memory alloys include [1, 3, 5, 15, 22].
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This work is partially motivated by the studies in [4, 10, 11] of the dynamics
of a viscoelastic Ericksen’s bar with a nonconvex elastic energy density. The bar
is placed on an elastic foundation and subjected to zero displacement boundary
conditions. The viscous stress is linearly proportional to the strain rate. The statics
analysis shows that the elastic foundation makes finer and finer phase mixtures
energetically more favorable. The limit of energy-minimizing sequences can be
described by a Young-measure solution (generalized limit of rapidly oscillating
function sequences). However, the numerical results in [4] show that the dynamic
solutions typically tend to the states with finitely many interfaces. These states lo-
cally minimize the potential energy with respect to smooth perturbations that leave
the phase boundaries frozen. Following [28], we will refer to these states aselastic
minimizers. The dynamic stability of these minimizers was confirmed analytically
in [10, 11]. The finite scale of phase layering also agrees with experimental results
[24, 25].

Zero-displacement boundary conditions used in [4] force the energy to decrease
with time and thus facilitate the analysis of the asymptotic behavior of solutions.
However, in order to obtain a nontrivial solution, one has to pick various nonzero
initial conditions in this case. These conditions often correspond to unstable states,
and their physical meaning is unclear. Moreover, the large-time solution behavior
is very sensitive to the choice of initial conditions. In particular, one can find a
sequence of Young-measure initial states each of which generates a solution that
tends to an absolute energy minimizer in the large-time limit [27]. But does a
material get in these initial states?

Motivated by a desire to model experiments such as the tension test, the paper
[32] considered a special case of this model, without the elastic foundation, with
time-dependentboundary conditions. In this work a physically appropriate stress-
free stable state was chosen as an initial condition, and control of the loading rate
was allowed. This facilitated a study of the overall hysteretic behavior during a
loading-unloading cycle. As demonstrated in [7], in this case there are infinitely
many elastic equilibria. Each elastic equilibrium has a piecewise constant, discon-
tinuous strain. The strain discontinuities can be thought of as phase boundaries.
These sharp interfaces cannot move [20]. It has been shown in [32] that with suffi-
ciently slow loading, the dynamic solution that started in a stress-free single-phase
state follows closely a branch of metastable single-phase equilibria that emerge
from the initial state, until the time-dependent loading causes the strain to enter
the spinodal region, or the region where the elastic energy density is concave.
The spinodal instability then results inphase nucleation, with several sharp phase
boundaries. We note that nucleation process described here occurs viaspinodal
decompositionsince it happens after a portion of the bar has strain in the spinodal
region and does not involve overcoming an energy barrier typical of the systems
jumping from one local energy minimum to another. After nucleation, the solu-
tion undergoes two different regimes. In thestick regime, it gets stuck in one of
the quasistatic branches consisting of elastic equilibria with fixed positions of the
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phase boundaries. While the interfaces do not move, the strain in the bar grows
in order to adjust to the loading. The solution stays on the branch until the strain
enters the spinodal region in part of the bar. In what is called aslip regime, the
spinodal instability smoothens the strain profile and moves the interfaces to their
new locations. This results inserrations, or “teeth”, on the overall load-elongation
curve. The results in [29] suggest that the stick-slip interface motion is a singular
limit of the dynamic model with interfacial energy modeled by a strain-gradient
term as the strain-gradient coefficient tends to zero. Both serrations and the stick-
slip interface motion have been experimentally observed in shape-memory alloys
[9, 16, 17, 19]. The overall shape of the loop is in qualitative agreement with these
experimental results. The hysteresis persists even at a very slow loading when
viscosity effects are small.

The present paper extends the work [32] by considering the viscoelastic Erick-
sen’s bar placed on an elastic foundation. The extension is motivated by the fact
that most phase-transition phenomena are at least two-dimensional and may not
be captured by a simple one-dimensional model. Introducing an elastic founda-
tion into the model allows one to capture some of the higher-dimensional features
within a relatively tractable one-dimensional model. The foundation term mimics
the interaction of phases in higher dimensions where the displacement field is much
more severely constrained by the boundary conditions than in the one-dimensional
case. Rewritten in terms of strains, it becomes a nonlocal integral term with a
negative-definite interaction kernel; such kernels favor oscillations in strain [21].
The nonlocality is similar to a magnetic field in magnetics. It introduces a length
scale of the bar thickness into the model.

Our work also extends the model studied in [4] to the case oftime-dependent
boundary conditions. This allows us to simulate the tension experiments and study
the overall hysteresis loops.

The foundation is relaxed at the strainu′ = d∗ that gives the maximal energy
density in the spinodal region (in our simulations we choose elastic energy density
with d∗ = 0 but this choice is not essential and similar results can be obtained
without it). As one expects from the results mentioned above, in this case the
system also gets locked in the branches of elastic equilibria. We show that there is
an interesting interplay between phase nucleation, stick-slip interface motion and
phase annihilation(coalescence of a pair of interfaces) as three different processes
of phase transitions. When the elastic foundation stiffnessβ is large enough for
the given loading (or the loading is sufficiently slow at a givenβ) the following
solution behavior is observed as the bar is loaded from its initial single-phase
equilibrium state. At the end displacementd belowd∗, only phase nucleation takes
place, with new phase boundaries emerging while the old ones are frozen. The
stick-slip interface motion and phase annihilation become possible only whend

exceedsd∗. This result is not obvious because a dynamic solution may get locked
in anybranch of metastable equilibria that has less energy than the current unstable
state, and it is not clear a priori why it prefers to nucleate new boundaries instead of
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moving the existing ones atd belowd∗. We show that this preference is determined
to a large extent by the strain nonuniformities in elastic equilibria.

The hysteresis loop is now tilted and exhibits a large number of serrations in
qualitative agreement with some experiments [9, 19]. Whend 6 d∗ during loading,
a finely layered microstructure is formed in a step-by-step nucleation process. The
elastic foundation promotes a formation of a large but finite number of boundaries.
This number increases as the loading rate gets smaller. At somed aboved∗, the
boundaries start to move toward each other in a stick-slip fashion, with a pair of
boundaries moving from the ends of the bar while other interfaces are frozen. When
two boundaries are close enough, phase annihilation takes place.

In contrast, whenβ is zero or small, the phase boundaries, once formed, start
moving via a succession of slip events, even atd belowd∗, and most serrations are
caused by the slip and annihilation events.

Using a linearized dynamics approach, we show that there are three terms gov-
erning the evolution of instabilities. The first term is the inertia force due to loading.
The other two terms are due to the strain nonuniformities in elastic equilibria and
the bonding force caused by the deformation of springs in the elastic foundation,
respectively. In the no-foundation case, only the inertia-force term is present. It
favors the stick-slip interface motion even atd below d∗ [32]. The terms due to
elastic foundation prefer phase nucleation whend does not exceedd∗, but slip and
annihilation may occur otherwise. Whenβ is large enough, or the inertia force is
small, these terms dominate, and solution behavior just described takes place. At
smallβ, the dynamics is dominated by the inertia force, and the interface slip may
occur even atd belowd∗.

Our work suggests that nucleation is at least as important cause of the end-load
serrations as the interface motion. It also emphasizes the role of strain nonunifor-
mities in the phase intervals in elastic equilibria, occuring in higher-dimensions
due to the incompatibility with the boundary conditions and captured here by the
elastic foundation term. Depending on the boundary conditions, these nonuniformi-
ties, upon entering the spinodal region, may cause nucleation, slip or annihilation
process. The work also highlights phase annihilation as another important process
causing serrations that has not received attention in the previous work.

The structure of the paper is as follows. We formulate the problem in Section 2.
The equilibria are described in Section 3. The main numerical results are described
in Section 4. The structure of elastic minimizers is described in Section 5. Lin-
earized dynamics is discussed in Section 6. Finally, Section 7 contains concluding
remarks.

2. Problem Formulation

Consider a viscoelastic bar of unit initial length. Letx ∈ [0,1] andu(x, t) be
the reference coordinate and the longitudinal displacement field, respectively. The
elastic strain energy density of the bar is given byW(ux), whereux is the defor-
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(a) (b)

Figure 1. (a) Energy densityW(ux) and (b) stressσ(ux) ≡ W ′(ux).

mation strain. Following the idea introduced in [7], we assume thatW(ux) has two
wells connected by a nonconvex region. Each well represents a material phase. For
example, one may consider the function

W(ux) = 1

4

(
u2
x − 1

)2
(1)

which is convex in the intervalsI+ = (−∞,−1/
√

3), I− = (1/
√

3,∞) and
nonconvex when strain is in the intervalI0 = [−1/

√
3,1/
√

3]. See Figure 1.
We will refer to the intervalsI+ andI− as+ and− phase intervals, respectively.
The interval of nonconvexityI0 is called thespinodal region. The bar is placed on
an elastic foundation (a continuous system of linear noninteracting springs) with
stiffhessβ. The total potential energy of the system is given by

Epot =
∫ 1

0

[
W(ux)+ βu2

]
dx. (2)

Let ρ be the density of the bar in the reference configuration. Assume that the
viscous stress is linearly proportional to the strain rateuxt , so that the total stress in
the bar is given by6 = σ(ux)+ γ uxt , whereσ(ux) ≡ W ′(ux) andγ is a positive
constant. The bar is subject totime-dependentdisplacement-controlled boundary
conditions. The dynamics of the bar is then described by the following initial-
boundary-value problem:

ρutt = [σ(ux)+ γ uxt]x − 2βu,

u(0, t) = −d(t)
2
,

u(1, t) = d(t)

2
,

u(x,0) = u0(x),

ut (x,0) = 0.

(3)
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(a) (b)

Figure 2. (a) Cyclic loading functiond(t) and (b) loading rated ′(t) used in numerical
simulations.

Hered(t) is the loading function. In our numerical examples we will employ
the following cyclic loading function:

d(t) =



(1T −1) t
2

ti tT
+1 for 06 t 6 ti ,

(1T −1)
[
− (t − ti)2
tT(tT − ti ) + 2

t

tT
− ti

tT

]
+1 for ti 6 t 6 2tT − ti ,

(1T −1)(t − 2tT)2

ti tT
+1 for 2tT − ti 6 t 6 2tT.

(4)

Here1,1T, ti, tT are constants. Graphs of the loading functiond(t) and the loading
rated ′(t) are shown in Figure 2. The initial end displacement isd(0) = 1. Loading
occurs withd increasing up to a maximumd(tT) = 1T at t = tT, followed by un-
loading to the initial valued(2tT) = 1. The parametertT is inversely proportional
to the loading rate amplitude. Parameterti controls the initial accelerationd ′′(0).
The initial conditionu0(x) is a stable equilibrium in a+ phase atd = d(0), and
the initial velocity is zero.

One can show that the rate of change of total (potential plus kinetic) energy is
equal to

E′(t) = S(t)d ′(t)− γ
∫ 1

0
u2
xt dx. (5)

HereS(t) is the end load given by

S(t) = 1

2

[
6(0, t)+6(1, t)]. (6)

The termS(t)d ′(t) in (5) is theloading power; it supplies energy into the system.
The second term,γ

∫ 1
0 u

2
xt dx, in (5) is theenergy dissipation ratecaused by the

presence of viscous stresses.
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Figure 3. Stressσ(ux) for a trilinear material (7).

In the following sections we will sometimes use a so-calledtrilinear material
employed, e.g., in [2], with the stress-strain law given by

σ(ux) =
 σ+(ux) = 2(ux + 1) for ux 6 −τ,
σ0(ux) = −θux for − τ < ux < τ,

σ−(ux) = 2(ux − 1) for ux > τ.
(7)

Here−θ = 2(τ − 1)/τ < 0 is the negative slope of the stress-strain curve in
the spinodal range. See Figure 3. In effect this replacesW in (1) by a piecewise
quadratic function, concave in the spinodal region|ux | 6 τ , but convex elsewhere
(phases).

3. Equilibria

In this section we describe the equilibrium solutions of (3). As in [7], assume that
the displacement fieldu(x) is continuous but the strainux may be a piecewise
continuous function ofx, with N finite jumps atx = ci , i = 1, . . . , N . Then in
each interval(ci, ci+i ) the equilibria satisfy the following equation:

W(ux)− uxσ (ux)+ βu2 = const (8)

which is the first integral of (3)1 in the statics case. The boundary conditions are

u(0) = −d
2
, u(1) = d

2
. (9)

Equilibria have either smooth (one-phase equilibria) or piecewise continuous strain
(multiphase equilibria). In the latter case, the jump locationsci , are the phase
boundaries.

Following the notation introduced in [28], we will consider two classes of mul-
tiphase equilibria. Theelasticequilibria satisfy (8), (9) and the jump conditions

[σ(ux)]ci = 0 (10)
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across the strain discontinuitiesx = ci . Condition (10) ensures the stress continu-
ity. Such solutions extremize the potential energy functional (2) with
respect toW1,∞ variations (with the norm‖u‖1,∞ = ‖u‖∞ + ‖ux‖∞, ‖u‖∞ =
ess supx∈[0,1] |u(x)|) that leave the locations of jumpsci frozen. If we allow con-
tinuous variations inci as well, an additional Weierstrass–Erdman corner condition
[13] has to be satisfied:

[W(ux)− uxσ (ux)]ci = 0 (11)

at each interface. Solutions that satisfy (8)–(11) are calledphaseequilibria. Clearly,
a phase equilibrium is an elastic equilibrium. By definition, these equilibria extrem-
ize the energy of elastic equilibria as a function ofci , i = 1, . . . , N , at givenN
andd. Conditions (10) and (11) together imply that the strain in phase equilibria
jumps between the so-calledMaxwell strainse1 and e2 which share a common
tangent toW(ux). In case of (1) these aree1,2 = ∓1. Note that in elastic equilibria
strain can jump between any two strains that give the same value of stress.

If the condition

W ′′(ux) > 0 (12)

is satisfied, elastic equilibria are local energy minimizers with respect toW1,∞ per-
turbations (both variations and their derivatives are small). Such local minimizers
are calledweak[13]. In contrast,stronglocal energy minimizers are the states that
minimize energy with respect toL∞ variations (with the norm‖u‖∞ defined above;
only variations are small but their derivatives need not be) of the displacement field.
A strong local energy minimizer is a phase minimizer, but the converse is not true
in general since phase equilibria extremize energy in a weaker(W1,∞) topology.
Finally, a strong local minimizer that has the least energy at givend is anabsolute
minimizer inL∞ topology.

Caseβ = 0. This problem was considered in [7]. In this case the equilibrium
equation reduces to

σ(ux) = const (13)

which is satisfied for allx in (0,1). Elastic equilibria have piecewise constant strain
which alternates between the valuesw+ andw− such thatσ(w+) = σ(w−) = S
and

w+λ+ +w−(1− λ+) = d. (14)

Hereλ+ is the total length of the portion of the bar that has strainw+. Condition
(14) ensures that the boundary conditions (9) are satisfied. Elastic minimizers are
shown on a load-displacement diagram in Figure 4(a). To facilitate the comparison
with nonzero-β case, where this choice simplifies the calculations, we show here
the minimizers for a trilinear material (7). See, however, [32] for the case of fully
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Figure 4. Stable equilibria for the trilinear material (7) withτ = 0.75 in β = 0 case.
(a) Load-displacement diagram of elastic minimizers. Every point inside and on the loop is
an elastic minimizer. Tilted parallel lines show branches of equilibria with fixed locations
of phase boundaries. The volume fraction of the+ phase decreases from left to right.
(b) Load-displacement diagram of absolute energy minimizers. (c) Energy of absolute mini-
mizers (thick curves) and several branches of elastic minimizers (thin curves) with different
volume fractionsλ+ of the+ phase.
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nonlinear material (1). There is anuncountable infinityof elastic minimizers, and
every point inside and on the loop shown in Figure 4(a) represents an elastic mini-
mizer. Each of the parallel straight lines shown (and any line parallel to these) is a
branch of elastic minimizers with frozen locations of the interfaces, and therefore,
fixed volume fractionλ+ of the+ phase. In case of a fully nonlinear material (1)
the straight lines are replaced by curves with inflection points at the ends [32].

In phase equilibria the strain alternates between the Maxwell strains (minimum
strains in+ and− phase), and any arrangement of phases satisfying (14) gives
zero potential energy. Thus phase equilibria are absolute energy minimizers in this
case. See Figures 4(b), (c). Observe that the number of interfaces in equilibria is
arbitrary in this case since the relation (14) and the equilibrium equation (13) only
determine thevolume fractionsof each phase for a givend.

The general caseβ > 0. In this case stress is no longer constant in the bar, and
the strain in equilibrium configurations is nonuniform in each phase interval. In
case of trilinear material (7), the equilibrium equation(

σ(ux)
)
x
− 2βu = 0 (15)

is linear in each phase interval, and the problem of finding elastic equilibria reduces
to solving a linear algebraic system [31]. Elastic minimizers for this case are shown
in Figure 5(a). Observe that the bounding loop is now tilted. Phase minimizers
shown in Figure 5(b) were calculated in [31]. They minimize the potential energy
with respect to smooth variations in both elastic field and the positions of the phase
boundariesci . However, one can show [4] that these equilibria are unstable with
respect to the variations introducing new phase boundaries and hence are not strong
minimizers of (2). There is an interval of the end displacementsIβ where for a fixed
d ∈ Iβ and a given phase equilibrium withN boundaries, there is always a phase
equilibrium, with a larger number of interfaces, that has lower potential energy. For
the trilinear material, the interval is given byIβ = [−Dβ,Dβ], with

Dβ = e
√
β − 1√
βe
√
β/2
. (16)

The difference in energy between a given phase equilibrium and its competitors
with lower energy is the largest atd = 0 and decreases asd approaches the
boundaries ofIβ . See Figure 5(c). This is different from the caseβ = 0 where
any arrangement of phases and any number of interfaces in a phase equilibrium
gives minimal (zero) energy. Observe that for positiveβ one hasDβ > 1 in (16),
and hence the interval of metastability (with respect to variations not increasing
N) of phase equilibria is larger than the global minimizer interval[−1,1] in the
no-foundation case.

Energy branch of phase equilibria for a givenN is the lower envelope of the
branches of elastic equilibria with the sameN and fixed locations of interfaces.
This is shown forN = 2 in Figure 5(c).
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Figure 5. Stable equilibria for the trilinear material (7) withτ = 0.75 in the presence of
elastic foundation:β = 2.3. (a) Load-displacement diagram of stable elastic equilibria. Every
point inside and on the loop is an elastic equilibrium. Tilted parallel lines show branches of
equilibria with fixed locations of phase boundaries. (b) Load-displacement diagram of phase
minimizers. Each curve is a branch of equilibria with different number of interfaces. From
[31]. (c) Energy of phase minimizers (thick curves) and several branches of elastic equilibria
(thin solid curves) with two interfaces and different volume fractionsλ+ of the+ phase.

The elastic equilibria satisfying (12) are evenweakerenergy minimizers than
the phase equilibria because variations ofci are not allowed. However, it has been
shown in [32] that dynamic solutions of (3) for the caseβ = 0 get stuck in the
elastic equilibria which are dynamically stable when (12) is satisfied [20]. This
causes an interesting stick-slip motion of phase boundaries (see Section 4). We
will shortly see that this is also the case whenβ is nonzero and point out the new
effects caused by the presence of the elastic foundation.

4. Dynamics: Main Numerical Results

The initial-boundary value problem (3) with cyclic loading (4) was solved numer-
ically. The finite-difference scheme developed in [26] was adopted, with minor
changes required to incorporate time-dependent boundary conditions. The mesh
sizes in space and time for a typical computation were chosen to be1x = 0.005
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Figure 6. End loadS versusd during a loading–unloading cycle from a numerical solution
of problem (3) without an elastic foundation:β = 0, γ = 0.1, ρ = 0.05, tT = 100. Solid,
dash-dotted and dashed curves indicate stick, nucleation and slip regimes, respectively. The
asymmetry of the loop with respect to the reversal of the loading–unloading path is caused by
asymmetric loading rated ′(t) (see Figure 2(b)). From [32].

and1t = 0.0005, respectively. Convergence of the numerical method was checked
by reducing the mesh sizes in both space and time.

Caseβ = 0. This case was studied in [32]. Here we summarize the results. A typ-
ical hysteresis loop is shown in Figure 6 where the end loadS is plotted against
the end displacementd. The most striking feature of the loop is that it possesses
a number of serrations, or “teeth”, which are sometimes observed experimentally
[9, 19]. Initially, the dynamic solution is close to an equilibrium solution branch
with the whole bar in the+ phase. Upon reaching the maximum of the first “tooth”,
the strain enters the spinodal region where the static solution is unstable. As a
result, the strain gradient increases and phase boundaries start to form. Eventually,
two sharp phase boundaries form in the middle of the bar. The formation of the
boundaries is accompanied by a drop in end load (dash-dotted curve). Now the bar
is occupied by the− phase in the middle and the+ phases at the ends:(+,−,+).
Across each phase boundary, the strain is close to discontinuous. As the loading is
continued, the newly formed boundaries do not move but the strain in the regions
separated by the interfaces grows. This is called astick regime. It corresponds to a
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Figure 7. End loadS versusd during a loading–unloading cycle from a numerical solution of
problem (3) with the elastic foundation present:β = 2.5, γ = 0.1,ρ = 0.05, tT = 100.

portion of the second tooth where stress grows (solid curve). Eventually, the strains
at the ends of the bar enter the spinodal region, and instability again increases the
strain gradient until the strain profile smoothens. The old discontinuities are now
destroyed and the new ones are formed closer to the ends of the bar. This is called a
slip regime (dashed curve) and during this regime the stress drops. This process of
alternating stick and slip regimes happens several times until the whole bar is in the
− phase. It has been shown in [32] that during a stick regime dynamic solution is
close to a branch of elastic equilibria with fixed positions of the interfaces. During
the slip regime (or nucleation), the system, driven by spinodal instability, jumps
from one elastic equilibrium to another. While the number of boundaries is two in
this example, more boundaries are formed whenγ/

√
ρ is smaller.

Caseβ > 0. Let us now consider a case whenβ is nonzero but the loading and
all other parameters are the same as in Figure 6. A typical loop for a sufficiently
largeβ is shown in Figure 7. One apparent difference from Figure 6 is that the
hysteresis loop now has a positive slope due to the elastic foundation. The tilted
hysteresis loops are sometimes observed in experiments [9, 19]. This feature is
perhaps expected because an elastic foundation makes the system stiffer. A more
interesting difference from the no-foundation case is that while the “teeth” look
much like in theβ = 0 case (although there are many more of them), a large
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Figure 8. Strain profiles of solutions of (3): nucleation.

number of serrations in this case correspond to thenucleationevents, and not the
stick-slip interface motion. In fact, as long as the end displacementd is nonpositive
during loading,eachserration corresponds to a nucleation of a number of− phase
intervals, and only whend is positive, the stick-slip motion of phase boundaries
takes place. Recall that in our model the foundation is relaxed atu′ = d∗ = 0. In
contrast, in the no-foundation case, only the first stress drop (or a first few ones
whenγ/

√
ρ is lower, and more boundaries form) is caused by nucleation and the
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Figure 9. Strain profiles of solutions of (3): interface slip and phase annihilation.

rest correspond to the slip of the interfaces, as described in [32] and above. As a
result, more boundaries are formed whenβ 6= 0 (sixteen in this case versus only
two whenβ = 0) via a step-by-step nucleation process, and later these boundaries
move towards each other via a stick-slip interface motion.

When two phase boundaries are sufficiently close to each other, they coalesce,
andphase annihilationtakes place. This process, while not seen in Figure 6, where
only two boundaries form, occurs in the no-foundation case as well when the
number of interfaces is higher (see Figure 13(a) for an example).

Figures 8 and 9 show the change in strain profile as the bar is loaded at differ-
ent time snapshots. Notice how the mechanism of phase transition changes from
− phase nucleation at nonpositived in Figure 8 to the interface motion and phase
annihilation starting with some positived (see Figure 9). Observe also that nucle-
ation occurs onlyin the interior of the bar until the end displacement becomes
nonnegative.

As in the no-foundation case, during a stick regime (the portions of serra-
tions with increasing end load) the solution is close to the elastic minimizers with
“frozen” phase boundaries (the number or location of interfaces changes from one
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Figure 10. End load, potential energy and kinetic energy during loading:β = 2.5, γ = 0.1,
ρ = 0.05, tT = 100.

tooth to another); these are weak local energy minimizers in the sense explained
above. Recall that the total energy rate is given by (5). In a stick regime, the loading
power is higher than the dissipation rate, and while kinetic energy is very low,
the potential energy grows when loading power is positive (Figure 10). During a
slip regime or a nucleation event, the spinodal instability results in rapid growth
of the strain gradient. Hence, both kinetic energy and the dissipation rate grow.
Eventually, the dissipation rate exceeds the loading power causing the total energy
drop. Meanwhile, the system has jumped to another branch of elastic minimizers
with either more phase boundaries (nucleation) or some of the existing interfaces
moved to the new positions (slip) or destroyed (annihilation).
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Figure 11. Comparison of end loadS(d) and energyE(d) of the dynamic solution of prob-
lem (3) for a trilinear material (7),τ = 0.75 (solid line), to the quasistatic branches of elastic
minimizers with fixed positions of phase boundaries:β = 2.5, γ = 0.1, ρ = 0.05, tT = 100.
The locations of the boundaries are chosen from the dynamic solution.N is the number of
boundaries andλ− is the volume fraction of the− phase.
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While analytical calculation of elastic equilibria for the fully nonlinear energy
density (1) and nonzeroβ is difficult due to the nonlinearities involved, it reduces
to solving a linear system of algebraic equations in case of a trilinear material (7).
Figure 11 compares theS–d diagram for the dynamic solution to a few quasistatic
branches of elastic minimizers with fixed locations of phase boundaries. Positions
of the interfaces on the quasistatic branches are taken to be the same as in the
dynamic solution. Like in [32], the dynamic solution jumps from one quasistatic
branch to another.

Figure 12 shows some details of the three phase transformation processes ob-
served: phase nucleation, interface slip and phase annihilation. In all three regimes,
the solution is initially close to one of the elastic minimizers (strain profiles at times
a, g, n in Figures 12(c)–(e). Due to the elastic foundation, the strain is nonuniform
in each phase interval. Continued loading results in increasing strain in each inter-
val. Eventually strain in a portion of a former+ interval (during loading) enters
the spinodal region. Thereupon the strain gradient rapidly grows due to instabil-
ity. This results in pushing a portion of the bar into the− phase. The solution
then approaches another elastic minimizer. During nucleation of a new− interval
(Figure 12(c)), the strain profile sharpens, forming two new interfaces. During the
interface slip event (Figure 12(d)), the strain profile smoothens, destroying an old
interface and then sharpens, forming a new one at a different location. During
annihilation (Figure 12(e)), an entire interval that was formerly in the+ phase
enters the− phase, and a pair of interfaces is destroyed.

Observe that all three phase transformation processes occur via spinodal de-
composition, happening inside (nucleation), on a boundary of (slip) a single phase
domain and covering a whole domain (annihilation). Each process happens after
a portion of the bar has strain in the spinodal region, and there is no energy bar-
rier crossing. However, in terms of interface dynamics, these are very different
processes, involving formation, motion and coalescence of phase boundaries. It is
therefore important to understand under what conditions each process is preferred
in the model.

The absence of the slip events at negatived is observed at large enoughβ for
a given loading, or at slow enough loading at a givenβ. The critical foundation
stiffnessβcr marking the onset of this behavior depends on the loading acceleration
(controlled by the parametertT in (4)) and the densityρ in the reference config-
uration. The slower the loading or the smaller the density, the lessβcr. With the
loading and inertia parameters chosen in the examples above (tT = 100,ρ = 0.05),
no slip occurs at negatived for β > 10−6. Asβ is decreased, the largest number of
interfaces, and therefore the number of nucleation events, decrease, and the slope
of the hysteresis loop becomes smaller. At smallβ (β < 10−6), slip is observed at
negatived, and the solution approaches theβ = 0 case.

The transition from slip-dominated solution behavior observed at smallβ to the
dynamics with no slip events at negatived as in Figure 7 is seen clearer at higher
values of densityρ. For example, in Figure 13 (ρ = 1 instead ofρ = 0.05; γ and
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Figure 12. Typical nucleation, slip and annihilation processes observed in Figure 7 during
loading: (a) end load and (b) potential energy diagrams and strain profiles during (c) nucle-
ation, (d) slip and (e) annihilation. The letters a–v indicate different time snapshots. The mesh
size in space is1x = 0.005.



262 A. VAINCHTEIN

Figure 13. The transition from slip-dominated solution behavior atβ < βcr (β = 0, 0.001)
to the dynamics with the first slip event at positived (β = 0.01 > βcr). The parameters are
ρ = 1, γ = 0.1, tT = 100. If the number of boundaries is not written next to a tooth, it
is the same as on the previous one. Such a tooth follows a slip event. The dashed vertical
lines mark the start of the first slip event in each case. The end-load oscillations, not seen in
the previous examples, during nucleation, slip and annihilation events, are due to the lower
effective viscosityγ /

√
ρ in this case (see also Section 7).

tT are the same as in Figure 7) we show the end loadS − d diagrams at different
values ofβ. At β = 0 andβ = 0.001 after formation of four boundaries during a
nucleation event, the dynamics is dominated by slip and annihilation events, with
the first slip (marked by a dashed vertical line) occuring atd < 0. At β = 0.01,
however, the dynamics is similar to that exhibited in Figure 7: step-by-step nucle-
ation of up to eight boundaries is followed by slip and annihilation events. In this
case the first slip occurs at positived. See Figure 13.

So why does slip not occur atd < 0 andβ > βcr and become possible only
whend is positive? And what causes the transition in solution behavior? To answer
these questions, we will need to examine how the strain profiles in elastic equilibria
change with the loading.

5. The Elastic Minimizers

While the analytical calculation of equilibria can be difficult or even impossi-
ble depending on the energy density chosen, some important information may be
obtained from the phase plane analysis. For the sake of explaining some of the
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Figure 14. Phase plane of equilibrium solutions of problem (3).

numerical observations discussed above, we will concentrate on the case of energy
density (1) noting that the results can be easily generalized to any double-well
potential provided the elastic foundation is relaxed at strain corresponding to the
maximum of the spinodal region. And while we study the symmetric boundary
conditions case

u(0) = −d
2
, u(1) = d

2
(17)

here, the nonsymmetric boundary conditions case (with one end fixed) is treated
similarly. Since the dynamic solutions of (3) are symmetric due to the symmetry in
both the boundary and initial conditions and solution uniqueness (shown similarly
to the proofs in [4, 32]), we concentrate onsymmetricequilibria only.

Since equation (3)1 in the statics case has a first integral (8), one can do a phase
plane analysis of equilibria [4]. The phase plane is shown in Figure 14. Observe
that there are five kinds of orbits possible: the orbits crossingu = 0, with strains
in ± phases; the side orbits, with strains in± phases, ending at the boundary of
the spinodal region and not crossingu = 0; the side orbits, with strains within
the spinodal region, crossingu′ = 0 and located to the right and to the left from
the center; the elliptical orbits centered at the origin(u, u′) = (0,0); and a pair
of separatrix orbits that separate the elliptic orbits from the rest. The orbits located
inside the spinodal region contain the statically unstable equilibria (any solution
with strain in the spinodal region is unstable by Legendre’s necessary condition).
Of interest here is the group of upper and lower orbits that correspond to the− and
+ phases, respectively. In what follows, we will refer to them as− and+ orbits.

Consider an equilibrium having strain entirely in the+ phase whend < 0. This
solution follows one of the+ orbits that crossu = 0, starting atu(0) = −d/2> 0
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and ending atu(1) = d/2< 0. Thus the strain profile reaches its maximum in the
middle of the bar. The orbit followed is determined by the condition

1=
∫ 1

0
dx =

∫ d/2

−d/2
du

u′
=
∫ d/2

−d/2
du

g(C − βu2)
, (18)

whereg(ξ) is the inverse of the functionφ(u′) = W(u′)−u′W ′(u′) (one can show
thatφ(u′) is invertible in the phase intervals) andC is the constant from (8) corre-
sponding to the orbit. Thus, ifd is given, one can always solve forC using (18).
As we increased, the strain in the bar grows and the solution follows higher and
higher+ orbits until it reaches a separatrix orbit and the maximum strain is at the
lower boundary of the spinodal region,u′max = −1/

√
3. One can show that in the

case of energy density (1)C = C0 = 1/3 on the two separatrix orbits. In fact, in
this case they are given by parabolae

u = ±3(u′)2− 1√
12β

(19)

in the phase plane. One can calculate the critical value ofd when the+ phase
solution is on a separatrix orbit:

dcrit = 2√
12β

(
1−

(√
12β

4
√

3
+ 1

)2)
(20)

and the valuedcrit = −0.806 forβ = 2.5 is consistent with the numerical results.
At d abovedcrit there exist no stable single-phase solutions in the+ phase.

Once the dynamic solution following this quasistatic branch reachesd = dcrit,
continued loading results in pushing the middle of the bar into the spinodal region
in order to satisfy the boundary conditions. Spinodal instability then forces the
system to seek another elastic minimizer with a− phase interval in the middle of
the bar.

The fact that the strain profile isnonuniforminside the+ phase intervals turns
out to be crucial in the nonzeroβ case. Indeed, as the strain in the bar grows due to
loading, it is a neighborhood of the maximum strain which is pushed into the spin-
odal region first and later becomes part of the− phase. Thus we know that whenβ
is sufficiently large, first nucleation will occurin the middle of the barbecause this
is where the strain is maximal (in case of nonsymmetric boundary conditions with
one end fixed, the− phase will nucleate at the fixed end). In contrast, whenβ = 0,
the first nucleation occurs after thewholebar gets into the spinodal region, and the
strain-gradient growth due to instability is determined entirely by the inertia force
ρd"(t)(x − 0.5). While this force affects the strain gradient in the nonzero-β case
as well, strain-gradient growth due to the foundation term in (3) is much larger for
β large enough (or for slow enough loading), as will be shown in the next section.
In a sense, the elastic foundation plays a role of an imperfection that determines to
some extent the locations of phase nuclei.
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When an elastic equilibrium has one or more phase boundaries, the strain jumps
from a+ to a− orbit (or vice versa) in such a way as to ensure the continuity
of both the displacementu (only vertical jumps are allowed in phase plane) and
the elastic stressσ(ux) (but the value of stress is allowed to vary from jump to
jump). The jumps may occur only within the strain interval in which the equa-
tion σ(w) = const has a nonunique solution. In the case of (1) this interval is
[−2/
√

3,2/
√

3]. The strain profile in each+ phase interval has either abump
(maximal strain occurs in the interior of the interval, e.g., intervalAB in Figure 22
in Appendix) or aslope(maximal strain is at either end of the interval, e.g. interval
EF in Figure 22). When they get into the spinodal region, the bumps, as we shall
see, induce aphase nucleation in the interiorof the bar. The slopes promote the
nucleation of a− phase interval at an end of the former+ interval. This involves
either aphase nucleation at an endof the bar or aslip of an interface. To understand
which of these mechanisms is preferred whend < 0, let us examine the strain
profiles of the multiphase elastic equilibria.

In the following, we considersymmetricelastic minimizers with two or more
interfaces. We make the followingassumptions:
(1) d < 0;
(2) a− phase interval is in the middle of the bar;
(3) + phase intervals are at the ends of the bar.
These assumptions are consistent with the above observation that the first nucle-
ation of− phase occurs in the middle of the bar. With these assumptions, we can
prove the following (see Appendix for the proofs):

PROPOSITION 1.There are at least two+ phase intervals with a bump.

The next proposition ensures that at least one bump reaches the spinodal region
first:

PROPOSITION 2. There exists a+ interval with a bump that has higher maxi-
mum strain than any+ interval with a slope.

Propositions 1 and 2 together show that whend < 0 (with the assumptions
made) there exists at least a pair of+ intervals with bumps at which the strain
is the highest. The neighborhoods of these bumps reach the spinodal region first,
promoting− phase nucleationin the interior of the bar. That the bumps on the
strain profile are the precursors of the future− phase intervals can be seen in
Figure 8 whend < 0.

Let us now consider the case ofd > 0. In what follows we assume a symmetric
elastic minimizer with a− phase interval in the middle. The ends of the bar could
be in either+ or− phase. We claim that whend is nonnegative and these assump-
tions hold, an elastic minimizer may have a+ interval with aslopethat has the
highest maximum strain among the+ intervals.
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Figure 15. An example of strain profile of an elastic minimizer atd > 0 (not to scale).

Indeed, suppose that in all− phase intervals except the middle one solution
does not crossu = 0. This is now possible since at the starting pointx = 0 we
haveu(0) = −d/2 6 0 and one can construct a sequence of+ and− phases that
reaches the endu(b1) < 0 of the middle− interval [b1, b2] without ever crossing
u = 0 (for d = 0 this sequence would have to start with a+ phase (downward)
interval). Moreover, one expects the solution to crossu = 0 only in the middle
whend is large enough. According to the phase plane arrows, the above restriction
means that in the+ intervals the solution also does not crossu = 0. Since in
both+ and− phases the strain (and stress) will decrease in each interval, by the
same reasoning as in the proof of Proposition 2 (see Appendix), the solution in the
intervalx ∈ [0,0.5] will climb down the orbits until it reachesu = 0 atx = 0.5.
See Figure 15.

If a + interval is at the ends of the bar whend > 0, in the example given above
these intervals have a downward slope (e.g., intervalAB in Figure 15(b)), and the
maximum strain in the+ phase occurs at the ends. Asd grows, these end intervals
eventually get onto either a separatrix or a side (not crossingu = 0)+ orbit, with
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the highest strain reaching the spinodal region. In Section 6 we will see that this
promotes nucleation of− phase intervalsat the ends of the bar. This is indeed the
case in the numerical simulations (see Figure 8,d = 0.09).

Now imagine that there are− intervals at the ends of the bar. In our example
this means that the highest strain in the+ phase now occurs at the ends of the
+ intervals that are adjacent to the− intervals at the ends of the bar (intervalsAB
andA′B ′, respectively, in Figure 15(c)). As will be shown in Section 6, this pro-
motes aslip of an existing interface rather than creation of a new one. In this case
the system jumps to another branch of elastic minimizers with the same number
of boundaries on which a pair of boundaries have different locations (see Figure 9,
d = 0.45 andd = 0.60 and Figures 12(a), (d)). When a pair of boundaries are
close enough after a few slip motions, the two boundariescoalesceand the number
of interfaces decreases (see Figures 7 and 9).

6. Linearized Dynamics. Discussion

In the previous section we have seen that the elastic minimizers contain+ intervals
with either a bump or a slope, depending on the sign ofd (or, for a more general
double-well energy density, whetherd is less or greater than the value of strain
d∗ that gives the maximum energy density and relaxes the elastic foundation). In
this section we will explain why, once such a bump or slope enters the spinodal
region, the instability will cause the strain gradient to grow in such a way as to
promote either a phase nucleation or a slip motion of an interface. In order to do
this, we again employ the trilinear material (7) which makes the dynamic equation
(3)1 linear in each of the phase or spinodal intervals and therefore allows the use
of the Fourier method.

Suppose we have a portion of the bar in the spinodal region. Let this portion
have lengthl < 1 (recall that the bar has unit length). Consider the following
auxiliary problem:

ρutt = [−θux + γ uxt]x − 2βu,
u(0, t) = d0(t),

u(l, t) = dl(t),
u(x,0) = u0(x),

ut (x,0) = 0,

(21)

where |u0x(x)| 6 τ and τ and θ are the trilinear material parameters from (7).
Observe that the linear PDE (21)1 holds for the (nonlinear) trilinear material as long
asux(x, t) lies within the spinodal region[−τ, τ ]. Assume thatd ′o(0) = d ′l (0) = 0.

With the change of variables

v(x, t) ≡ u(x, t) − (dl(t)− d0(t)
)x
l
+ d0(t),

v0(x) ≡ u0(x)−
(
dl(0)− d0(0)

)x
l
+ d0(0)

(22)
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(21) becomes
ρutt = [−θvx + γ vxt]x − 2βv + ρf (x, t),
v(0, t) = 0,
v(l, t) = 0,
v(x,0) = v0(x),

vt (x,0) = 0,

(23)

where

f (x, t) = −(d ′′l (t)− d ′′0(t))xl − d ′′0 (t)− 2
β

ρ

((
dl(t)− d0(t)

)x
l
− d0(t)

)
. (24)

The solution to (23) can be found as the sum of two terms:

v(x, t) = vh(x, t) + vi(x, t). (25)

The first term,vh(x, t) solves the homogeneous problem(f (x, t) = 0 in (23))
with nonzero initial condition. Using the Fourier method, one finds it to be given
by

vh(x, t) =
∞∑
n=1

vnh(t) sin
πnx

l
=
∞∑
n=1

v0n

w1
n −w2

n

(−w2
ne
w1
nt +w1

ne
w2
nt
)

sin
πnx

l
. (26)

Here v0n are the Fourier coefficients ofv0(x). The exponentsw1,2
n in (26) take

values

w1,2
n =

γ k2
n

2ρ

(
−1±

√
1+ 4θρ

(γ kn)2
− 8βρ

(γ k2
n)

2

)
(27)

whenkn ≡ πn/l > kcr, where

kcr =
√√√√ θ

2ρ

(√
1+ 2γ 2β

ρθ2
− 1

)
. (28)

Observe thatw1
n is positive whenkn > k0 ≡ √2β/θ and negative otherwise, while

w2
n is always negative. Whenkn < kcr,w1,2

n are complex with negative real parts.
Figure 16 showsw1

n atkn > kcr. Since it is real and positive forn > n0 ≡ k0l/π ,
this exponent is responsible for the instability growth. Figure 17 shows the graph of
the amplitudeAn = |vnh(t)| of the homogeneous term (26) at fixedt andkn > kcr.
Observe that a finite interval of modes is amplified the most; the higher isγ , the
lower are the modes that are amplified the most. Notice also that the shorter is the
portion of the bar that has strain in the spinodal region, the lower are the modes
that are amplified the most and the higher is the amplitude. Thus, short spinodal
intervals promote a low-mode growth of the homogeneous term.
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Figure 16. Graph of w1
n(n) at kn > kcr: (a) at different values of viscosity coefficientγ ;

(b) at different values of lengthl of the interval.

Figure 17. Graph of the amplitude of the homogeneous term (26)An = |vnh(t)|, t fixed, at
kn > kcr: (a) at different values of lengthl of the interval; (b) at different values of viscosity
coefficientγ . The initial data isv0(x) = (x/l)(1− 2x/l)(1− x/l).
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The second term in (25) solves the inhomogeneous part of (23) with zero initial
conditions and is given by

vi(x, t) =
∞∑
n=1

vin(t) sin
πnx

l
, (29)

where

vin(t) =
2

πn(w2
n − w1

n)

∫ t

0
(ew

2
n(t−ξ) − ew

1
n(t−ξ))gn(ξ)dξ

≡
∫ t

0
Bn(t − ξ)gn(ξ)dξ. (30)

Heregn(t) are determined from the boundary conditions and found to be

gn(t) =


−
(
d ′′l (t)+ d ′′0(t)+

2β

ρ

(
dl(t)+ d0(t)

))
n odd,

d ′′l (t)− d ′′0(t)+
2β

ρ

(
dl(t)− d0(t)

)
n even.

(31)

Figure 18 shows the kernel

Bn(t) = 2

πn(w2
n −w1

n)

(
ew

2
nt − ew

1
nt
)

(32)

of the integral in (30) atkn > kcr and fixedt . The observations made above for
the homogeneous term are also true for the nonhomogeneous contribution: shorter
spinodal intervals and lowerγ promote the low-mode growth.

Now assume that during a very slow loading process a portion of the bar that
was previously in the+ phase has been pushed into the spinodal region. The length
of this portion,l, will change with time, so strictly speaking, the above analysis
does not apply even for a trilinear material. Nevertheless, it can give us some idea
of how the instability process will evolve locally in space and time.

Suppose that the portion of the bar that has appeared in the spinodal is part of
a bumpin strain profile (as defined in the previous section). Then the initial data,
v0(x), is predominantly low-mode (the Fourier coefficientsv0n tend to zero asn
goes to infinity). Moreover, the even modes will dominate due to the symmetry of
the phase plane with respect to theu = 0 axis (which, in its turn, follows from the
symmetry of the foundation term,βu2). Clearly, the homogeneous term given by
(26), will amplify a finite range of low modes composingv0(x) exponentially fast
due to the fact thatw1

n in (27) is positive atn > n0. See Figure 17. This will result
in a rapid strain-gradient growth.

Observe that ifβ is large enough, some of the very low modes will actually
decrease in amplitude because forn < n0 bothw1,2

n have a negative real part.
However, one can estimate that in order for this effect to take place, one should
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Figure 18. Graph of the kernel (32) of the amplitude of the nonhomogeneous term (29) at
fixed t andkn > kcr: (a) at different values of lengthl of the interval; (b) at different values of
viscosity coefficientγ .

haveβ > 4π2θ which is much greater than the value chosen in the numerical
examples described above.

Let us now consider the inhomogeneous term contribution given by (29)–(31).
Since we have assumed a slow loading, we can neglect the terms involving the
loading acceleration (we can also neglect these terms if we assume a small inertia
coefficient). As long as the strainux(x, t) in the portion of the bar under considera-
tion is negative,dl(t) < d0(t) andgn(t) < 0 for even modes that are predominant
in the initial data. At given time instantt , the sign of the convolution integral in
(30) is determined primarily by the sign ofgn(ξ) at smallξ since these are multi-
plied by the largest exponential functions, ew1

n(t−ξ). Hence, initially the even mode
contribution from the inhomogeneous term will grow exponentially in amplitude
and have a negative sign. Again, only a finite range of modes will be amplified the
most. The smaller isl, the lower is this range. The negative sign of the amplitude
vin(t) for even modes implies that strain will be the lowest at the ends of the portion
of the bar under consideration. Hence, the strain at the ends of the portion will join
the+ phase, while the strain in the middle will eventually enter the− phase due
to the growing instability. The odd mode contribution will be initially small due
to the phase-plane symmetry mentioned above that results indl(0) + d0(0) being
close to zero (the odd modes vanish completely during the first nucleation, in the
middle of the bar); it will mainly affect the symmetry of the growing bump.
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The growing instability causes a highly nonlinear dissipative process (notice
that the dissipation rate in (5) has rapidly increased due to the strain-gradient
growth) during which the system approaches an elastic minimizer with some
amount of− phasenucleated in the interior. The strain profile sharpens (see Fig-
ure 12(c)) and both end load and potential energy drop (Figures 12(a), (b)).

Now suppose the portion entering the spinodal is aslopein the strain profile.
Again, one can show that initiallydl(t) < d0(t) as long as the strain remains
negative. One also has that initiallydl(t) andd0(t) are either both positive or both
negative, depending on whether the maximum strain occurs to the left or to the right
of the interval with a slope. Clearly, the odd modes are now dominant in both the
initial datav0(x) and the inhomogeneous terms. One shows that the sign ofgn(ξ) at
smallξ for odd modes is positive when the maximum strain is at the left end of the
portion under consideration and negative otherwise. This means that the odd mode
contribution in the inhomogeneous term “cooperates” with the homogeneous mode
growth due to the initial data by giving the highest strain at the left (right) end of
the portion if it was initially at the left (right) end. The even mode contribution is
much smaller due to the same sign ofd0(t) anddl(t) and affects the convexity of
the strain profile in the portion. Hence the end of the portion at which the strain
is maximal eventually enters the− phase while the other end is in the+ phase.
Driven by the instability, the system then approaches an elastic minimizer with
increased volume fraction of the− phase. If the original spinodal interval had the
highest strain at the end of the bar,phase nucleation at the endof the bar takes
place. If it was adjacent to a− interval, the former strain discontinuity (at the end
where the strain was the highest) is destroyed by smoothening of the strain profile.
During aslip event, another interface is formed at a different location, so that a
pair of interfaces bounding a+ interval are now closer. This nonlinear process is
described in [32] and shown in Figure 12(d). When two interfaces are close enough,
the system prefers toannihilatethe+ interval to adjust the amount of the− phase.
See Figure 12(e). In either case, the potential energy drops Figure 12(b)).

Observe that we have not considered the inertial terms involvingd ′′l (t) andd ′′0(t)
in (29)–(31) because at slow enough (for a givenβ) loading (or small inertia co-
efficientρ) the contribution of the two other terms caused by the presence of the
foundation is much greater. In the no-foundation case these other terms are absent,
and the dynamics is determined entirely by the inertial forceρ[(d ′′l (t)−d ′′0 (t))x/ l+
d ′′0(t)]. In this case, after a few nucleations, stick-slip interface motion occurs even
at negatived [32]. At small enoughβ for a given loading, the inertia force domi-
nates, and slip becomes possible at negatived. This explains the transition shown
in Figure 13.

On the other hand, the inertia term is not as important in (3) whenβ is nonzero
as it is in the no-foundation case. In the latter case, the absence of the inertia force
(for example, when the loading functiond(t) is linear) results in the non-growth of
strain gradient in the spinodal region and the viscous stabilization of the statically
unstable states unless there is an initial strain-gradient imperfection. As a result,
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Figure 19. Solution of (3) with the loading rated ′(t) becoming constant after a short initial
linear increase from zero:β = 2.5, γ = 0.1, ρ = 0.05. The solid and dashed curves have the
loading ratesd ′(t) = 0.02401 andd ′(t) = 0.2401, respectively.

numerical simulations in this case are sensitive to any nonuniformities in the strain
profile caused by the numerical round-off errors. In the nonzeroβ case, however,
there is always strain-gradient growth within the spinodal region that is caused by
the nonuniformity of stress in the elastic equilibria and the foundation term in (3).
Figure 19 shows the end load diagram in case of a constant loading rated ′(t).

7. Additional Remarks

In this section, we make some additional observations about the viscoelastic Erick-
sen’s bar on an elastic foundation:

1. As in [32], at smaller loading rates more teeth are observed but they are shal-
lower. See Figures 19 and 20. This happens because at slower loading instability
has more time to develop before the system is carried away by the loading, so the
jump to another elastic equilibrium branch occurs at smallerd, and hence there
are more teeth. In other words, even a little instability creates enough dissipation
rate to lower the total energy. On the other hand, kinetic energy is also smaller,
and so the system jumps to a closer branch, hence, the shallowness of serrations.
During the nucleation stage this means that the intervals of− phase nucleated
at every step are smaller, and during the stick-slip stage the boundaries “move”
shorter distances. Thus finer and finer phase mixtures form and annihilate as the
loading rate decreases. As the loading gets slower, the positived, at which the
number of boundaries is maximal, approaches zero− the value of strain at which
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Figure 20. Solution of (3):β = 2.5, γ = 0.1, ρ = 0.05. Solid curve has slower loading
(tT = 1000) than the dashed curve (tT = 100).

the foundation is relaxed (recall that the statics analysis predicts an infinite num-
ber of boundaries at zero end displacement). Note, however, that at any small but
nonzero loading rate the number of boundaries will be finite and serrations will be
present. Unfortunately, at present we do not have an analytical estimate of how the
amplitudes of the teeth depend on the loading rate. The numerical results suggest
a very slow decrease of the amplitude as we increasetT, on the order of 1/ ln(tT).

Observe also that as the loading gets slower, the hysteresis loop approaches a
certain limiting shape given by the outer envelope of the serrated loops. It is a
classical tilted hysteresis loop which is often experimentally observed [9]. Each
point on the limiting loop corresponds to either a stable single-phase or a mar-
ginally stable multiphase elastic equilibrium. This loop, calculated analytically for
a trilinear material (7), is shown in Figure 5(a).

2. More boundaries and teeth also form if the viscosity coefficientγ is lower
(with all other parameters kept the same). See Figure 21. This is because, as we
have seen in the previous section, at lowerγ the instabilities grow much faster, so
that the effective loading is slower at lower viscosity. Notice also that at lowerγ

the end load oscillates in the slip regime before relaxing on an equilibrium branch.

3. The model described in this paper is one of the simple “toy” models designed
to gain some intuition about the dynamics of phase boundaries, nucleation and
hysteresis. It does not include many aspects affecting the phase transformations
such as temperature effects, presence of defects, nonuniformity of the specimen,
etc. We emphasize, however, that it does capture many important general features
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Figure 21. The effect of viscosity coefficientγ on solutions of (3):γ = 2.5, tT = 100,
ρ = 0.05. Solid curve has lower viscosity (γ = 0.01) than the dashed curve (γ = 0.1).

observed experimentally. A next step is to select more realistic stress-strain laws
and choose the foundation coefficient that best matches the resulting loops to the
experimentally observed ones. Temperature effects, such as latent heat of the phase
transition, are very important [24, 25] and need to be included in the model by
selecting a temperature-dependent energy density and accounting for the heat con-
duction. One can also consider other, more realistic, models of elastic foundation.
For example, one can connect the viscoelastic Ericksen’s bar to another, linearly
elastic bar, via a system of springs. The first bar represents two variants of the
martensite phase while the second bar models the austenite phase. The statics of
several models of this kind was studied in [30]. The material properties of the
second bar may bring some new and interesting effects into the interface dynamics.
Such models are currently under investigation.
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Appendix

Assume that
(1) d < 0;
(2) a− phase interval is in the middle of the bar;
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(3) + phase intervals are at the ends of the bar.
Proof of Proposition 1.Let [b1, b2] denote the boundaries of the− interval in the

middle of the bar (in the reference configuration). By symmetry,b1 = −b2 < 0.5.
Symmetry also implies thatu(0.5) = 0. Sinceu′(x) > 0 in the− phase, we have
u(b1) < 0, u(b2) = −u(b1) > 0. Butu(0) = −d/2 > 0 by the first assumption.
In order to reachu(b1) < 0, the solution has to crossu = 0 at least once in the
interior of a+ phase (u′(x) < 0) interval whenx ∈ [0,0.5]. But the pointu = 0
corresponds to the maximum value of strain on the+ orbit. Since this maximum
must necessarily occur in the interior of a+ interval, there are (by symmetry) at
least two+ intervals with a bump. 2

Proof of Proposition 2.Assume that an elastic minimizer has several+ intervals
some of which have bumps and some slopes (if there are only two symmetric+
intervals, then by Proposition 1 these intervals contain bumps). Letx < 0.5.

1. Suppose a+ interval with a bump comesbeforea+ interval with a slope.
Then two situations are possible:

(a) After a+ interval [c1, c2] with a bump there is a− interval [c2, c3] with a
final strainu′(c3 − 0) < u′(c2 + 0). Stress is monotonically increasing in the−
phase, hence,σ(u′(c3− 0)) < σ(u′(c2+ 0)). By jump condition,σ(u′(ci − 0)) =
σ(u′(ci + 0)) for any jump pointci . In the next+ interval [c3, c4] we will have

σ
(
u′(c3+ 0)

) = σ (u′(c3− 0)
)
< σ

(
u′(c2+ 0)

) = σ (u′(c2− 0)
)
, (A.1)

i.e., σ(u′(c3 + 0)) < σ(u′(c2 − 0)). By monotonicity of stress this implies that
u′(c3+ 0) < u′(c2− 0) and, hence, the solution will fall on a+ orbit that islower
than the+ orbit with the bump it was on before. Thus, the maximum strain of the
+ interval [c3, c4] with either downward or upward slope will be lower than the
maximum strain of the preceding+ interval [c1, c2] with a bump (see Figure 22).

(b) Suppose after a+ interval [c1, c2] with a bump there is a− interval [c2, c3]
with u′(c3−0) > u′(c2+0). Then, using the same reasoning as above, one can show
that the+ interval[c3, c4] with a slope will be on a higher+ orbit then the interval
[c1, c2] and will have a higher maximum strain (Figure 23). One can construct a
whole sequence of such+ intervals with an upward slope connected by− intervals
with increasing strain. Notice, however, that in this sequence the displacementu

must be nonnegative due to the arrows on the phase plane and because the+ in-
tervals with a slope cannot crossu = 0. But eventually the solution has to cross
zero in an interior of a+ interval in order to reachu(b1) < 0 whereb1 is the left
boundary of the middle− interval as defined in the proof of Proposition 1. Hence,
it will have a+ interval with a bump on an orbit that is higher than all preceding
orbits from the sequence (and higher than the initial+ orbit with a bump). This also
means that in this case the solution cannot follow the side+ orbits withu > 0, for
otherwise, it is impossible to return to theu < 0 side. Thus, in this situation, there
is again an interval with a bump that has a higher maximum strain.
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Figure 22. Case 1(a) (not to scale).

If in the − interval [c2, c3] the strains are equal at the ends:u′(c3 − 0) =
u′(c2+ 0), the+ interval [c3, c4] will be on the same orbit as[c1, c2]. Since this is
an interval with an upward slope, the above argument can be again applied to show
that there will be a+ interval with a bump on a higher orbit.

Observe that in a special case of aphase minimizerthe jumps must occur at
Maxwell strainsu′ = ±1 and, therefore, only intervals with bumps are possi-
ble under our assumptions. In this case all of the+ intervals will have the same
maximal strain.

2. A + interval with a bump comesafter a+ interval with a slope. We again
restrict ourselves tox < 0.5. There can be two possibilities. The first one is that the
initial + interval has a downward slope. Such an interval has nonpositiveu(x) and,
therefore, must be preceded by a+ interval with a bump, due to the boundary con-
dition u(0) = −d/2 > 0 and the assumption that we have+ intervals at the ends.
By reversing the argument in case 1(a) thisprecedinginterval with a bump will
be on a higher orbit than the one with a downward slope (although thefollowing
+ intervals with a bump may lie on the lower orbits). The second possibility is that
the initial+ interval has an upward slope. This situation is similar to the case 1(b)
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Figure 23. Case 1(b) (not to scale).

after a+ interval with an upward slope has appeared: the stress will grow, and the
solution will climb up the+ orbits but eventually will have to have a+ interval
with a bump in order to satisfy our assumption of a− phase interval in the middle.
That interval will lie on an even higher orbit.

Thus, in either case for any interval with a slope there is an interval with a bump
that has a higher maximum strain.
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