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In this paper we derive an explicit formula for a kinetic relation governing the motion of a phase
boundary in a bilinear thermoelastic material capable of undergoing solid-solid phase transitions.
To obtain the relation, we study traveling wave solutions of a regularized problem that includes
viscosity, heat conduction and convective heat exchange with an ambient medium. Both inertia
and latent heat of transformation are taken into account. We investigate the effect of material
parameters on the kinetic relation and show that in a certain range of parameters the driving force
becomes a non-monotone function of the interface velocity. The model also predicts a nonzero
resistance to phase boundary motion, part of which is caused by the thermal trapping.
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1 Introduction

The complex behavior of shape memory alloys (e.g. NiTi or AgCd) has attracted a lot of attention over the past
two decades, partially due to the applicability of these alloys in active structures. When subjected to applied
mechanical loading, these materials undergo a martensitic phase transformation from a high-strain parent phase,
called austenite, to a low-strain martensite phase. In the absence of deformation, the austenite and martensite phase
are stable at high and low temperatures, respectively. The solid-solid martensitic phase transition is characterized
by a lattice deformation that occurs through the correlated migration of phase boundaries. While in a certain
temperature regime the transformation is reversible, i.e. upon unloading the material returns to the parent phases
with little residual deformation, the energy dissipation associated with the motion of phase boundaries leads to
a hysteretic behavior [1–4]. This remarkable property of shape memory alloys is called pseudoelasticity. The
dynamics of phase boundaries plays an important role in the origin and size of pseudoelastic hysteresis.

Since the pioneering work of Ericksen [5], it has become common to use a non-monotone, up-down-up stress-
strain relation to model the materials undergoing solid-solid phase transitions. As shown in [5], this constitutive
assumption leads to an uncountable infinity of equilibrium states with piecewise-constant strain that has an
arbitrary number of finite discontinuities. The corresponding dynamic initial-value problem possesses a family
of solutions and thus is ill-posed [6]. To regularize the problem in the dynamic setting, two mechanisms have
been proposed. In the first approach, called a sharp interface theory, an additional kinetic relation is postulated.
This phenomenological relation expresses the jump in entropy across a phase boundary, called a driving force,
as a function of the interface velocity and (in a thermoelastic description) temperature. For more details on
this approach, see [7, 8] and references therein. As shown in these works, a kinetic relation and an additional
nucleation criterion are sufficient to obtain a unique solution of the dynamic problem.

An alternative approach, described in [9–11], is to regularize the problem by introducing an internal structure
in a phase boundary. This is usually accomplished by a so-called viscosity-capillarity model. The model includes
viscous stresses of Kelvin-Voigt type, to account for internal dissipation, and a dispersive strain-gradient (cap-
illarity) term that penalizes interface formation. Both terms introduce an internal length scale in the dynamic
a e-mail: annav@math.pitt.edu
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2 A. Vainchtein

solutions and replace the sharp interfaces by transition layers of finite thickness. By studying the traveling wave
solutions for this model, one can derive a kinetic relation. In a suitable limit of vanishing viscosity and capillarity,
this model reduces to a sharp interface theory with a particular kinetic relation depending on the nondimensional
ratio of the length scales due to capillarity and viscosity. An additional advantage of this approach is that it does
not require a separate nucleation criterion. In this model material instability automatically leads to formation of
phase boundaries, which occurs via spinodal decomposition [12,13].

This regularized theory describes the dynamics of phase boundaries in a purely mechanical (isothermal)
setting. While this may be an appropriate description of quasistatic phase transitions, recent experiments on
shape memory wires [2,3] clearly indicate the influence of thermal effects, i.e. latent heat of transformation and
thermal dissipation, on the overall rate of phase transition and the size and shape of pseudoelastic hysteresis at
higher loading rates. To account for these effects, one-dimensional regularized models that include temperature-
dependent free energy with a nonzero latent heat and thermal dissipation in the form of heat conduction, in
addition to viscous dissipation and capillarity, were considered in [8, 14, 15] under the assumption that heat
conductivity is large. A more general problem, with an arbitrary heat conductivity and a cubic stress-strain
relation, was recently studied in [12, 16, 17], where the effect of material parameters on kinetic relations was
studied numerically.

In this paper we consider a special bilinear thermoelastic material that allows us to carry out analytical
calculations of traveling wave solutions for one-dimensional regularized problem that includes both viscous
and thermal dissipation. The heat transfer occurs via heat conduction and convective heat exchange with the
environment. We obtain an exact formula for the kinetic relation and study its dependence on the material
parameters. In particular, the dependence of the driving force on temperature ahead of the front is now made
explicit. In previous studies of non-isothermal kinetic relations analytical calculations were limited to either
special asymptotic cases, such as infinite heat conduction [15], or approximations, e.g. neglecting latent heat
term [16]. For a special case of isothermal phase transition, explicit kinetic relations have been obtained in [18]
for both bilinear and cubic material laws.

Although the approach we use can equally well handle the case of nonzero strain-gradient (capillarity)
coefficient, in this paper we concentrate on the special case when this coefficient is zero. There are several reasons
why this limiting case, which was not previously studied in this context, is important. First, it can be shown that the
model including capillarity cannot capture realistic hysteresis loops under quasistatic (isothermal) displacement-
controlled loading conditions [13,19], since there exists a range of end displacements at which single-interface
solution is the only stable equilibrium. Secondly, despite the term being widely used for regularization purposes,
the physical nature of the long-range atomic potentials needed for its derivation is somewhat unclear. In particular,
the term results in an incorrect dispersion relation (unbounded frequencies at large wave numbers). Finally,
experiment-based values of strain-gradient coefficients for shape memory alloys have never been established,
and there is no evidence that such coefficients are positive for these materials, as assumed in strain-gradient
models.

In the first part of the paper, we ignore the effect of convection, and thus consider a special case of the problem
studied in [17] with zero capillarity and a bilinear stress-strain law. We show that when the nondimensional
parameter comparing the length scales due to viscosity and heat conduction exceeds a certain threshold value, the
kinetic relation becomes non-monotone.This result agrees with numerical observations of [17] for a cubic material
and asymptotic calculations for a trilinear material [15]. In this paper we calculate the threshold parameter value
above which the curves become non-monotone, and show that it is inversely proportional to the nondimensional
jump in entropy due to latent heat. Non-monotone kinetic relations lead to experimentally observed [1] stick-
slip propagation of phase boundaries, as shown in [20,21] where non-monotonicity was postulated. In fracture
mechanics, non-monotone kinetic relation, given by the dependence of fracture toughness on the crack-tip
velocity, leads to the stick-slip crack-tip motion, both experimentally observed and theoretically predicted [22].

Our model also predicts nonzero resistance to phase boundary motion: a phase boundary cannot move until
the driving force reaches a certain nonzero value. The nonzero resistance indicates nonzero energy dissipation at
small interface velocities and thus is directly related to the size of quasistatic hysteresis. We emphasize that our
model predicts nonzero resistance for both non-isothermal and isothermal kinetics, in contrast to the models with
capillarity, which predict nonzero resistance only for the non-isothermal case [17]. In the isothermal limit, this
agrees with the results of [18] which show nonzero resistance at zero capillarity. When latent heat is sufficiently
high, the non-isothermal resistance is higher than that for the isothermal case, thus resulting in thermal trapping
previously observed in [17] and contributing to the thermal portion of pseudoelastic hysteresis.

We then proceed to consider a more general model, which also includes convective heat exchange with the
environment. Previous study [23, 24] of the combined effect of convection and heat conduction on a moving
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Fig. 1. a Bilinear stress-strain relationship σ(w, T ); b free energy f(w, T ) at fixed temperature

phase front employed a purely thermal model, based on Stefan’s approach and assuming that the motion of a
phase boundary is governed by the removal and supply of latent heat, while phase transformation and stress
relaxation are instantaneous. The sizes of hysteresis loops predicted by these calculations are in good agreement
with slow-strain-rate experiments when convection term is included. However, in the absence of convective heat
exchange, the model in [23] predicts an arbitrary speed of interface propagation at critical stress, thus suggesting
that purely thermal description is inadequate at higher loading rates, when convection effects are negligible. A
more general thermomechanical description, considered in this paper, does not suffer from this deficiency. We
show that when convection is included, the resistance to interface motion coincides with that for the isothermal
case, but at higher velocities the kinetic relation approaches the curve for the no-convection case. Thus, the
model always predicts a finite velocity of phase boundary. The temperature profiles agree with those obtained
in [23] and show local self-heating, in qualitative agreement with experimental observations [2].

We show that with convection taken into account, the kinetic relation is non-monotone not only when both
heat conductivity and convection coefficient are sufficiently low, but also when the latent heat is small enough.
In the former case the curves are also nonconvex, with the absolute value of the driving force increasing at small
velocities.

The structure of the paper is as follows. The model is described in Sect. 2. The procedure for finding traveling
wave solutions is outlined in Sect. 3. The results for the no-convection case are discussed in Sect. 4. Section 5
is devoted to the model including convection and the resulting kinetics. Finally, Sect. 6 contains conclusions.

2 The model

Consider longitudinal deformations of an infinite homogeneous elastic bar of density ρ. Let u(x, t) and T (x, t)
be displacement and temperature fields, respectively, at a reference point x and time t. The elastic deformation
of the bar is described by the strain field w ≡ ux(x, t). Assume that the elastic stress in the bar is given by

σ(w, T ) =
{

µw for w < w0(T )
µ(w − eT ) for w > w0(T ) ,

(1)

see Fig. 1a. For given temperature T , the stress-strain relation (1) is a bilinear approximation of smooth non-
monotone functions that are often used to model phase-transition phenomena. Bilinear stress-strain laws have
been successfully employed to compute local equilibria and traveling wave solutions in the isothermal setting
[18, 25]. They capture the most important features of phase transitions while enabling analytical calculations.
In this case the spinodal region – the strain interval where stress is decreasing – degenerates into one point at
which stress is discontinuous. The two strain intervals where stress is linearly increasing represent two different
material phases. To simplify the calculations, we assume that both phases have the same elastic modulus µ. The
transition between two phases occurs at the strain w0(T ). The material parameter eT , called the transformation
strain, denotes the distance between the linear branches. We assume that the transition strain w0(T ) increases
with temperature, so that the low-strain (austenite) phase loses stability at larger deformations when temperature
is higher, in agreement with experimental observations. For simplicity, we assume a linear increase:

w0(T ) = BT + eT , (2)
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with B > 0. Observe that under these assumptions the Maxwell stress (the level of stress that divides the
stress-strain graph into two regions with equal areas) is a linear function of temperature σM = AT + K, where
A = µB and K = µeT /2. The linear dependence of Maxwell stress on temperature was also assumed in [17].
Note, however, that in our model the Maxwell strains (the strains at which Maxwell line intersects the stress-strain
graph for given temperature) linearly increase with temperature, while in [17] Maxwell strains were fixed.

The Helmholtz free energy density depicted in Fig. 1b is then given by

f(w, T ) = −ceT ln
T

T0
+






µw2

2
for w ≤ w0(T )

µw2

2
+ µeT (w0(T ) − w) for w > w0(T ) .

(3)

Here ce is the specific heat (assumed to be constant) and T0 is some reference temperature. Observe that the
relative stability of the two phases changes with temperature, and, with B > 0, latent heat is released when
low-strain phase transforms into high-strain phase. To see this, note that entropy density is

s(w, T ) ≡ − ∂f

∂T

∣
∣
∣
∣
∣
w

= ce

(

1 + ln
T

T0

)

+
{

0 for w < w0(T )
−µBeT for w > w0(T ) .

(4)

Thus, the latent heat released during the isothermal transformation is Q = T (s(w2, T )−s(w1, T )) = −µBeT T ,
where w2 > w1 are the strains in different phases. Finally, the internal energy is given by

e(w, T ) = f(w, T ) + Ts = ceT +






µw2

2
for w < w0(T )

µw2

2
+ µeT (eT − w) for w > w0(T ) .

(5)

We consider two dissipative processes. One is thermal transport via the heat conduction, with Fourier law
q = −κT , where q is the heat flux and κ is heat conductivity. In Sect. 5 we will also consider another, convective,
mode of thermal transport, but for now we ignore the effects of convection. Another dissipation mechanism is
of kinetic origin. It is modeled by Kelvin-Voigt viscosity and results in the viscous stress γuxt, with positive
viscosity coefficient γ. The balances of linear momentum and energy then take the following form:

{
ρutt = [σ(ux, T ) + γuxt]x

(e(w, T ) +
1
2
ρu2

t )t = ((σ(w, T ) + γuxt)ut)x + κTxx.
(6)

Observe that the energy balance (6)2 implies that

Tst = κTxx + γu2
xt . (7)

3 Traveling waves

To investigate the kinetics of a phase boundary, we now seek solution to the system (6) in the form of a traveling
wave:

u = u(z), w = w(z), T = T (z),

where z = x − V t and V is the velocity of the wave. One can show that (6) then transform into the following
dynamical system: 





w′ =
1

γV
[σ − σ+ − ρV 2(w − w+)]

T ′ = −V

κ
[e − e+ − 1

2
ρV 2(w − w+)2 − σ+(w − w+)]

w → w±, T → T±, as z → ±∞ .

(8)

Here (w−, T−) and (w+, T+) are the equilibrium states behind and in front of the transition front. The constants
σ+ = σ(w+, T+) and e+ = e(w+, T+) are the stress and internal energy density in front of the traveling front.
Our objective is to obtain an exact analytical expression for the kinetic relation, i.e. the relationship between the
driving force

G = −[[s]] = s− − s+ (9)
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and the velocity V of the phase boundary using the special material law (1). Observe that the entropy production
rate is

R(V ) =
∫ ∞

−∞
stdx = −V

∫ ∞

−∞
s′(z)dz = −V [[s]] = V G(V ).

Using (7) for the entropy evolution and performing an integration by parts, one can show that

R(V ) =
∫ ∞

−∞

[
κ

(
T ′

T

)2

+ γ
V 2w′2

T

]
dz ≥ 0. (10)

Thus the second law of thermodynamics is satisfied. The relations (3) and (10) imply that G and V have the
same sign.

We remark that if there is an additional loss of heat r < 0 per unit length, e.g. due to convective heat exchange
with the environment, (7) transforms into Tst = κTxx + γu2

xt + r, and total rate of entropy becomes

∫ ∞

−∞
stdx =

∫ ∞

−∞

[
κ

(
T ′

T

)2

+ γ
V 2w′2

T
+

r

T

]
dz. (11)

Only the first two terms give a nonnegative contribution to (11) and are responsible for dissipation. Thus, to
define the (nonnegative) entropy production rate R(V ) in this case, one needs to subtract the last term in (11),
yielding

R(V ) =
∫ ∞

−∞

(
st − r

T

)
dx ≥ 0

and the driving force given by

G = −[[s]] − 1
V

∫ ∞

−∞

r

T
dz . (12)

To reduce the number of parameters, we rescale the system (8) by using µ as the scale of stress and energy,
µ/ce as temperature scale, c =

√
µ/ρ as velocity scale and γ/

√
µρ as length scale. We then obtain the following

nondimensional system:





w′ =
1
V

[σ − σ+ − V 2(w − w+)]

T ′ = −P1V [e − e+ − 1
2
V 2(w − w+)2 − σ+(w − w+)]

w → w±, T → T±, as z → ±∞ .

(13)

To simplify notation, we have denoted the new nondimensional variables by the same letters as their dimensional
counterparts. There are now three dimensionless material parameters:

P1 =
γce

κρ
, P2 = eT , P3 =

Bµ

ce
. (14)

Here P1 is the ratio of length scales due to viscosity and heat conduction, P2 is the transformation strain and P3
is the dimensionless measure of latent heat.

Utilizing the specific expressions (1), (5) for stress and internal energy density, we can divide the problem
into two. Indeed, assume that high-strain phase occupies the region z < 0 and the low-strain phase is at z > 0
(due to translational invariance, there is no loss of generality in assuming a phase switch at z = 0). Then for
z < 0 we have






w′ =
1
V

[(1 − V 2)(w − w+) − eT ]

T ′ = −P1V [T − T+ +
w2

2
+

w2
+

2
+ eT (eT − w) − 1

2
V 2(w − w+)2 − ww+]

w → w−, T → T−, as z → −∞ .

(15)

For z > 0 the problem becomes





w′ =
1
V

(1 − V 2)(w − w+)

T ′ = −P1V [T − T+ +
w2

2
+

w2
+

2
− 1

2
V 2(w − w+)2 − ww+]

w → w+, T → T+, as z → +∞ .

(16)
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In addition to solving (15) and (16), we need to impose the following jump conditions:

[[w]]z=0 = 0, [[T ]]z=0 = 0 . (17)

Here [[A]]z=0 = A|z=0+ − A|z=0− for any function A(z). The jump conditions (17) ensure the continuity of
strain and temperature. We also need to require that the phase switch occurs when w = w0(T |z=0), i.e.

w|z=0 = w0(T |z=0) = P3T |z=0 + eT . (18)

To complete the system of equations, we need to add the relations of the state (w−, T−) behind the transfor-
mation front to the state (w+, T+) in front of it. These are equilibria of the dynamical system (13) and satisfy
the following equations: {

σ − σ+ − V 2(w − w+) = 0

e − e+ − 1
2
V 2(w − w+)2 − σ+(w − w+) = 0 .

(19)

These equations in general imply that the equilibrium states lie at the intersections of the Rayleigh line, described
by (19)1, and the Hugoniot adiabat, along which the energy balance (19)2 is satisfied, in the (w, σ) plane [17].
For the bilinear material (1) at hand, (19)1 implies that

w− = w+ +
eT

1 − V 2 , (20)

while (19)2, combined with (20), results in

T− = T+ + eT

(

w+ +
eT (V 2 − 1/2)

1 − V 2

)

. (21)

We now briefly describe the solution procedure. First of all, observe that due to the special material law
(1), the equations (15)1 and (16)1 are independent of temperature. Thus in each of the phase intervals z < 0
and z > 0 we solve for strain w(z) first, obtaining solutions in terms of exponential functions. Next, observe
that the temperature equations (15)2 and (16)2, while nonlinear in w, are linear in T , due to our choice of a
linear function for w0(T ). With the formulas for w(z) now available, we solve for temperature T (z) in each
interval. After applying the conditions at infinity and using (20, 21), we are left with two unknown constants.
These are found from the jump conditions (17). Thus we now have exact expressions for strain and temperature
as functions of z, V , w+ and T+. Finally, applying the phase switch condition (18), we obtain the relation for
w+ as a function of V and T+. This relation enables us to find the desired kinetic relation G(V ). For the bilinear
material the driving force defined in (9) has the form

G = s− − s+ = −P3eT + ln
(

1 +
eT

T+

[
w+(V, T+) +

eT (V 2 − 1/2)
1 − V 2

])
. (22)

4 Results and discussion

In what follows, we will concentrate on the case V > 0 and w− > w+. The calculations with negative interface
velocity (in which case G < 0) and w− < w+ can be done in an analogous manner. Applying the solution
procedure described in Sect. 3, we find that the traveling wave solution is given by






T = T− − P1V
2(1 − V 2)

2(P1V 2 + 2(1 − V 2))
(w− − w+)2e

2(1−V 2)
V z

w = w− + (w+ − w−)e
(1−V 2)

V z .

(23)

at z < 0 and 



T = T+ + [T− − T+ − P1V

2(1 − V 2)
2(P1V 2 + 2(1 − V 2))

(w− − w+)2]e−P1V z

w = w+ .
(24)

at z > 0. Recall that T− and w− are given by (21) and (20), respectively. Applying (18), we see that w+ =
w0(T |z=0) and is related to T+ and V via

w+ =
P3

1 − P3eT

[

T+ +
e2
T

2(1 − V 2) + P1V 2

]

+ eT . (25)
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both curves, eT = 0.45, T̃+ = 50, µ = 1

Here and in what follows we assume that P3 is sufficiently small, so that 1 − P3eT > 0.
Substituting (25) in the expression (22) for the driving force, we obtain the following kinetic relation G(V )

for the general non-isothermal case:

G(V ) = −P3eT + ln

{T+ +
e2
T

2(1 − V 2)
− e3

T P1P3V
2

2(1 − V 2)(P1V 2 + 2(1 − V 2))
(1 − eT P3)T+

}

. (26)

Observe that the above expressions are valid only for subsonic phase boundaries, i.e. the dimensionless velocity
must satisfy |V | < 1. This is due to our choice of equal moduli for the two phases, which excludes the existence
of supersonic shocks. To explain the behavior of the mobility curve G(V ) in the general case for different values
of material parameters P1, P2 = eT and P3, we will consider several important special cases:

Isothermal case (ce = ∞). This purely mechanical model has been extensively studied (see, for example, [18],
where exact formulas are obtained for bilinear and cubic stress-strain relations, and references therein). It assumes
infinite specific heat ce. To obtain this limit of our non-isothermal model, consider the unrescaled energy balance
(8)2. Recalling that the internal energy density has the form ẽ(w, T̃ ) = ceT̃ + g(w) in each phase region, one
can rewrite (8)2 as

T̃ ′ = − Ṽ

κ
[ce(T̃ − T̃+) + g(w) − g(w+) − 1

2
ρṼ 2(w − w+)2 − σ̃+(w − w+)] .

Here T̃ = (µ/ce)T , Ṽ = cV and σ̃ = µσ denote the original dimensional temperature, velocity and stress.
Thus, in the isothermal limit of ce → ∞, this equation yields T̃ = T̃+. The problem now reduces to a single
equation which coincides with (13)1 in the dimensionless form. In the isothermal case the (dimensional) driving
force reduces to

G̃ =
µ

T̃+

(

f+ − f− − σ+ + σ−
2

(w+ − w−)

)

. (27)

For our bilinear material (27) yields

G̃(V ) =
µe2

T

2T̃+(1 − V 2)
(28)

at V > 0, which coincides with the results of [18] for zero capillarity. The mobility curve is the lower line
depicted in Fig. 2. Observe that G̃(V ) is a monotone function in this case. Notice also that G̃(0+) > 0, so that
a nonzero driving force is needed for the boundary to start moving. This feature contributes to the isothermal
hysteresis observed in shape-memory-alloy wires at quasistatic (extremely slow) loading.

By recalling (14) and expanding (26) for large ce, it is easy to see that the driving force for the non-isothermal
case takes the form

G̃ = ceG =
µe2

T

2T̃+(1 − V 2)
+ O

(
µ2B

ceT̃+

)

.
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Thus, (28) approximates (26) for large ce.

Zero latent heat (B = 0). In some cases, for example, during twinning, no heat is released during a phase
transition. Thus B = 0 and hence P3 = 0. In this special case the transitional strain w0 = eT is temperature-
independent. The formulas (23) and (24) still hold, but (25) reduces to w+ = eT . Note that the process is not
isothermal due to the combination of nonzero viscous dissipation and finite heat conduction. The nondimensional
driving force reduces to

G(V ) = ln

{

1 +
e2
T

2(1 − V 2)T+

}

, (29)

which is a monotone function of V . Observe that it is independent of P1. The mobility curve is shown in Fig. 3.

“Almost isothermal” case: infinite heat conductivity (P1 = 0). This asymptotic case was studied in [14] and [26]
in the context of the van der Waals fluids. Kinetic relations for this limit were obtained in [15] and [16,17] for
trilinear and cubic materials, respectively, for the models including strain-gradient (capillarity) terms. As first
shown in [14], in this case the actual phase transition occurs almost isothermally in the region whose width scales
with γ/

√
µρ (the length scale we have chosen). The redistribution of latent heat takes place in a much larger

thermal boundary layer of width proportional to κ/(cec), where c =
√

µ/ρ is the isothermal sound speed. To
see this and check our general solution, one can obtain the inner asymptotic expansion by putting P1 = 0 in the
equations (13)1,2. This yields






w′ =
1
V

[σ − σ+ − V 2(w − w+)]

T ′ = 0
w → w−, T → T− as z → −∞
w → wB as z → ∞ .

(30)

Here wB is the value of strain at the boundary with the thermal layer. Thus on the length scale of γ/
√

µρ the
phase transition from w− to wB occurs isothermally, with T = T−. To obtain the outer expansion, rescale (13)
with z̄ = P1z:






P1w
′ =

1
V

[σ − σ+ − V 2(w − w+)]

P1T
′ = −P1V [e − e+ − 1

2
V 2(w − w+)2 − σ+(w − w+)]

w → wB , T → T−, as z̄ → −∞
w → w+, T → T+, as z̄ → ∞ .
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For small P1 this becomes





σ − σ+ − V 2(w − w+) = 0

T ′ = −V [e − e+ − 1
2
V 2(w − w+)2 − σ+(w − w+)]

w → wB , T → T−, as z̄ → −∞
w → w+, T → T+, as z̄ → ∞ .

(31)

Thus in the thermal layer the trajectory follows the Rayleigh line (31)1, while the temperature changes from T−
to T+ according to (31)2. Combining (30, 31) with (18, 19) and enforcing the continuity of w at z = 0, one can
show that

w+ = wB =
P3

1 − P3eT

{

T+ +
e2
T

2(1 − V 2)

}

+ eT .

Hence the driving force is

G = −P3eT + ln
1 +

e2
T

2(1 − V 2)T+

1 − P3eT
, (32)

which agrees with (26) when P1 = 0. See the mobility curve (upper line) in Fig. 4.

Zero heat conduction (P1 = ∞). In this case the process is adiabatic everywhere. Assume, as above, that V > 0.
Then (13)2 reduces to the algebraic equation

e − e+ − 1
2
V 2(w − w+)2 − σ+(w − w+) = 0

that can be solved for temperature:

T =






T+ − w2

2
− eT (eT − w) +

w2
+

2
+

1
2
V 2(w − w+)2

+w+(w − w+)
at z < 0

T+ − w2

2
+

w2
+

2
+

1
2
V 2(w − w+)2 + w+(w − w+) at z > 0 .

(33)

Observe that in this case the temperature has a finite jump discontinuity [[T ]] = e2
T at z = 0. This is caused by

the degeneracy of the bilinear model which results in entropy and hence internal energy being discontinuous at
the phase switch. Solving for strain in both phases, we have

w =

{
w+ +

eT

1 − V 2 (1 − e
1−V 2

V z) at z < 0

w+ at z > 0 .
(34)
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Substituting this in (33) and enforcing w|z=0− = eT + P3T |z=0−, one obtains

w+ =
eT + P3(T+ − e2

T )
1 − P3eT

. (35)

The driving force is then given by

G = −P3eT + ln

T+ + eT

{
eT + P3(T+ − e2

T )
1 − P3eT

+
eT (V 2 − 1/2)

1 − V 2

}

T+
. (36)

The mobility curve is shown in Figs. 2, 4. Similar to the isothermal and “almost isothermal” cases, G is a
monotone function of V .

In the limit V → 0+, (34) yields a discontinuous strain profile

w →
{

w− = w+ + eT at z < 0
w+ at z > 0

with constant stress, where w+ is given by (35). Meanwhile, the temperature limit becomes

T →




T− =

T+

1 − P3eT
+

e2
T

2
> T+ at z < 0

T+ at z > 0.

Thus at κ = 0 and V → 0+ the temperature is discontinuous at z = 0, with the finite jump depending on P3,
T+ and eT . We emphasize that not all of the jump is due to the degeneracy of the model. Indeed, the temperature
behind the discontinuity is higher than the temperature in front because in the absence of heat conduction the
system is unable to remove the latent heat of transformation and equilibrate the temperature. This leads to the
thermal trapping effect first observed in [17]. In order for a phase boundary to start moving, a nonzero driving
force

Gr = G(0+) = −P3eT + ln

(
1

1 − P3eT
+

e2
T

2T+

)

(37)

is needed. This initial driving force is called resistance to interface motion. At finite ce and P3 exceeding a certain
threshold value P a

3 , the value of resistance for the adiabatic case is larger than its value

Gr =
e2
T

2T+

for the isothermal case1 and approaches the isothermal limit as ce → ∞. See Fig. 5. This additional driving
force is thus due to the thermal effects and may contribute to the thermal portion of the hysteresis loop.

General case. Now consider the general non-isothermal case. Recall that the kinetic relation is given by (26).
We will concentrate on the effect of three thermal parameters: P1, P3 and T+ on the mobility curves.

We begin by considering the effect of P1. Recall from (14) that this parameter compares the length scales due
to viscosity and heat conduction. We have already seen the mobility curves for the two extreme cases, P1 = 0
and P1 = ∞ (Fig. 4). The mobility curves for the general case of finite P1 are shown in Fig. 6. One can see
that when P1 is sufficiently small, the curves are monotonically increasing functions of V . As P1 increases,
the mobility curves shift downward because the decrease in thermal dissipation at smaller heat conductivity
lowers the driving traction needed to maintain the same velocity of the front. As P1 exceeds a certain critical
value (depending on P3), the curves become non-monotone. For P1 above this threshold, the driving force first
decreases and then increases with growing V . To see the reason for the non-monotonic kinetic relations, observe
that all curves with finite nonzero P1 start at the same point, with resistance

Gr = G(0+) = −P3eT + ln

{
T+ +

e2
T

2
(1 − eT P3)T+

}

. (38)

1 For the purpose of comparing non-isothermal and isothermal kinetics, here and in what follows we normalize the temperature and
driving force in the isothermal case using the finite specific heat ce of the non-isothermal problem.
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But as the interface velocity increases, the curves approach the mobility curve for the adiabatic case. This is
especially clear from Fig. 7 which shows the curves at large P1 together with the curve for the adiabatic case.
Indeed, when the interface is moving sufficiently fast at given P1, the system does not have time to redistribute
the heat. Thus, the process is increasingly close to adiabatic as V grows. The smaller heat conductivity (the
larger P1), the smaller the velocity of the front at which the transition to the quasi-adiabatic regime occurs. As
the interface slows down, there is more time to redistribute temperature. Thus, as V becomes smaller, the kinetic
relation approaches the mobility curve for the “almost isothermal” case P1 = 0. The latter curve is higher than
the curve for the adiabatic limit. This causes the non-monotonicity of the mobility curves at sufficiently large P1.
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We can take advantage of the availability of an exact formula (26) for the kinetic relation and find the threshold
value of P1 above which the curves become non-monotone. We find that the non-monotonicity takes place for

P1 >
2

eT P3
. (39)

So the higher is P3 (e.g. larger latent heat or smaller specific heat), the lower is the threshold value P ∗
1 above

which the curves lose their monotonicity.
The fact that kinetic curves become non-monotone when heat conductivity is sufficiently low confirms

the numerical observations of [17] for a non-isothermal viscosity-capillarity model. In fact, as the asymptotic
calculations for a trilinear material [15] have shown, when capillarity (strain-gradient) term 1

2ε2w2
x is included

in the free energy (3), the mobility curve is non-monotone even in the case when P1 is small, provided that
viscosity is small relative to capillarity: γ/ε

√
ρ << 1. Similar non-monotonicity was also observed in [27,28]

for a related non-isothermal Ginzburg-Landau model. This result is interesting in view of the papers [20, 21],
where a postulated non-monotone kinetic relation led to a stick-slip interface motion. Such kinetics is often called
unstable because the non-monotonicity of the kinetic relation leads to the nonconvexity of the entropy production
rate R(V ) = GV , and thus the traveling waves corresponding to the decreasing portion of the mobility curve are
probably unstable. In fact, numerical calculations of [16,17] show the existence of multiple branches (loops) of
traveling wave solutions at small V for non-monotone G(V ). In these solutions strain and temperature oscillate
within the transition region. To compute the loop structure for the present model, one needs to assume that phase
switches occur at several unknown locations z = ci, in addition to z = 0, and enforce (18) at each of these.
The problem then reduces to solving a system of nonlinear algebraic equations for ci. These calculations will be
presented elsewhere.

Another important observation is the thermal trapping phenomenon. We have already mentioned this effect
when the adiabatic case was discussed. One can see that it also takes place in the general non-isothermal setting.
In fact, in the general case with nonzero P3, the resistance Gr, given by (38), is always higher than the initial
force needed in the adiabatic setting. At P3 above the threshold value P ∗

3 < P a
3 , it is also higher than Gr for

the isothermal motion (see Fig. 5). To see this more clearly, consider the limit V → 0. Using an asymptotic
expansion similar to the case P1 → 0, one can show that in this limit the phase transition occurs isothermally in
the region scaling with V , while the heat is redistributed in the adjacent thermal layer of a much larger width.
Indeed, at small V (13)1,2 can be approximated by (inner expansion)

{
w′ =

1
V

(σ(w, T ) − σ+)

T ′ = 0 .
(40)

Thus the first segment of the singular trajectory is isothermal, with T = T− and

w(z) =
{

w+ + eT (1 − ez/V ) for z < 0
w+ for z > 0 .

(41)

As V → 0+, the strain profile tends to the discontinuous equilibrium

w(z) =
{

w− = w+ + eT for z < 0
w+ for z > 0 ,

(42)

with σ = σ− = σ+. From (21) one can see that T− = T+ + eT (w+ − eT /2) > T+. To obtain the equations
governing the behavior in the thermal (outer) layer, we rescale (13) using z̄ = V z and put V = 0. This results in






σ = σ+
T ′ = −P1[e − e+ − σ+(w − w+)]
w → w+, T → T+, as z̄ → ∞ .

(43)

Hence in the second segment of the small-V trajectory w = w+ and the temperature decreases to T+ according
to (43)2. Going back to the original variable z = z̄/V , we see that

T (z) =
{

T− for z < 0
(T− − T+)e−P1V z + T+ for z > 0 .

(44)
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The continuity of w at z = 0 and the phase-switch condition (18) together imply that w+ = w0(T−), and thus

T− =
T+ +

e2
T

2
1 − P3eT

. (45)

As V → 0+, (44) yields T → T− for all z. Hence as interface slows down, the bar reaches an equilibrium, and
the temperature field becomes uniform and given by (45). Observe that T− is higher than T+, the temperature
the bar would have at zero velocity under isothermal assumption. This overall heating increases the value of the
transformation stress and, at sufficiently high values of P3 (P3 > P ∗

3 ), requires a higher initial driving traction
(38) than is needed in the isothermal case. At large specific heat, one can estimate the threshold value P ∗

3 by
expanding (38) in Taylor series. This yields

P ∗
3 ≈ eT

2T+
. (46)

Recall that in the adiabatic case (P1 = ∞) only the temperature behind the boundary increases, while the
temperature in front remains equal to T+, due to the absence of thermal dissipation. Hence the resistance to
interface motion in this case is lower than in the general non-isothermal setting. Observe also that the value of
Gr is independent of P1 and depends only on P2 = eT , P3 and T+.

The effect of P3, the parameter controlling the latent heat, is shown in Fig. 8. One can see that the curves
shift up as P3 is increased. Hence thermal trapping is more pronounced at higher P3.

Finally, Fig. 9 shows the effect of T+ on the mobility curves. As the temperature in front of the transformation
front decreases, the driving force for given V > 0 grows. Note that the function V = H(G, T+), obtained by
inverting (26), is nontrivial and in general not single-valued.
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5 Kinetics with convection

The calculations we have presented so far apply to an idealized situation in which heat conduction is the only
mode of heat transfer. This is a good approximation for kinetics of a phase transition under adiabatic conditions,
for example, when a specimen is tested at high loading rates, is well isolated or put in a relatively non-convective
environment, such as air. A more realistic model should include heat convection as another important mode of
heat transfer. Indeed, experiments [2,3] have shown a significant difference in the size of hysteresis loops for
specimens tested in water (which has a high convection coefficient) and air. To take this effect into account, we
assume a heat loss

r = −η(T − T+) (47)

through the lateral surface of the bar. Here η = 2h/r0 is the convection coefficient h normalized by the radius
r0 of the circular cross-section of the bar. With this assumption, the energy balance (13)2 transforms into

T ′′ = P1V [(σ(w, T ) − V w′)w − e(w, T ) − 1
2
V 2w2]′ + P4(T − T+), (48)

where

P4 =
ηγ2

µρκ
(49)

is the new nondimensional parameter. Adopting the bilinear material, we have

T ′′ + P1V T ′ − P4(T − T+) = −P1V [V ww′ − 1
2
(1 − V 2)w2]′ + P1V e2

T δ(z) . (50)

Here δ(z) is the Dirac delta function. The linear momentum balance (13)1 does not change. As before, we need
to enforce continuity of strain and temperature and the phase switch condition (18) at z = 0. An additional
condition on the jump of the temperature gradient,

[[T ′]]z=0 = P1V (e2
T − V w0(T (0))[[w′]]z=0), (51)

follows from integrating (50).
The solution is then found to have the following form. The strain profile is given by

w(z) =

{
w+ +

eT

1 − V 2 (1 − e
1−V 2

V z) for z < 0

w+ for z > 0 ,
(52)

while the temperature is

T (z) =

{
T+ + C2e

λ1z − C1e
2(1−V 2)

V z for z < 0
T+ + C3e

λ2z for z > 0 .
(53)

Here we define

λ1,2 =
−P1V ±

√
P 2

1 V 2 + 4P4

2
, (54)

so that λ1 > 0 and λ2 < 0. The constants C1, C2 and C3 are given by the following formulas:

C1 =
P1V

2e2
T

4(1 − V 2)2 + 2P1V 2(1 − V 2) − P4V 2 , (55)

C2 = φ(V )
{e2

T [4(1 − V 2) + P1V
2(1 − 2P3eT ) + V

√
P 2

1 V 2 + 4P4]
2[4(1 − V 2)2 + 2P1V 2(1 − V 2) − P4V 2]

+ P3eT T+
}

(56)
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Fig. 10. a Temperature and b strain profiles of the traveling wave at V = 0.5 and different values of the convection parameter P4. Other
parameters: P1 = 1, P2 = eT = 0.45, P3 = 0.03

and

C3 = φ(V )
{e2

T [4(1 − V 2) + P1V
2 − V

√
P 2

1 V 2 + 4P4]
2[4(1 − V 2)2 + 2P1V 2(1 − V 2) − P4V 2]

+ P3eT T+
}

, (57)

where

φ(V ) =
P1V√

P 2
1 V 2 + 4P4 − P3P1V eT

.

Typical temperature and strain profiles for several values of P4 are depicted in Fig. 10. Observe that the
states at z → ±∞ now both have temperature T+, so that T− = T+ in this case. Note, however, the peaks
in temperature profiles at the phase switch location z = 0. These peaks are mostly due to the latent heat of
transformations. Local heating at the site of transformation front are experimentally observed [2, 3]. As the
parameter P4 is decreased to zero, the peaks increase, and the temperature decreases to T+ as z → −∞ at a
slower rate. This qualitatively agrees with experimental observations of a more substantial self-heating when
the specimen is tested in a less convective environment [3]. We remark that in a model with a non-degenerate
spinodal region the cusps would smoothen out but the peaks would remain.

Enforcing the phase-switch condition (18), we have w+ = eT + P3(T+ + C3). Using (12), one can show
that the driving force in this case is given by

G = −[[s]] +
P4

P1V

∫ ∞

−∞

T − T+

T
dz , (58)

where we have taken heat loss due to convection into account. This expression can be further reduced to

G = −P3eT +

√
P 2

1 V 2 + 4P4

P1V
ln(1 +

C3

T+
) − P4(ν − 1)

λ1V P1

∫ 1

0

dt

R − t + Qtν
. (59)

Here ν = λ1V/(2(1 − V 2)), R = T+/C1 and Q = C2/C1. We were unable to find an analytical expression for
the integral in the last term, so it was evaluated numerically.

The resulting mobility curves are shown in Fig. 11 for both small and large values of P1. One can see that for
all curves the resistance Gr = G(0+) coincides with the initial driving force for the isothermal curve, shown in
Fig. 11 as a dashed line. Indeed, as velocity of the boundary tends to zero, the convection forces the temperature
in the bar to approach the uniform profile T = T+. However, as V increases, the mobility curves approach
the curve for P4 = 0 (no convection) case. Thus, at faster propagation of the transition front the convection
mechanism becomes less important, and the model that contains heat conduction as the only mechanism of
thermal dissipation (P4 = 0) becomes more reasonable. In fact, at high enough V , the mobility curves approach
the curve for the adiabatic case (P1 = ∞) in models both with and without convection. This happens because
of the inability of the system to redistribute and dissipate heat when a phase boundary is moving fast enough.

The mobility curves are also affected by the amount of latent heat measured by P3. As Fig. 12a shows, when
P3 is below the threshold value P ∗

3 , approximated by (46), the isothermal curve is above the P4 = 0 curve (and
the adiabatic curve) at small V . As described above, the curves with nonzero P4 always start at the isothermal
resistance value. In this case the driving force initially decreases with growing V and then increases again,
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Fig. 11. Effect of the convection parameter P4 on the mobility curves G(V ) at (a) P1 = 1, (b) P1 = 103. Other parameters: P2 = eT =
0.45, P3 = 0.03. The curves are shown together with the curves for the isothermal case (dashed line) and P4 = 0 case (upper curve)

0.005 0.01 0.015 0.02

2.024

2.025

V

G
P3 = 0.003

isothermal case 10
-2

10
-3

P4 = 0

0.2 0.4 0.6

2.5

5

7.5

10

12.5

V

G
P3 = 0.3

isothermal case

P4 = 0.1

P4 = 0

P4 = 0.1

10
-3

10
-2

x10
-3

x10
-3

a b

Fig. 12. Effect of the convection parameter P4 on the mobility curves G(V ) at a P3 = 0.003 < P ∗
3 , b P3 = 0.3 > P ∗

3 . Other parameters:
P1=1, P2 = eT = 0.45. In this case P ∗

3 ≈ 0.0045. The curves are shown together with the curves for the isothermal case (dashed line)
and P4 = 0 case

approaching the (lower) P4 = 0 curve in the V → 1 limit. If the value of P3 exceeds P ∗
3 (as is the case in both

Figs. 11 and 12b), the mobility curve for the isothermal case is below the zero-P4 curve, and thus the nonzero-P4
curves always initially increase to approach the (higher) curve for the P4 = 0 case.

Based on the just described behavior of the mobility curves, we expect the kinetic relation to be always non-
monotone when P3 is below P ∗

3 . See Fig. 12b. The interval of small velocities in which the kinetic relation is
unstable (G(V ) decreasing) becomes smaller as either P4 or P3 increase. When P3 is above P ∗

3 , both monotone
and non-monotone curves can be observed. The curves are monotone at sufficiently large P4 at given P1. When
P1 is large enough for the kinetic relation at zero P4 to lose monotonicity, a sufficiently small P4 results in a non-
monotone kinetic relation. For example, all mobility curves in Fig. 11a and the curve for P4 = 100 in Fig. 11b are
monotone, but the other curves in Fig. 11b are non-monotone. Observe also that at a given P1 and small enough
P4 the thermal trapping we have seen for the no-convection case translates into the non-convexity of the mobility
curves in this case. Indeed, when P4 is sufficiently small and P3 > P ∗

3 , the driving force rapidly increases at
small V to approach the P4 = 0 curve from the lower isothermal starting point. Thus the non-monotone mobility
curves in this case are not unstable right away: rather, the driving force increases, then decreases and again
increases with V in this case. See, for example, the curves for P4 = 1 and 10 depicted in Fig. 11b.

Note that when convection is included, the kinetic relation can always be approximated by a linear function
at small V > 0:

G = Gr + αV + O(V 2) , (60)

where the coefficient in the linear term is given by

α =
P1e

2
T

16
√

P4

(
4P 2

3 − e2
T

T 2
+

)
. (61)

at nonzero P4. Recalling (46), we observe that α < 0 (driving force initially decreasing) when P3 < P ∗
3 and is

positive otherwise. When α is positive, one can define the so-called mobility coefficient for the phase boundaries,
given by ω = 1/α. This quantity measures how fast the interface will move according to the linearized kinetic
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relation. For example, when P4 tends to zero at P3 > P ∗
3 , the mobility coefficient ω tends to zero as well

(thermal trapping). As P4 tends to infinity, ω also tends to infinity. Thus the linearized kinetic relation indicates
an arbitrary fast propagation of the phase boundary in this case. Our nonlinear kinetic relation thus shows the
inadequacy of the linearization in this limit.

We note that the approximation (60) does not correspond to a so-called “normal growth” assumption fre-
quently postulated in kinetic theories (see [18] for a discussion of this hypothesis), in which G is linearly
proportional to V at small velocities, because in our case Gr = G(0+) is nonzero. The linearity of the kinetic
relation at small V is, however, in sharp contrast with the no-convection (P4 = 0) kinetic relations, which have
a zero initial slope (α = 0) and are thus at least quadratic (and, at large P1, decreasing) functions of V at small
velocities. The incompatibility of the “normal growth” assumption with the non-isothermal kinetic relations that
do not include convection was also observed in [17].2 It is thus interesting to note that while the assumption
is also not valid (due to nonzero resistance) in the model that takes convection into account, the relation is
approximately linear at small V .

Finally, we remark that previous studies of the effects of heat conduction and convection on the velocity of
a propagating phase boundary were conducted in the context of the purely thermal approach [23,24], which is
based on the Stefan problem and assumes that the time scale of temperature redistribution is much larger than the
time scale of phase transformation and stress relaxation. On this time scale (13)1 yields the equilibrium equation
σ(w, T ) = const. Instead of the viscosity mechanism used here for the internal (mechanical) dissipation, these
authors assume that interface does not propagate until the stress in the wire reaches one of the critical values
σ± = σM (Tint) ± σhyst and then propagates at stress σ = σ+ for V > 0 and σ = σ− for V < 0. Here σM (Tint)
is the (temperature-dependent) Maxwell stress evaluated at the temperature Tint of the interface, and σhyst is
the experimentally measured additional stress needed to account for the non-thermal (quasistatic) portion of the
hysteresis. Then the energy balance for a traveling wave becomes, in the original variables,

ceṼ T̃ ′ = κT̃ ′′ − η(T̃ − T̃+) (62)

for z̃ �= 0 (outside the phase boundary), and the the jump condition

[[κT̃ ′]]z̃=0 = −l∗Ṽ (63)

needs to be satisfied across the phase boundary, with

l∗ = µBeT T̃int + σhysteT (64)

and T̃int = T̃ (0). To facilitate comparison with [23], we use the original unrescaled variables and denote these
z̃, T̃ and Ṽ in order to distinguish them from their dimensionless counterparts. Recall that the first term in (64),
QL = µBeT T̃int, is the latent heat of the transformation. The second term models the instantaneous process
of mechanical dissipation. The model yields temperature profiles similar to those depicted in Fig. 10 and, for
sufficiently high values of convection coefficient η, can be used to obtain hysteresis loops that are in a good
agreement with experiments (see also [2]).

The model considered in this paper is more general because it includes the details of the mechanical dissipation
and does not assume instantaneous phase transition. To show how our model can be reduced to the purely thermal
model just described, consider the relationship between the velocity Ṽ of the interface and δT̃ = T̃int − T̃+,
the temperature increase at the propagating front. Observing that δT̃ = C3µ/ce and using (57) with γ = 0, we
obtain

δT̃

√
(ceṼ )2 + 4ηκ = Ṽ

(
BµeT T̃int +

µe2
T

2(1 − V 2)

)
. (65)

Observe that the first term inside parentheses on the right-hand side of (65) is the latent heat, while the second
equals G̃iso(V )T+, where G̃iso(V ) is the driving force for the isothermal phase transition given by (28). Recall
that this driving force equals the signed area between the Rayleigh line and the stress-strain curve (see, for
example, (27)). In the purely thermal description of [23] the Rayleigh line reduces to σ = σM (T̃ (0)) ± σhyst

for sign(Ṽ ) = ±1, and so the second term in parentheses equals σhysteT . Recalling (64), one can see that
the relationship (65) between the temperature increase at the interface and the velocity of the phase boundary
becomes

δT̃

√
(ceṼ )2 + 4ηκ = Ṽ l∗, (66)

2 Note, however, that in the isothermal limit the model considered in [17], which includes a strain-gradient (capillarity) term, is compatible
with the “normal growth” approximation - cf [18], while our no-capillarity model is not.
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an expression obtained in [23]. Observe that when η = 0 (no convection) this yields an arbitrary interface
velocity at critical stress. This unrealistic conclusion results from oversimplifying the mechanical portion of the
dissipation process. The present work includes a more detailed description of the mechanics of phase transitions,
and finite values of interface velocity are predicted even when the effects of convection can be neglected.

6 Conclusions

In this paper we studied traveling wave solutions in the non-isothermal viscoelastic bilinear model and derived
an exact formula describing interface kinetics. The thermal dissipation included both heat conduction and con-
vection mechanisms. Our results for the no-convection case agree with some earlier numerical observations and
approximations in [16, 17] for the non-isothermal viscosity-capillarity model, in particular, non-monotonicity
of the mobility curve at sufficiently low heat conduction and thermal trapping phenomenon at sufficiently high
latent heat. When convection is included, non-monotonicity of the kinetic relation is also observed at small
latent heat. The model with convection generalizes the purely thermal model of [23]. We show that in this case
mobility curves originate from the isothermal curves but approach the curves for the no-convection case at high
velocities. The obtained temperature profiles show localized self-heating frequently observed in shape memory
alloys during phase transition.
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