Project 11.3
Automating the Frobenius Series M ethod

Here we illustrate the use of a computer algebra system to apply the method of Frobenius.
In the paragraphs that follow, we consider the differential equation

2X°Y +3xy —(x* +1)y =0 (D)

of Example 4 in Section 11.3 of the text, where we found the two indicial roots 1, =3
and r,=-1. We carry through the formal Frobenius method starting with the larger
indicial root r,, and you can then apply the same process to derive the second Frobenius
series solution (found manually in the text) corresponding to r.,.

In the following examples, use this method to derive Frobenius series solutions
that can be checked against the given known general solutions.

1. Xy -y +4x®y =0, y(X) = Acos x> +Bsin xX°

2. Xy -2y +9x°y =0, y(x) = Acosx® +Bsin x°
3 4xy"+2y +y =0, y(X) = Acos+/x +Bsin+/x

4. Xy +2y +xy =0, y(x):%(Acosx+Bsinx)

5. 4xy'+6y +y =0, y(x):%(Acos\/;+Bsin\/;)

6. Xy +xy +(4x*-)y =0, y(x):l(Acosx2+Bsinx2)
X

7. Xy +3y +4x°y = 0, y(x):iz(Acosx2+Bsin xz)
X
1 _
8. XXy +x2y -2y =0, X)==HA(2-x) +B(2+x)e™*
y y -2y y(x) XE“\( ) +B(2+x)eH

The following three problems involve the arctangent series
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9. (Xx+X°) Yy +(2+4x3) Yy -2xy =0, y(X) :1(A+Btan‘1 x)
X

10.  (2x+2x°) Y +(3+5X)y +y =0, y(x)=i(A+Btan‘1\/§)
X

Ix

1
X2

11, (x+xX)y +@+7x)y +8x°y =0, y(X) = (A+ Btan™ x2)
Using Maple
Beginning with the indicial root

ro:=1/2:

we first write theinitial k+1 terms of a proposed Frobenius series solution:

k := 6:
a = array(0..k):
y := x1/2)*sum( a[n]*x*(n), n = 0..Kk);

y::\/i(aO +a x+a,x* +a; x> +a, x* +a; x> +a, x6)

Then we substitute this series (partial sum) into the left-hand side of Equation (1),
de := 2*x"2*di ff(y,x$2) + 3*x*diff(y,x) - (x"2+1)*y:
eql := sinplify(de);

8O
deql:= —XB";B(—5a1 —14a,x —27a,x* —44a,x° —65a,x" 903X’

+a,x+X°a, +x'a, +x’a +x’a, +x'a, +x5a4)

2

Notingthe x*? factor, we multiply by x™*? and then collect coefficients of like

powers of X.
eq2 := collect( x™(-3/2)*eql, x);

deg2:=-x"a, —-x%a, +(-a, +90a,)x* +( -8, +65a,)x"
+(-a, +44a,)x® +(-a +27a,)X° +(14a, —a,)x +5a,
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Next we set up the equations the successive coefficients must satisfy. We do this
by defining an array and then filling the elements of this array by equating (in turn) each
of the series coefficients to zero.

eqs := array(0..5):
for n fromO to 5 do

eqs[n] := coeff(eqg2,x,n) = O:
od:
coeffEqs : = convert(eqs, set);

coeffEgs:={ 5a, =0, -a, +44 3, =0, —a, +65a, =0,
90a,-a, =0,14a, -a, =0, —a, +274a, =0}

We have here a collection of six linear equations relating the seven coefficients
ap through as. Hence we should be able to solve for the successive coefficients

succCoeffs := convert([seq(a[n], n=1..6)], set);

succCoeffs:={ a,, a,, ay, 3, a, 3 }

intermsof ag:
our Coeffs : = solve(coeffEqgs, succCoeffs);
O 1 1 1
ourCoeffs:=m =0,a, =0,a, =0,a, =— = = -
Eai g, s 2 1430 30 8 554406d]

Finally we substitute all these coefficients back into the original series.

part Sol n : = subs(our Coeffs, vy);

0 1 eJ
artSoln = +/x + =
P \/— EFO 14 616 616~ 55440 55440 °

Note that (after factoring out &) this result agrees with the first particular solution

NG 6

O
X) = a,x"? X XX L
B0 =2 El 14 616 55440 H

found in the text.

Using Mathematica

Beginning with theindicia root
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r = 1/ 2;

wefirst write theinitial k+1 terms of a proposed Frobenius series solution:

k = 6,
y = x*r (Sun{ a[n] x*n, {n,0,k} ] + Ox]"(k+1))
a(0)vx +a) X’ +a(2) X’ +a(3) x''? +a(4) x”* +a(5) x"? +

a(6) X13/2 +O(X15/2)

Then we substitute this series into the differential equation in (1),
deq =
2x"2 Dy, x,x] + 3x Dy, x] - (x*2 + 1)y ==
5a(1) x¥? + (14a(2) —a(0)) x*'? +(27a(3) —a(1)) x"? +
(44a(4)-a(2)x”* +(65a(5) —a(3)) x* +
(90a(6) —a(4))x*? +O(x"*'?) ==0
Mathematica has automatically collected like powers for us, and we can use the
Logi cal Expand command to extract the equations that the successive coefficients
satisfy.
coeffEQns = Logi cal Expand[ deq ]
5a() ==0 0 14a(2y a(0)== 00 27a(3r a(lr= 0O
44a(4)-a(2) ==0 0O65a(5- a(d==00 9a(6y a(4r= 0
We have here a collection of six linear equations relating the seven coefficients

ap = a(0) through ag = a(6). Hence we should be able to solve for the successive
coefficients

succCoeffs = Table[ a[n], {n, 1, 6} ]
{a@®), a(2), a(3), a(4), a(5), a(6)}

intermsof a(0):

our Coeffs = Sol ve[ coef fEqns, succCoeffs]

L] a(0) a(0) a(0) 1
all) - 0,a(2) »—=,a(3) - 0,a(4) - —=,a) - 0,a(6) -

DE%() (2) 14 ) (4) 816 ) (6) %D%JD

Finally we substitute all these coefficients back into the original series.
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partSoln =y /. ourCoeffs [/ First

N a(o) Xl3/2 N

O(X15/2)
55440

1 5/2 1 9/2
a(0)vx+—a(0)x’“+——a(0) x
(O)x+a(0) X+ -a(0)
Note that (after factoring out a,x”?) this result agrees with the first particular solution
w0 X x x° O

X) = ax'?A+—+—_ + +oo .
W) = ax i+ o6 Tesaa0 T H

found in the text.

Usng MATLAB

Beginning with theindicial root r, =3, wefirst writetheinitial seven termsof a
proposed Frobenius series solution:

syms X y a0 al a2 a3 a4 a5 a6

y =
xM( 1/ 2)*(a0+al*x+a2* x"2+a3* x"3+ad* x"4+ab5* x"5+ab6* x"\6) ;
pretty(y)

1/ 2 2 3 4 5 6

X (a0 + al x + a2 x + a3 x +ad x + ab x + a6 x )
Then we substitute this series (partial sum) into the |eft-hand side of Equation (1):

de = 2*x"2*diff(y,2) + 3*x*diff(y) - (x*"2 + 1)*y;

si npl e(de)

ans =

-XN(3/2)*(xN6*ab+x"N7*ab+x* a0+x"M4* a3+x"3*a2+x"2*al
+x"5*a4- 65* ab* x"4- 44* a4* x"3- 27*a3* x"2
-14*a2*x- 5*al- 90* a6* x"5)

2

Noting the x¥? factor, we multiply by x> and then collect coefficients of

like powers of x.

de = collect(sinplify(x~(-3/2)*de))
de =

- X"7*ab- x"6*ab+ (90*a6-a4)*x"5 + (-a3+65*ab)*x"4
+ (-a2+44*a4)*x"3 + (-al+27*a3)*x"2

+ (14*a2-a0)*x + 5*al
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Next we set up the equations the original coefficients in our Frobenius series must
satisfy. By cutting and pasting it is a simple matter to pick out the successive coefficients
in de and equate each of them to zero.

eql = 5*al;

eg2 = l1l4*a2- a0,

egq3 = -al+27*ag3;
egqd = -a2+44*a4,
eg5 = -a3+65*ab;
eg6 = 90*a6- a4,

We have here a collection of six linear equations relating the seven coefficients
a0 through a6 . Hence we should be able to solve for the successive coefficients al
through a6 intermsof aO:

soln =

sol ve(eql, egz2, eq3, eq4, eqg5, eq6, al, a2, a3, a4, a5, ab);
coeffs =

[ sol n. al, sol n. a2, sol n. a3, sol n. a4, sol n. a5, sol n. a6]
coeffs =

[ O, 1/14*a0, O, 1/616*a0, 0, 1/55440*a0]
Finally we substitute all these coefficients back into the original series y:

y = subs(y, [al, a2, a3, a4, ab, a6], coeffs);
pretty(y)

1/ 2 2 4 6
X (a0 + 1/14 a0 x + 1/616 a0 x + 1/55440 a0 x )

Note that (after factoring out &) this result agrees with the first particular solution

2 X4 X6

) = a2 20X
") = 2 %14 616 55440

0]
+... D .
0]

found in the text.
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