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Abstract
We presen a new nite elemen sthemefor solving the Navier-Stokes
R
equationsthat exactly conseresboth energy(  u?) and helicity

R
( u (r uw)in the absenceof viscosily and external force. We prove
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stability, exact conseration, and corvergencefor the scheme. Energy and
helicity are exactly consened by using a conbination of the usual
(convective) form with the rotational form of the nonlinearity, and solving

for both velocity and a projected vorticit y.

1 Intro duction

It iswell known that the Navier-Stokesequations(NSE) presene energy(E =
%R juj?) in the absenceof viscosity and external force. Conservingenergy
in numerical schemesfor the NSE not only leadsto stability for the scheme,
but alsois necessaryfor physical relevance of solutions. In rotational ows,
howewer, other integral invariants are also important. In two dimensions
enstroplty (Ens = %R jr uj®) and in three dimensionshelicity (H =

u (r u)) arealsoconsered quartities of the NSE when viscosity and
external force are not presein. In three dimensions,helicity also admits a
topological interpretation for a ow in terms of its re ectional symmetry
[11]. Henceaccuratehelicity prediction shouldbe a goalin sthemesfor three
dimensionalrotational ows.

For two dimensional o ws, sthemessud asthe classicalArakawa [1] have
existed for over forty yearswhich consene both energyand enstropty (this
and all future referencesto E/H/Ens consenration implicitly refer to the
caseof no viscosity or external force). For three dimensional o ws, howeer,

it was not until 2004 that Liu and Wang deweloped the rst sdeme that

conseres both energy and helicity. In [10], they presen an energy and



helicity preservingsdeme for axisymmetric ows, and shav that this dual
consenation eliminatesthe needfor excessie numerical viscosily. It is their
work which motivated this article.

In this report, we presert a new nite elemen sthemethat globally con-
senes both energy and helicity for general ows. Our dewlopmen of the
stheme herein is for periodic boundaries (and hencewe use a box for the
domain ); for non-periodic boundary conditions, helicity is not necessarily
globally consered (on the other hand, helicity generation near walls and
helicity ux away from walls are equally important for non-periodic prob-
lems). The key featuresthat allow the schemeto consere both energyand
helicity is the useof the projection of the vorticity in the sheme,and a new
variational formulation of the nonlinearity that vanisheswhentested against
either the velocity or projectedvorticity. We presen the schemein Section3,
after providing the necessannotation in Section2. Section4 givesa rigorous

numerical analysisfor the scheme,and Section5 preselts conclusions.

2 Notation and Preliminaries

(; ) and k k denotethe usual L? inner product and norm, respectively, and
k ki for the H¥() norm. kk; will denotethe usualL! () norm, and all
other normsthat appearin this article will be clearly labeledwith subscripts.

The domain  we use,as stated above, will be the box (0;L)3.



De nition  2.1. The Hilbert space H} () will be de ned as

Z
H; == (v2H! : vperiodicon ; vdx=0):

This is the natural velocity spacefor the NSE with periodic boundary
conditions, as discussedin [8] and [9]. Note that velocities in this space
automatically conserne momenum (R u), i.e. if u2 HZ; % R u= 0. This
is physically important becausethe Navier-Stokes equations (with periodic
boundary conditions) also consere momerum [5].

The following lemma (which can be found in [3] for example)will be used

frequently throughout the analysisin this article.

Lemma 2.2. For u;v2 Hi() ,
r uv)y=(ur v

Proof. The proof of this well known lemma follows immediately from inte-

grating by parts sinceu; v are periodic. O

Let TP = T"() be a conforming nite elemem meshon . De ne the
spacegX"; Q")  (H};L3) to beconformingvelocity, pressurenite elemer

spacegsee,e.qg. [2],[4] or [6] for examples)that satisfy the LB B" condition

: (ar v)
< f osup 4" V).
0 PO b Kkgkak

1)
De ne V" to be the spaceof discretely divergencefree, zero-mean periodic
functions.

vh=fv2 X" : (r v;g=08q2Q"g;



SinceV" is a closedsubspaceof H} (), we have alsothat V" is a Hilbert

space,and thus the following result.

Lemma 2.3. Let uM 2 V. Then there existsa uniquew" 2 V" satisfying
whv)y=(r  uMv)8v2Vvh (2)

Proof. Sinceu™ 2 VP H?Y(), it followsthat r  u"2 L?(). SinceV"is
a closedsubsetof the Hilbert spacelL?(), the Rieszrepresemation theorem

implies the existenceand uniquenesf a solution w" to (2). O

The next lemmashowns how an elemetiary property of the crossproduct

can be usedfor double skew symmetry of a trilinear term.

Lemma 2.4. Letu™:w" 2 X", Then

" whu"y = W owhwh) = o

Proof. This follows from an elemenary property of the crossproduct; the

crossproduct of two vectorsis perpendicularto ead of them. O

The signi cance of this lemma is that in a nite elemen sdeme, the
trilinear form c(uM;wh;v") := (uh  w";v") will vanishwhenv" = u" or w".
Sud atrilinear form hassigni cancein the NSE if the rotational form of the
nonlinearity is used(see,e.g. [5] p.461or [12]). Our schemeusesthis form,
and exploits the double skew symmetry to shav the sdheme consenres both
energyand helicity.

The discrete Gronwall lemma will also be an essetial tool in the error

analysis;we presef it now.



Lemma 2.5. (Discrete Gronwal) Let t, H, and a,;h,;c,;d, (for integers

n 0) be nonnegative numters suchthat

X X X
a+ t b, t da, + t c+H forl O 3)
n=0 n=0 n=0

Supmwsethat td, < 18n. Then,

X X d, X
a+ t by exp t 1 1. t c,+H forl 0O: (4)
n=0 n=0 t n n=0
Proof. See[7], for example,for proof of this well known lemma. O

We end this sectionwith de nitions for discreteenergyand helicity.

De nition  2.6. We de ne the discrete enegy E and helicity H to be, at

time ty,

E (tk)

H (t)

1
ékuﬁkz;

k. Ky -
(Upsr U

We are now ready to presen the sdheme.

3 An energy and helicit y preserving scheme
for periodic o ws

The energyand helicity preserving nite elemen sdhemewe study is com-

posedof a trap ezoidaltime discretization with a nonlinearity which is doubly



skew-symmetic. Let t denotethe timestep,tx = k t, txs1=» = (k + %) t,

and uk the approximation to u(x; ty). uﬁ” =2 will denote

k=2 _ 1
h . 2

(UR™ + up);

and f "172(x) ;= f (ths1=2;X) 2 V" . T = Nk denotesthe nal time. Given
ud 2 vh dene w? to be the (unique in V" by Lemma 2.3) solution of
wgv) = (r  ul;v) 8v 2 VM and nd (US;wEpK) 2 (Xh; Vi Qn) for

k = 1:N, satisfying

1 +1= +1= +1= +1=
—t(uﬂ+1;v)+(uﬂ12 WEIZ;V) (pﬂlz;r V) + E(r uﬂlz;rv)
1
+§(Wﬂ12;r v) = (™72 v) + —t(uﬂ;v) 8v2 X" (5)
r u;q = 0892Q" (6)
wi™t rooutt; ) = 08 2V 7)

We now prove the conseration properties of the scheme;energyand helicity
are exactly consered in the absenceand viscosily and external force. As a
remark, we note that even though the scheme(5)-(7) conseres helicity, the
analogous,cortinuousin time form of the sthemedoesnot. This is due to
an inability to idertify helicity with the the integral of the scalarproduct of
velocity and the projected vorticity, as ((uk):; w¥) is not necessarilyequalto
((Ugr  uk) because(uk), neednot bein V. Sincethe sheme (5)-(7)
solwes for the projected vorticity, sud as iderti cation is critical to prove
helicity conseration for the scheme,but only holdsin the discretetime case

for our formulation.



Lemma 3.1. The scheme(5)-(7) conservesenergy and helicity in the ab-
sene of viswsity and body force, that is, E(t,) = E(tg) and H(t,) =
H(tg) 8n N provided =f = 0.

Proof. For the conseration of energy setv = uﬂ”zz and =f = 0in (5).
This gives
(uﬂ+l : uE+1 :2) — (Uﬂ; uE+1 :2): (8)
By expandingthe uﬂ” ~ terms in (8), we have
1 1 1
KUR™ K2+ S(up™ up) = Skupk®+ S(upup™); (9)
2 2 2
E(the) = E(tn); (10)
which implies that E(t,) = E(to).
n+1l=2

For helicity conseration, setv = w, in (5). The pressureterm van-

ishessincew]; wi** 2 V" and soafter setting = f = 0, we are left with
1 1 1 1
(U WA+ ST wR) = SR wR) + SRR ()

Using equation (7) and Lemma 2.2, we have the following idertities for the

termsin (11).

(U™ iwp™) = (™ up™) = H(ta) (12)
(upswgp) = (ugsr up) = H(tn) (13)
(up™swi) = (upwp™) (14)
Thus (11) can be rewritten as
H(th+1) = H(tn); (15)
which implies that H(t,) = H(to). O



The following lemmashawsthat the energyand helicity conservingsdheme

is also stable.

Lemma 3.2. Solutionsto the discrete scheme(5)-(7) satisfy

X 1 _ -
kuNk? + 't Skr up K+ kw2
n=0
2 tX*t o
KWkZ+ =— k122 (16)
n=0
Proof. Setv = up** 7 in (5), g= pi"™* ™ in (6) and add the equations. This
gives
ikun+1 k2 + i(un+l.un) + _kr un+l=2k2+ _(Wn+l=2.r Un+l=2)
2t " 2 ¢ T 24
_ +1= 1 1
= (F 0T+ Skupk 4 (Ui Ut (A7)
Note that (W)™ r  ul™ ™) = kw; " k2 since(7) must hold for (n + 1)

replacedby (n), and thus alsofor (n + 1) replacedby (n + 1=2). By making
this substitution, (17) reducesto

2—1tkuﬂ+1 k? + Skr uptt R + E|<WQ+1=2|<2

= (FM2 00 ) + 2—1tkuﬂk2: (18)

Next we usethe bound (f "2 up™ ™)  _kr up™7k? + 1kf "*1=2k2, and

sumfrom n= 0:(N 1), yielding

X 1

l +1 = +1 =
5 KUy K? + Skr U K kK
n=0
1 0,2 1&( ' n+l1=2;,2
ﬂkuhk + = kf ke (19)
n=0
Now multiplying both sidesby (2 t) provesthe lemma. O
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3.1 Existence of solutions for the scheme

Givenu; wf! 2 V", anonlinearsystemmust be solved for the approximations
at time level n+ 1. The questionarises:doesthat systemhave a solution? In
other words, doesimposingtwo integral invariants overdeterminethe system
for up*™; wi**? The answver is that solutionsto (5)-(7) do exist, as we will
shaw in this section.

For clarity, we shav existencefor the equivalert nonlinear problem: Given

; t>0,fM1=22 v “andul 2 VM, nd un;w, satisfying

2
_t(uh;V)+ (Up  WhVv) + E(r Up; T V)

+ E(Wh;r v) = (™12 v) + %(uﬂ;v) 8v2 V" (20)

(Wh r up, )=08 2VM (21)
This form of the schemeis derived from (5)-(7) by de ning u := uﬂ” 2w
w*t 7, and restricting the test functions to V". The equations(20)-(21) are

equivalent (5)-(7). To shaw solutions exist, we formulate (20)-(21) asa xed
point problem,y = F(y), and usethe Leray-Scauder xed point theorem.
We will rst prove se\eral preliminary lemmas,followed by a theoremwhich

provessolution to (20)-(21) exist.

Lemma 3.3. For ; t> O, there existsa uniquesolution (u,; w,) to: Given

g2 V"™, nd (up;wy) 2 V" VP satisfying

2+ 50wV S V) = @V B2V (@)

08 2vVvMh (23)

(wh, r Un; )

10



Proof. We will prove uniquenessof solutions to (22)-(23) by showing only
the trivial solution solvesthe homogeneougproblem, which will also imply
the existenceof solutionsto the nite dimensionalproblem. Choosev = uj

in (22), = wy in (23) and substitute (23) into (22). This gives
2
—tkuhk2+ Ekr upk? + ékwhk2 =0 (24)
which implies up = w, = 0, i.e. uniqueness. O
This lemma allows us to de ne a solution operator to (22)-(23).

De nition  3.4. We de ne the solution operator T : VP 1 (V" VM) to
be the solution operator of (22)-(23): if g 2 V™, T(g) = (un; W) solves
(22)-(23).

We have that T is well de ned by the previouslemma, and we now prove

it is alsoboundedand linear.
Lemma 3.5. The solution operator T is linear, bounded, and continuous.

Proof. The linearity of T follows from the fact that T is a solution operator
to a linear problem. To seethat T is bounded(and thus cortinuous sinceit
is linear), we let v = uy; = wy in (22)-(23), multiply (23) by 5, and add
the equations. This gives

2kupk?

1
+ ke unk®+ Shwnk®  Zkgk®

Then sinceuy; w;, are nite dimensional, kup; whkyn yn Ckgk . Hence,

KTk = sup KT (g)k = sup Kup; Whkyn yn

C:
gzvh kgk gzvh kgk

11



We next de ne the operator N. The function F that will be usedin the

formulation of the xed point problem will be a composition of T and N.
De nition  3.6. We de ne the operator N on (V" V") by
. — fN+1=2 2 n
N (un;wy) = f + _tuh + Up, Wk
We now prove properties for N necessaryfor usein Leray-Sdauder.

Lemma 3.7. For the nonlinear operator N, we havethat N : V" vN1

VP N is boundeal, and N is continuous.
Proof. To shov N mapsas stated, we let (up;wp) 2 VP VM and write

. _ (N (un;Wh); V)
KN (up; wp)k = VSZL\J/E vk

n+l =2. 1,n.
From the de nition of N, we have that ’V)+k(v2|£1 b _upiv) kfk +

C:kupk  Cp, and that

(U Wh;V)

kal kuh kl kth C3

since u,:w" was given to be in V" and all norms are equivalert in nite
dimension. HencekN (u;w)k < C, and soN mapsas stated. Note we have
alsoproventhat N is bounded.

The equivalenceof normsin nite dimensionis alsokey in shoving N is

cortinuous, as
KN (u;w) N (ug; wy)k ku (w wok + k(u ux) wk; (25)
kuk; kw  wik + kwiks ku  ugk; (26)
andthus! Oask(u;w) (ug;wek! O. O

12



We are now readyto de ne the operator F, which will formulate (20)-(21)

asa xed point problem.

De nition  3.8. De ne the operator F : (V" vM 1 (vh VM) to be
composition of T and N: F(y) = T(N(Y)).

Lemma 3.9. F is wel de ned and compact, and a solutionto y = F(y)

solves(20)-(21).

Proof. F is well de ned becauseN and T are. The fact that F is compact
follows from the fact that both N and T are continuousand bounded. It can

easilybe seenthat a xed point of F solves(20)-(21) by expandingF. O
We are now ready to prove existenceto (20)-(21).

Theorem 3.10. Lety = (u ;w ) 2 VM and consider the family of xed
point problemsy = F (y ), 0 1. A solutiony to any of these xed
point problemssatis es ky k < K, independentof . Since F is compact,
and xed points of F solve(20)-(21), by the Leray-Schaudertheorem there
exist solutionsto (20)-(21).

Proof. All we have to show to prove this theoremis that solutionstoy =
F (y ) are boundedindependert of . Using the de nition of F and the

linearity of T we have that

y = F)= TING)=T(N ) =T ™2+ Zupeu w);

13



which implies that

%(u V) (U W S(rusrv)
+ é(W rov) = (f "MFv) 4+ 2—t(uﬂ;v) 8v2 V" (27)
(w r u;)=08 2VvMh (28)
Multiply (28) by 5,let = w in(28),v = u in (27), and addthe equations.
Similar to the stability estimate, this gives
iku k?+ —kr u k*+ —kw k?
t 4 2
2 }kf n+l=22 4 itkuﬂk2 }kf n+l=2)2 + itkuﬂk2 C (29)
which is a bound independert of . Thus the theoremis proven. O

We have now shavn that the scheme(5)-(7) presenesenergyand helicity
when = f = 0, is stable, and admits solutions. The nal stepis an error

analysisfor the scheme.

4 Error analysis of the scheme

This section preseits a theorem and corollary for the corvergenceof the
scheme, followed by the proof. The restriction that the theorem placeson
the time step is for the use of the discrete Gronwall lemma. Although we
found its use necessaryin the proof, it is widely beliewed that it gives a
grossunderestimateof the largesttimestep one can useand expect the same

asymptotic error results.

14



Theorem 4.1. LetC = C () bean interpolation constant satisfying
kuki., C kukkr uk 8u 2

AssumekUkLl ( ©OT)> kwk 1 ( ©m1) < M, and Kugy k|_1 ( ©m) < 1. Se-

lect t < (M2 + 2 sup; infynku(t)  vkd) 1, and setN = L and

12 .=yt U U Thentheerror (u u") satis es

w1
k(u un)VKe+ t kr (U up)™72Kk% + k(w wp)" K2
n=0
1
inf kUN Vk2+ C( ;I\/I) t ( inf kr (ul’l+1=2 V)k2+ inf kWn+l=2 sz
v2vh v2vh v2Vvh

+ k n+l :2k2+ Inf kpn+l:2 qk2) (30)
q2Qh

It isimportant to note, with smaothnessassumptionson the true solution,
the restriction of the time step t (arising from the useof Gronwall's lemma)

reducesto

6M?2  32C?
t< (——+

; 4\ 1
rtrl?xvlzn\)‘hku(t) vk?) e

(31)
for ne meshessinceinf,,\nku(t) vki= O(h*). Hencethe restriction is of
the order !andnot 2 for ne meshes.

Before proving this theorem, we give as a corollary the asymptotic con-
vergencerate of the sdhemefor a usual choice of elemerts. This corollary

follows immediately from the theorem.

15



Corollary 4.2. Assumingsmathnessof true solutions and that the scheme
is solval with (Py;Px 1) velaity-pressue elements,the asymptotic conver-

gene rate of the schemeis

X 1
k(U Uh)Nk+ t kr (U uh)n+1:2k+ k(W Wh)n+1:2k —
n=0

O(h“+ ( 1)) (32)

Proof. The proof of this theoremis divided into the following parts. We rst
dewelop the error equationsby subtracting our schhemefrom the NSE (with
periodic boundary conditions). The error is then split into parts in and out
of the nite elemen spaces. This is followed by bounding the error in the
spaceby the interpolation error, and the proof concludesby bounding the
total error. Note we assume(u?;v) = (u%v) 8v2 V",

Usingthe identity u r u = %r (u)) u (r u);andgroupingthe usual
pressuregradiert with the %r (u?) term to form the Bernoulli pressure,a

periodic solution (u;p) andw := r  u of the NSE satis es

1 _ _ _ _
_t(un+1 Un;V) (un+l—2 Wn+1—2;V) (pn+1—2;r V)+ é(r un+1—2;r V)

+ E(an+:l.:2;v) - (f n+1:2;v) + ( n+1:2;v) 8v 2 Vh; (33)
where 172 = =2 (Ulit“) Subtracting the scheme(5)-(7) from (33)

and the identity w(t) = r  u(t) and restricting v to bein V", we have the

error equations
1 = = = +1= +1 =
—t(en+l ev) (U2 EMTZ )+ (@12 Wt Ey) (p" R V)

+ 5 1= r v) + E(E””:Z;r v) = (("72v) 8v2 V', (34)

16



(En+1=2; ): (r en+l=2; )8 2 Vh; (35)

whereE' = w'  wl ande = u ul. We split the errorsinto parts inside
the nite elemen spaceand interpolation error by de ning W'; U' to be the

L2 projections of w'; u' onto V", and rewrite

E'=w W) (w, W) sy (36)

é=(u U) (u U) L (37)

I
S

We now rewrite (34)-(35) as one equation after expandingeadh E' and €,
letting = sp"'?andv= [""7in (34)-(35),and subtracting the equations,

which yields

2—1t(k E"‘l k2 k sz)'*' Ekr E+1=2k2+ Eksﬂ+l=2k2: it( n+1 n; E+1=2)

(pn+1:2;r E+1:2) + E(r. n+1:2;r E+l:2) + E(rn+:|_=2;r E+l:2)
1=2. n+1=2 1=2. n+1=2 1=2. n+1=2
+ E(rn+ rsh ) E(r n rsh ) ( n ' h )

(un+1:2 rn+1:2; E+l:2)+( un+1:2 SE+1=2; E+l:2)+( n+1=2 WLH:LZZ; E+l:2):

(38)

We rst note that since ' is the di erence betweenu' and its projection of

u' onto V", ' must be orthogonal to any elemen of V". Hence( "*!

n E” :2) vanishes. Caucy-Scwarz and Young's inequalities give the fol-

17



lowing boundsfor terms on the right hand side of (38).

E(r n+l=2;r E+1=2) Ekr n+1=2k2+ ékr E+1=2k2 (39)

_ (pn+l=2. n+l=2 Clepntl=2p2 n+1=2, 2

2(r T ho ) 2kr k= + 8kr ho K (40)
E(rﬂ*lzz;sﬂﬂzz) E|<r”+1:2k2+ gst”:ZkZ (41)

_ n+l=2, Jn+l1=2 _ n+1=21,2 . |,N+1=2),2

2(r 'Sy ) 2kr ke + 8ksh k (42)

Thus the error equation becomes

1 _ _
5K Kk Rk + ok (TR ks K
kr MR kMR (p7Er [T (M

(un+l=2 rn+l=2; E+l=2)+(un+1=2 SE+1=2; E+1=2)

+ ( n+1l=2 Wl,r_:+1=2; E+l=2): (43)

Recallthat since ™72 VM (qr 1) = 08q2 Q". Hencewe make
this substitution into (43) and use Caudy-Sdwarz on this pressureterm,

and bound the term using Caudy-Scwarz, which gives

2—1t(k PR KRR+ ghr TR ks ke e
+ ke 4 inf kp"T T gkkr [Pk kO Rk T K
a2Q"

n+1=2 rn+1:2. n+1=2)_+ (un+1:2

n+l=2_ n+l1=2
1] h )

(u Sh 'k

+ ( n+1=2 WE+1:2’ E+1:2). (44)

To get upper boundson the trilinear terms, we must usethe bounds, (a

b;c) kak; kibkkck and, sincethe sthemeis for three dimensions,(a b;c)

18



kakokbki-pkck;. The rst bound will be applied to the rst two trilinear
terms, and the in nit y norm will be usedon the u"**=2 term, sinceby as-
sumption, ku(t)k; < M. The third trilinear term will be rewritten by adding
and subtracting w to w,,. Then using the assumptionthat kw(t)k; < M

and the bounds stated above, we have

n+1=2 n+1=2. n+1=2)+ (un+1:2 n+1=2, n+1=2)

(U r v h Sh ' h

= 1=2, n+1=2 - 1=2
+(MEow T ) Mkr™ T kk 0Tk

+ Mkspkk 17 Pk + Mk " 2kk PP+ ko METRRGKE 2Kk 1 PR
(45)

Caudy-Sdwarz, Young, and Sololev imbedding inequalities now give the

upper bound

(un+l=2 rn+l=2; E+1=2)+ (un+l=2 SE+1=2; E+1=2)

+ ( n+1=2 W|:+1:2' n+1:2) Zkr”+1:2k2

' h
5M 2 - _ _
+ —k k2+ k n+1—2k2+ K n+1—2k2+ _kEn+1—2k2
6" h 4 16

+ 4 K "L2i2kr PRk 1K) (46)

Young'sinequality now gives

(un+l=2 rn+l=2; E+1=2)+ (un+l=2 SE+1=2; E+1=2)
+ ( n+l=2 WE+1:2; E+1:2) 5_krn+1:2k2+ —kShk2+ 5|\/|2k E+1=2k2
16 8
= +1 = 32C2 +1= +1 =
gk MG ke T Sk MR TR (47)

19



Inserting (47) bad into (44) yields

2—1t(k ke ok pk?) + gkt e 4 éksﬂﬂzzkz kr 122

21 n+1=2),2 i n+1=2 n+1=2 n+1=2 n+1=2
+ l—6kr k® + q|2n(;‘hkp ogkkr Tk + K kk "7k
2 2
+ k Q*1=2k2(5'v| + —325 k "1k (48)

Next we useYoung'sinequality on the term and the pressureterm. Thus

we now have

B G T B T e e

21 _ 4 i} i}
+ k n+1—2k2+ ~inf k n+l=2 k2+ k n+1—2k2
6 pon P ATV
e M 2 2 ~
S 32? k "172K): (49)

Decomposethe k E”:zkz term, and multiply through by 2 t. Then using

the assumptionon t, we apply the discrete Gronwall lemmato get

N 1

k Nk?+ Tt kr [ 7K2 + 2ks) 't Rk
n=0
w1
C( ,M) t (kr n+1:2k2+ krn+1:2k2
n=0

+ inf kpn+1=2 qk2 + k n+1 =2k2): (50)
q2Qn
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By the triangle inequality, we can now bound the total error as

y( 1
k(U Uh)N k2 + Tt kr (U uh)n+1=2k2+ Zk(W Wh)n+1=2k2
n=0
y( 1
k Nk2+ C( ,M) t (kr n+1:2k2+ krn+l:2k2
n=0
+ k n+1=2k2+ inf kpn+l=2 qkz): (51)
q2Qh
Hence,
N ,2 tu( ! n+1=2y,2 n+1=2y,2
kK(u up)“k°+ - kr (u up) k“+ 2k(w  wy) k
n=0
y( 1
inf k" vkZ+ C( ;M) t  (inf kr (U2 VK2 + inf ks"1T2 vk
v2Vvh e v2Vvh v2Vvh

+ k n+1=2k2+ inf kpn+l=2 qk2): (52)
q2Qh

This provesthe theorem. We now prove the corollary. Recalling the def-
initions of VM and Q", and from approximation theory that k "*1=2k?

Kug Kt ¢ (taitnan ) ( t)*, we can bound the error in terms of the meshsize
hand t. Thus, assuming(Pyx; P« 1) velocity pressureelemetts (with k2

to satisfy LB B"), we have

g X1

k(U Uh)N k2 + kr (U uh)n+l:2k2+ 2k(W Wh)n+l:2k2

n=0
2D juji+ C(M;T)( th+ hujic + h20D jwijg + h jpiic 1)
= C(;M;T;juj.;jpi, o t*+h* @ (53)

Taking squareroots nishes the proof.
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5 Conclusions

We have deweloped a new energyand helicity preservingschemefor periodic
o ws which is secondorder in time and convergesoptimally in space. The
sthemewas able to consere two inviscid invariants by using the rotational
form of the nonlinearity, and solving for a projected vorticity. The scheme
doesnot loseasymptotic corvergenceratesin velocity from the usual Crank-
Nicholson nite elemen method for the NSE. For a given mesh,ead linear
systemthat needso be solved (in a Newtoniteration, for example)is roughly
double the size of the resulting linear systemsin a sdhemethat solwes for
only velocity. Howewer, for higher Reynoldsnumber o ws, our sthemeo ers

a more physically meaningful solution.
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