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Abstract

We considercontrol-v olume mixed �nite element methods for the approxi-
mation of second-orderelliptic problems on rectangular grids. Thesemethods
associate control volumes (covolumes) with the vector variable as well as the
scalar, obtaining local algebraic representation of the vector equation (e.g.,
Darcy's law) as well as the scalar equation (e.g., conservation of mass). We
establish O(h2) superconvergencefor both the scalar variable in a discrete L 2-
norm and the vector variable in a discrete H (div )-norm. The analysisexploits
a relationship between control-v olume mixed �nite element methods and the
lowest order Raviart-Thomas mixed �nite element methods.

1 In tro duction

We consider the second-orderelliptic problem in a domain 
 � IRd, d = 2 or 3,
written as a �rst-order system

u = � K r p in 
 ; (1.1)

r � u = f in 
 ; (1.2)

u � n = 0 on @
 : (1.3)

The above equationsmodel single-phase
o w in porous media, where p is the 
uid
pressure,the vector u is the Darcy velocity, K is a symmetric uniformly positive
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de�nite and bounded diagonal tensor with Lipschitz components, representing the
rock permeability divided by the 
uid viscosity, n is the outward unit normal to @
,
and f is the sourceterm satisfying the compatibilit y condition

Z



f dx = 0:

The choiceof homogeneousNeumannboundary condition corresponds to an imper-
meableboundary, which is the typical physical situation.

In this paper we considerdiscretizations for (1.1){(1.3) basedon control-volume
mixed �nite element methods (CVMFEM) and establishO(h2) superconvergencefor
the pressureand velocity in a discreteL 2-norm and H (div)-norm, respectively. Most
of the arguments can be extendedto Dirichlet boundary conditions. However, some
lossof superconvergenceoccurs on the boundary in that case. Global O(h) conver-
gencehasbeenshown by Chou et al. [9, 10]; herewe obtain the O(h2) rate suggested
by various numerical results (e.g., [8, 19, 24, 22]). Superconvergenceis proved by
O(h2) estimatesof the di�erences between the scalar and vector discrete solutions
and appropriate projections of the exact solutions.

CVMFEM, �rst introduced in [8], can be viewed as a type of mixed covolume
methods [9, 10, 11]. CVMFEM are closely related to the Raviart-Thomas mixed
�nite element methods (MFEM) [26, 7, 27], cell-centered �nite di�erence (CCFD)
methods [28, 29, 4], mimetic �nite di�erence (MFD) methods [5, 21, 6], and multi-
point 
ux approximation (MPFA) methods [1, 17]. Someof theserelationships are
exploredin detail in [22].

Like MFEM, CVMFEM are designedto provide simultaneous(accurate)approxi-
mation of pressureand velocity, and local massconservation,

R
Q r �uh =

R
Q f on each

�nite element Q, whereuh is the computedvelocity. Thesepropertiescanbe di�cult
to obtain when K is heterogeneous(in particular, discontinuous) and/or anisotropic,
especially whenit incorporatesirregular geologicalfeatures.The methodslisted above
seekto accomplishthis for 
o w in porousmedia, amongother applications.

Unlike MFEM, CVMFEM have vector control volumes(covolumes)that give rise
to a local discreteDarcy law analogousto (1.1). An engineermeasuringthe perme-
abilit y of a coresamplewill typically imposea pressureat each end and observe the

ux through the core. The discrete CVMFEM control volume that corresponds to
the discrete 
ux unknown through a face, consisting of the two adjacent halves of
the elements on either sideof the face(seeFigure 1), plays the role of this core,with
the element pressuresrepresenting the imposedpressuresat the ends. The vector
test function associated with the control volume is essentially a piecewise-constant
vector �eld, similar to a unit vector in the control volume and a zero vector outside
it. The algebraicequation producedby this test function is the local discreteDarcy
law. Thus, CVMFEM represent both physical principles in (1.1){(1.3) locally.

In MFEM, the test vector belongsto the vector trial space,and therefore has
continuous normal component. Becausethe test and trial spacesare the same,the
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mass matrix is symmetric and positive de�nite (SPD). In CVMFEM, the normal
component of the test vector is discontinuous at the ends of the control volume,
and can also be discontinuous at the element face for general distorted grids. If
K is element-wise constant and the elements are a�ne (parallelogramsin 2D), the
massmatrix is SPD, despite the distinct test and trial spaces;in general, it is not
symmetric, but symmetry can be restoredby appropriate numerical integration [19].

On a uniform grid with homogeneousK , the lowest-orderRaviart-Thomas MFEM,
denotedRT0, yields a tridiagonal massmatrix with weights 1/6, 2/3, 1/6, and the
basic CCFD results in a diagonal massmatrix. As will be seenbelow, CVMFEM
leadsto weights 1/8, 3/4, 1/8. Theseare all of the form c, 1 � 2c, c, where c = 0
(CCFD), 1/6 (MFEM), or 1/8 (CVMFEM). In [19], someheuristic reasonsto favor
c = 1=8 are presented: on a uniform grid, the second-ordertruncation error term is
half that of c = 0 and c = 1=6; on a nonuniform grid, only c = 1=8 matchesone-sided
compact �nite di�erences, avoiding any �rst-order local truncation error; in terms
of Fourier modes,the ratio of the discreteeigenvalue to the continuous eigenvalue is
generallycloserto 1 for c = 1=8. Numerical results in [22] for homogeneousK show
second-orderconvergencefor both MFEM and CVMFEM; on orthogonal grids, the

ux error for CVMFEM improveson that of MFEM by a factor of approximately 2.6;
on the distorted grids used,CVMFEM is worseby a factor of about 1.3.

The rest of the paper is organizedas follows. In the next section we recall the
Raviart-Thomas MFEM for (1.1){(1.3). Section3 describesthe CVMFEM and its re-
lation to the Raviart-Thomas MFEM. Superconvergencefor the velocity is established
in Section4. Section5 is devoted to superconvergencefor the pressure.

2 Mixed �nite element metho ds

We will make use of the following standard notation. For a subdomain G � IRd,
the L2(G) inner product (or duality pairing) for scalarand vector valued functions is
denotedby (�; �)G. We denotethe norm in the Sobolev spaceW k

p (G), k 2 IR, 1 � p �
1 [2] by k � kk;p;G. Let k � kk;G be the norm of the Hilbert spaceH k(G) = W k

2 (G). We
omit G in the subscript if G = 
. For a sectionof a subdomain boundary S � IRd� 1

we write h�; �i S and k � k0;S for the L2(S) inner product (or duality pairing) and norm,
respectively.

The mixed variational formulation, which is the basis for the MFEM is: �nd
u 2 V and p 2 W such that

(K � 1u; v) = (p;r � v ); v 2 V ; (2.1)

(r � u; w) = (f ; w); w 2 W; (2.2)

where

V = f v 2 H (div; 
) : v �n = 0 on @
 g; W = L 2
0(
) =

�
w 2 L2(
) :

Z



w dx = 0

�
;
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and
H (div; 
) = f v : v 2 (L 2(
)) 2; r � v 2 L2(
) g

with a norm
kvkV = (kvk2 + kr � vk2)1=2:

We assumethat 
 can be exactly covered by a rectangular-type �nite element
partition Th. Let V h � Wh � V � W be the lowest order Raviart-Thomas (RT0)
mixed �nite element spaceson Th [26]. More precisely, for all Q 2 Th,

V h(Q) = f v = (a1+ b1x; a2+ b2y; a3+ b3z)T on Qg; Wh(Q) = f w = constant on Qg;

V h = f v 2 V : v jQ 2 V h(Q) 8 Q 2 Thg; Wh = f w 2 W : wjQ 2 Wh(Q) 8 Q 2 Thg;

wherethe third component of v should be removed if d = 2. The degreesof freedom
of V h are the constant normal components on the sides. If theseare continuous,then
v 2 H (div; 
). Key properties of the RT0 spacesare

r � V h = Wh (2.3)

and the existenceof an interpolation operator � : (H 1(
)) d ! V h (see[26, 7]) such
that for q 2 (H 1(
)) 2

(r � (� q � q); w) = 0; 8 w 2 Wh; (2.4)

and which satis�es the continuity and approximation properties

k� qkV � Ckqk1; (2.5)

kq � � qk0 � Chjqj1: (2.6)

The MFEM for approximating (2.1){(2.2) is: �nd ~uh 2 V h, ~ph 2 Wh such that

(K � 1~uh; v ) = (~ph; r � v ); v 2 V h; (2.7)

(r � ~uh ; w) = (f ; w); w 2 Wh: (2.8)

It hasbeenshown in [26] that (2.7){(2.8) hasa unique solution and

kp � ~phkW + ku � ~uhkV = O(h):

A number of authors have studied superconvergencefor the above method or the
closelyrelated CCFD method [25, 14, 29, 15, 16, 18, 4] and have shown resultsof the
form

jjj p � ~ph jjj W + jjj u � ~uh jjj V = O(h2);

where jjj � jjj W and jjj � jjj V are discrete norms de�ned in (4.7) and (4.8) below (or
somevariants of them). The goal of this paper is to obtain similar superconvergence
results for the CVMFEM.
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Figure 1: Computational grid and control volumes

3 Con trol volume mixed �nite element metho ds

Denote the elements of Th by Qi;j for d = 2 or by Qi;j;k for d = 3, seeFigure 1 for
d = 2. For simplicity, in most of the paper we will usethe notation and present the
arguments for d = 2. The cased = 3 is a trivial extension.

The center of Qi;j is denotedby ci;j . The midpoints of the left and right edges
are denotedby ci � 1=2;j and ci +1 =2;j , respectively, with similar notation for the bottom
and top edges.With each edgewe associate a control volume, wherethe Darcy's law
(1.1) is approximated. In particular, letting ci +1 =2;j = (x i +1 =2; yj ), ci;j = (x i ; yj ), etc.,
de�ne

Qi +1 =2;j := (x i ; x i +1 ) � (yj � 1=2; yj +1 =2) \ 
 ; (3.1)

Qi;j +1 =2 := (x i � 1=2; x i +1 =2) � (yi ; yi +1 ) \ 
 : (3.2)

The control volumesQi +1 =2;j andQi;j +1 =2 arereferredto asv1-volumesandv2-volumes,
respectively. The control volumesthat have at leastoneedgeon @
 are calledborder
volumes.

De�ne the velocity test space

Y h = f (v1
h; v2

h) : v1
h jQ i +1 =2;j

= constant 8 Qi +1 =2;j ; v1
h = 0 on border v1-volumes

v2
h jQ i;j +1 =2

= constant 8 Qi;j +1 =2; v2
h = 0 on border v2-volumesg:

Thus, for example,the basisfunction y i +1 =2;j 2 Y h associated with ci +1 =2;j is the
vector (� i +1 =2;j ; 0), i.e., (1; 0) on Qi +1 =2;j , (0; 0) elsewhere. To seethe form of the
associated algebraicequation,write (1.1) asK � 1u + r p = 0, form the inner product
with y i +1 =2;j , and integrate:

Z x i +1

x i

Z yj +1 =2

yj � 1=2

(K 1)� 1u1 dydx +
Z yj +1 =2

yj � 1=2

(p(x i +1 ; y) � p(x i ; y)) dy = 0;
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whereu = (u1; u2) and K = diag(K 1; K 2). Supposethat K is element-wise constant
on Qi;j and Qi +1 ;j . Taking u = v i � 1=2;j ; v i +1 =2;j ; v i +3 =2;j 2 V h, the usual RT0 vector
basisfunctions, we obtain the tridiagonal mass-matrix coe�cien ts

1=8 (K 1
i;j )� 1hx

i hy
j ; 3=8 (K 1

i;j )� 1hx
i hy

j + 3=8 (K 1
i+1 ;j )

� 1hx
i+1 hy

j ; 1=8 (K 1
i+1 ;j )

� 1hx
i +1 hy

j ;

where hx and hy are the element dimensions. For homogeneousK and a uniform
grid, this reducesto 1/8, 3/4, 1/8, as noted above.

3.1 Variational form ulation for CVMFEM

Following [9], de�ne the bilinear forms a(�; �) : (L 2(
)) d � (L2(
)) d ! IR, b(�; �) :
Y h � H 1(
) ! IR, and c(�; �) : H (div; 
) � L 2(
) ! IR as follows:

a(u; v) := (K � 1u; v);

b(v ; p) :=
X

i;j

hp;(v1; 0)T � ni @Q i +1 =2;j
+

X

i;j

hp;(0; v2)T � ni @Q i;j +1 =2
;

c(u; w) := (r � u; w):

Lemma 3.1 If (u; p) 2 H (div; 
) � H 1(
) solves(1.1){ (1.3), then (u; p) satis�es the
variational formulation

a(u; v) + b(v ; p) = 0; v 2 Y h; (3.3)

c(u; w) = (f ; w); w 2 Wh: (3.4)

Proof: Equation (1.1) implies, for v 2 Y h,

(K � 1u; v) = (�r p;v) =
X

i;j

(�r p;(v1; 0)T )Q i +1 =2;j
+

X

i;j

(�r p;(0; v2)T )Q i;j +1 =2

= �
X

i;j

hp;(v1; 0)T � ni @Q i +1 =2;j
�

X

i;j

hp;(0; v2)T � ni @Q i;j +1 =2
;

giving (3.3). Equation (3.4) follows trivially from (1.2). 2
The CVMFEM may be formulated as follows: �nd (uh; ph) 2 V h � Wh such that

a(uh ; v ) + b(v ; ph) = 0; v 2 Y h; (3.5)

c(uh; w) = (f ; w); w 2 Wh: (3.6)

Note that (3.5) is a Petrov-Galerkin FEM, since the test functions di�er from the
trial functions. We next recall the transfer operator 
 h : V h ! Y h, introducedin [9].
De�ne, for all v 2 V h,


 hv =

 
X

i;j

v1(ci +1 =2;j )� i +1 =2;j ;
X

i;j

v2(ci;j +1 =2)� i;j +1 =2

!
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It hasbeenshown in [9] that for constants � > 0 and C independent of h,

b(
 hv; w) = � c(v ; w) 8 v 2 V h; w 2 Wh; (3.7)

a(v ; 
 hv) � � kvk2
0 8 v 2 V h; (3.8)

k
 hvk0 � Ckvk0: (3.9)

4 Velocit y superconvergence analysis

In this sectionwe establishsuperconvergencefor the velocity in the CVMFEM. Sub-
tracting (3.5){(3.6) from (3.3){(3.4) givesthe error equations

a(u � uh; v ) + b(v ; p � ph) = 0; v 2 Y h; (4.1)

c(u � uh; w) = 0; w 2 Wh: (4.2)

We �rst note that (4.2) implies

0 = c(u � uh; w) = (r � (u � uh); w) = (r � (� u � uh); w); 8 w 2 Wh;

using (2.4). Therefore,using (2.3),

r � (� u � uh) = 0: (4.3)

Let p̂ be the L2-orthogonal projection of p onto Wh, de�ned by

(p � p̂;w) = 0; 8w 2 Wh:

Taking v = 
 h(� u � uh) and w = p̂ � ph in (4.1){(4.2) implies

a(� u � uh; 
 h(� u � uh))

= � a(u � � u; 
 h(� u � uh)) � b(
 h(� u � uh); p � ph); (4.4)

c(� u � uh; p̂ � ph) = 0: (4.5)

The secondterm on the right in (4.4) can be manipulated as follows:

b(
 h(� u � uh); p � ph) = b(
 h(� u � uh); p � p̂) + b(
 h(� u � uh); p̂ � ph)

= b(
 h(� u � uh); p � p̂) � c(� u � uh; p̂ � ph)

= b(
 h(� u � uh); p � p̂);

using (3.7) and (4.5) in the last equality. Therefore(4.4) gives

a(� u � uh; 
 h(� u � uh)) = � a(u � � u; 
 h(� u � uh)) � b(
 h(� u � uh); p � p̂) (4.6)

Lemma 4.1 below implies that

ja(u � � u; 
 h(� u � uh)j � Ch2kuk2k� u � uhk0:
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Using (4.3), Lemma 4.2 below gives

jb(
 h(� u � uh); p � p̂)j � Ch2kpk3k� u � uhk0:

With the above two bounds and (3.8), (4.6) implies the following superconvergence
result.

Theorem 4.1 For the CVMFEM approximation (uh; ph), there exists a constant C
independentof h suchthat

k� u � uhk0 � Ch2(kuk2 + kpk3): 2

The above result immediately implies superconvergencein the velocity in an L 2

sensealong the Gaussianlines. Consideran element Q = [a1; b1] � [a2; b2]. Following
[18, 16], for a vector q = (q1; q2) de�ne

jjj q1jjj 2
1;Q = (b2 � a2)

Z b1

a1

�
�
�
�q1

�
x1;

a2 + b2

2

� �
�
�
�

2

dx1;

jjj q2jjj 2
2;Q = (b1 � a1)

Z b2

a2

�
�
�
�q2

�
a1 + b1

2
; x2

� �
�
�
�

2

dx2;

jjj qjjj 2 =
2X

i =1

X

Q2T h

jjj qi jjj 2
i;Q :

Note that, for q 2 V h, jjj qjjj = kqk0.

Corollary 4.1 There existsa constant C independentof h suchthat

jjj u � uh jjj � Ch2(kuk2 + kpk3):

Proof: It was shown in [16] that

jjj u � � ujjj � Ch2juj2;

wherej � j2 denotesthe H 2 seminorm. Also, using Theorem4.1,

jjj � u � uh jjj = k� u � uhk0 � Ch2(kuk2 + kpk3):

The assertionof the corollary follows from the above two bounds and the triangle
inequality. 2

It is alsoeasyto seethat r � (u � uh) is superconvergent at the midpoints of the
elements. De�ne, for a scalar function g,

jjj gjjj 2 =
X

i;j

jQi;j jg(ci;j )2: (4.7)
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Using (4.3) and (2.4),

jjjr � (u � uh)jjj = jjjr � (u � � u)jjj = jjjr � u � [r � ujjj � Ch2kr � uk2;1 ;

wherethe last inequality follows from Lemma 4.3. De�ning

jjj qjjj 2
V = jjj qjjj 2 + jjjr � qjjj 2; (4.8)

the above results can be summarizedas follows.

Corollary 4.2 There existsa constant C independentof h suchthat

jjj u � uh jjj V � Ch2(kuk2 + kr � uk2;1 + kpk3): 2 (4.9)

We next proceedwith the three lemmasneededin the proof of Theorem4.1.

Lemma 4.1 There existsa constant C independentof h suchthat, for all v 2 V h,

ja(u � � u; 
 hv)j � Ch2kuk2kvk0:

Proof: We �rst show that, if q 2 (P1(Q))2, wherePk is the spaceof polynomials
of degree� k, then

Z

Q
(q � � q)
 hv dx dy = 0; 8v 2 V h; Q 2 Th: (4.10)

The argument follows the proof of Lemma 3.1 in [16]. Let Q = [a;b] � [c;d] and let
L1(x) and ~L1(y) be the linear Legendrepolynomials on [a;b] and [c;d], respectively.
It is easyto seethat any q 2 (P 1(Q))2 can be decomposedinto

q(x; y) = �q(x; y) + (� ~L1(y); � L1(x))T ;

where �q 2 V h(Q). Since �q � � �q = 0, it is enoughto establish (4.10) for q(x; y) =
(� ~L1(y); � L1(x))T . It is shown in [16] that in this case� q = 0. Therefore
Z

Q
(q � � q)
 hv dx dy =

Z

Q
q
 hv dx dy

=
Z

Q
(� ~L1(y)( 
 hv)1(x; y) + � L1(x)( 
 hv)2(x; y)) dx dy = 0;

using that for any �xed x0 2 [a;b], (
 hv)1(x0; y) 2 P0[c;d], that for any �xed y0 2
[c;d], (
 hv)2(x; y0) 2 P0[a;b], and the orthogonality properties of L 1(x) and ~L1(y).

We now have

a(u � � u; 
 hv) = (K � 1(u � � u); 
 hv)

=
X

Q2T h

[K � 1
Q (u � � u; 
 hv)Q + ((K � 1 � K � 1

Q )(u � � u); 
 hv)Q ];

9



where K � 1
Q is the value of K � 1 at the center of Q. Therefore, using that K � 1 is

Lipschitz,

ja(u � � u; 
 hv)j � C
X

Q2T h

j(u � � u; 
 hv)Q j + Chku � � uk0k
 hvk0: (4.11)

Using (4.10), an application of the Bramble-Hilbert lemma [12] implies

j(u � � u; 
 hv)Q j � Ch2juj2;Qk
 hvk0;Q ;

which, combined with (4.11), (2.6), and (3.9) completesthe proof. 2

Lemma 4.2 There existsa constant C independentof h suchthat, for all v 2 V h,

jb(
 hv; p � p̂)j � Ch2kpk3kvkV

Proof: Let ei +1 =2;j = @Qi +1 =2;j \ Qi;j and ei;j +1 =2 = @Qi;j +1 =2 \ Qi;j . Note that in
the sumsin

b(
 hv; p � p̂)

=
X

i;j

hp � p̂; (( 
 hv)1; 0)T � ni @Q i +1 =2;j
+

X

i;j

hp � p̂; (0; (
 hv)2)T � ni @Q i;j +1 =2
;

every edgeei +1 =2;j and ei;j +1 =2 appearstwice (from the two neighboring covolumes).
Using that @v1

@x and @v2
@y are constants on each element Qi;j , we have

b(
 hv; p � p̂)

=
X

i;j

 

hx
i
@v1

@x

Z

ei +1 =2;j

(p � p̂) dy + hy
j
@v2

@y

Z

ei;j +1 =2

(p � p̂) dx

!

=
X

i;j

 
@v1

@x

 

hx
i

Z

ei +1 =2;j

pdy �
Z

Q i;j

pdxdy

!

(4.12)

+
@v2

@y

 

hy
j

Z

ei;j +1 =2

pdx �
Z

Q i;j

pdxdy

! !

=
X

i;j

 �
p;

@v1

@x

�

Q i;j ;M x

�
�

p;
@v1

@x

�

Q i;j

+
�

p;
@v2

@y

�

Q i;j ;M y

�
�

p;
@v2

@y

�

Q i;j

!

;

where (�; �)Q;M x is the quadrature rule on Q which usesthe midpoint rule in x and
exact integration in y, and (�; �)Q;M y usesexact integration in x and the midpoint
rule in y. Sincethe midpoint rule is exact for linear polynomials, the PeanoKernel
Theorem[13, Theorem3.7.1] implies

�
p;

@v1

@x

�

Q i;j ;M x

�
�

p;
@v1

@x

�

Q i;j

=
Z

Q i;j

' (x)
@2p
@x2

(x; y)
@v1

@x
dxdy (4.13)

=
Z

Q i;j

' (x)
@2p
@x2

(x; y)r � v dxdy �
Z

Q i;j

' (x)
@2p
@x2

(x; y)
@v2

@y
dxdy � T1 + T2
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where

' (x) =
�

(x � x i � 1=2)2=2; x i � 1=2 � x � x i

(x � x i +1 =2)2=2; x i � x � x i +1 =2

For the �rst term we have

jT1j � Ch2kpk2;Q i;j kr � vk0;Q i;j (4.14)

Integrating by parts in T2 gives

T2 =
Z

Q i;j

' (x)
@3p

@x2@y
(x; y)v2(x; y) dxdy

�

 Z

ei;j;t

�
Z

ei;j;b

!

' (x)
@2p
@x2

(x; y)v2(x; y) dx � T2;1 + T2;2;(4.15)

where ei;j;t and ei;j;b are the top and the bottom edgeof Qi;j , respectively. For T2;1

we have
jT2;1j � Ch2kpk3;Q i;j kvk0;Q i;j : (4.16)

For T2;2 we notice that v2 is continuous acrosshorizontal edgesand the assumed
regularity of p(x; y) implies that the trace of @2p

@x2 is well de�ned. When summingover
all elements, each edgeintegral will appear twice from the expressionsfor the two
neighboring elements, with opposite signs. Therefore

X

i;j

T2;2 = 0: (4.17)

Combining (4.13){(4.17) implies

X

i;j

 �
p;

@v1

@x

�

Q i;j ;M x

�
�

p;
@v1

@x

�

Q i;j

!

� Ch2kpk3kvkV :

The seconderror term in (4.12) canbe boundedin a similar way. Note that for d = 3,
a similar argument goesthrough with two terms analogousto T2. 2

Lemma 4.3 For all g 2 W 2
1 there existsa constant C independentof h suchthat

jjj g � ĝjjj � Ch2kgk2;1 :

Proof: Let Q 2 Th. The Taylor expansionabout the midpoint (x0; y0) of Q gives
for any (x; y) 2 Q

g(x; y) = g(x0; y0) + (x � x0)
@g
@x

(x0; y0) + (y � y0)
@g
@y

(x0; y0) + R(x; y);

11



wherejR(x; y)j � Ch2kgk2;1 ;Q. Integrating the above equationover Q and usingthatR
Q g =

R
Q ĝ gives

jQj(ĝ(x0; y0) � g(x0; y0)) =
Z

Q
R(x; y) dxdy;

which implies
jĝ(x0; y0) � g(x0; y0)j � Ch2kgk2;1 ;Q:

The statement of the lemma now follows from the de�nition (4.7) of jjj � jjj . 2

5 Pressure superconvergence analysis

In this section we employ a duality argument to derive superconvergencefor the
pressureat the cell centers. We will make useof the following continuity property of
� [23, 3]: for any " > 0,

k� qk0 � C(kqk" + kr � qk0): (5.1)

Considerthe auxiliary problem

�r � K r ' = p̂ � ph in 
 ; (5.2)

� K r ' � n = 0 on @
 ;

which is well posedsince
R


 p̂ =
R


 ph = 0. Elliptic regularity [20] implies that there
exists " > 0 such that

k' k1+ " � Ckp̂ � phk0: (5.3)

Note that (5.3) holds for L-shaped domains. Let � = � K r ' . We have

kp̂ � phk2
0 = (p̂ � ph; r � � ) = (p̂ � ph; r � � � ) = c(� �; p̂ � ph)

= � b(
 h � �; p̂ � ph) = � b(
 h � �; p̂ � p) � b(
 h � �; p � ph)

= � b(
 h � �; p̂ � p) + a(u � uh; 
 h� � ); (5.4)

using (4.1) with v = 
 h� � . By Lemma 4.2,

jb(
 h � �; p̂ � p)j � Ch2kpk3k� � kV � Ch2kpk3(k� k" + kr � � k0) � Ch2kpk3kp̂ � phk0;

using (5.1), (5.3), and that kr � � � k0 � kr � � k0, which follows from r � � � = [r � � .
Note that the constant C above dependson kK k"; 1 . For the last term in (5.4) we
write

ja(u � uh; 
 h� � )j = ja(u � � u; 
 h � � ) + a(� u � uh; 
 h� � )j

� C(h2kuk2k� � k0 + k� u � uhk0k
 h � � k0)

� Ch2(kuk2 + kpk3)k� � k0

� Ch2(kuk2 + kpk3)kp̂ � phk0;

12



using Lemma 4.1, Theorem4.1, (3.9), (5.1), (5.3), and (5.2). A combination of (5.4)
and the above two boundsgivesthe following pressuresuperconvergenceresult.

Theorem 5.1 For the CVMFEM approximation (uh; ph), there exists a constant C
dependenton kK k"; 1 , but independentof h suchthat

kp̂ � phk0 � Ch2(kuk2 + kpk3): 2

It is now easy to obtain superconvergencefor the pressureat the midpoints of
the elements. Let jjj wjjj W = jjj wjjj , where jjj wjjj is de�ned in (4.7) and note that
jjj wjjj W = kwk0 for all w 2 Wh.

Corollary 5.1 There existsa constant C dependenton kK k1;1 , but independentof
h suchthat

jjj p � ph jjj W � Ch2(kuk2 + kpk2;1 + kpk3):

Proof: The result follows immediately from the triangle inequality

jjj p � ph jjj W � jjj p � p̂jjj W + jjj p̂ � ph jjj W ;

Lemma 4.3, and Theorem5.1. 2

References

[1] I. Aavatsmark, T. Barkve, O. B�e, and T. Mannseth , Discretization
on unstructured grids for inhomogeneous,anisotropic media. I. Derivation of the
methods, SIAM J. Sci. Comput., 19 (1998), pp. 1700{1716(electronic).

[2] R. A. Ad ams, Sobolev spaces, AcademicPress,New York, 1975.

[3] T. Arbogast, L. C. Cowsar, M. F. Wheeler, and I. Yoto v, Mixed �nite
elementmethods on non-matching multiblock grids, SIAM J. Numer. Anal., 37
(2000), pp. 1295{1315.

[4] T. Arbogast, M. F. Wheeler, and I. Yoto v, Mixed �nite elementsfor
elliptic problemswith tensor coe�cients as cell-centered �nite di�er ences, SIAM
J. Numer. Anal., 34 (1997), pp. 828{852.

[5] M. Berndt, K. Lipnik ov, D. Moul ton, and M. Shashk ov, Convergence
of mimetic �nite di�er ence discretizations of the di�usion equation, East-West
J. Numer. Math., 9 (2001), pp. 265{284.

[6] M. Berndt, K. Lipnik ov, M. Shashk ov, M. F. Wheeler, and I. Yoto v,
Superconvergence of the velocity in mimetic �nite di�er ence methods on quadri-
laterals. SIAM J. Numer. Anal., to appear.

13



[7] F. Brezzi and M. For tin , Mixed and hybrid �nite elementmethods, Springer-
Verlag, New York, 1991.

[8] Z. Cai, J. E. Jones, S. F. McCormick, and T. F. Russell , Control-
volumemixed �nite elementmethods, Comput. Geosci.,1 (1997), pp. 289{315.

[9] S.-H. Chou and D. Y. Kw ak , Mixed covolumemethods on rectangular grids
for elliptic problems, SIAM J. Numer. Anal., 37 (2000),pp. 758{771(electronic).

[10] S.-H. Chou, D. Y. Kw ak, and K. Y. Kim , A general framework for con-
structing and analyzingmixed �nite volumemethods on quadrilateral grids: the
overlapping covolume case, SIAM J. Numer. Anal., 39 (2001), pp. 1170{1196
(electronic).

[11] S.-H. Chou and P. S. Vassilevski , A general mixed covolumeframeworkfor
constructing conservativeschemesfor elliptic problems, Math. Comp., 68 (1999),
pp. 991{1011.

[12] P. G. Ciarlet , The �nite elementmethod for elliptic problems, North-Holland,
New York, 1978.

[13] P. J. Davis , Interpolation and Approximation, Dover Publications, New York,
1975.

[14] J. Douglas, Jr. and F. A. Milner , Interior and superconvergence estimates
for mixed methodsfor second order elliptic problems, RAIRO Mod�el. Math. Anal.
Num�er., 19 (1985), pp. 397{428.

[15] J. Douglas, Jr. and J. Wang , Superconvergence of mixed �nite element
methods on rectangular domains, Calcolo,26 (1989), pp. 121{133(1990).

[16] R. Dur �an, Superconvergence for rectangular mixed �nite elements, Numer.
Math., 58 (1990), pp. 287{298.

[17] M. G. Edwards and C. F. Rogers , Finite volume discretization with im-
posed 
ux continuity for the general tensor pressure equation, Comput. Geosci.,
2 (1998), pp. 259{290(1999).

[18] R. E. Ewing, R. D. Lazar ov, and J. Wang , Superconvergenceof the velocity
along the Gausslines in mixed �nite elementmethods, SIAM J. Numer. Anal.,
28 (1991), pp. 1015{1029.

[19] V. A. Garanzha and V. N. K onshin , Approximation schemesand dis-
crete well models for the numerical simulation of the 2-d non-darcy 
uid 
ows
in porous media, tech. rep., Comm. Appl. Math., Computer Centre, Russian
Academy of Sciences,Moscow, 1999.

14



[20] P. Grisv ard , Elliptic problemsin nonsmooth domains, Pitman, Boston, 1985.

[21] J. Hyman, J. Morel, M. Shashk ov, and S. Steinber g, Mimetic �nite
di�er ence methods for di�usion equations, Comput. Geosci.,6 (2002), pp. 333{
352.

[22] R. A. Kla usen and T. F. Russell , Relationshipsamongsomelocally conser-
vative discretization methods which handle discontinuous coe�cients , Comput.
Geosci.,8 (2004), pp. 341{377.

[23] T. P. Ma thew , Domain decomposition and iterative re�nement methods for
mixed �nite element discretizations of elliptic problems, PhD thesis, Courant
Institute of Mathematical Sciences,New York University, 1989. Tech. Rep. 463.

[24] R. L. Naff, T. F. Russell, and J. D. Wilson , Shape functions for velocity
interpolation in general hexahedral cells, Comput. Geosci.,6 (2002),pp. 285{314.

[25] M. Naka t a, A. Weiser, and M. F. Wheeler , Somesuperconvergence re-
sults for mixed �nite element methods for elliptic problemson rectangular do-
mains, in The Mathematics of Finite Elements and Applications V, J. R. White-
man, ed., AcademicPress,London, 1985,pp. 367{389.

[26] R. A. Raviar t and J. M. Thomas , A mixed �nite element method for
2nd order elliptic problems, in Mathematical Aspects of the Finite Element
Method, Lecture Notes in Mathematics, vol. 606, Springer-Verlag, New York,
1977,pp. 292{315.

[27] J. E. Rober ts and J.-M. Thomas , Mixed and hybrid methods, in Handbook
of Numerical Analysis, Vol. I I, P. G. Ciarlet and J. Lions, eds.,ElsevierScience
PublishersB.V., 1991,pp. 523{639.

[28] T. F. Russell and M. F. Wheeler , Finite element and �nite di�er ence
methods for continuous 
ows in porous media, in The Mathematics of Reservoir
Simulation, R. E. Ewing, ed., SIAM, Philadelphia, 1983,pp. 35{106.

[29] A. Weiser and M. F. Wheeler , On convergence of block-centered �nite-
di�er encesfor elliptic problems, SIAM J. Numer. Anal., 25 (1988),pp. 351{375.

15


