Supercowvergencdor corirol-volumemixed nite
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Abstract

We consider cortrol-volume mixed nite elemen methods for the approxi-
mation of second-orderelliptic problems on rectangular grids. These methods
assaiate cortrol volumes (covolumes) with the vector variable as well as the
scalar, obtaining local algebraic represenation of the vector equation (e.g.,
Darcy's law) as well as the scalar equation (e.g., consenation of mass). We
establish O(h?) supercorvergencefor both the scalar variable in a discrete L 2-
norm and the vector variable in a discrete H (div)-norm. The analysis exploits
a relationship between control-volume mixed nite elemen methods and the
lowest order Raviart-Thomas mixed nite elemert methods.

1 Intro duction

We considerthe second-orderelliptic problem in a domain IRY, d = 2 or 3,
written asa rst-order system
u= Krpin ; (1.1
rru=fin ; (1.2)
un=00n@: (1.3)

The above equationsmodel single-phaseo w in porous media, where p is the uid
pressure,the vector u is the Darcy velocity, K is a symmetric uniformly positive
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de nite and bounded diagonal tensor with Lipschitz componerts, represeting the
rock permeability divided by the uid viscosily, n is the outward unit normal to @,
and f is the sourceterm satisfying the compatibility condition

z

f dx=0:

The choice of homogeneoudNeumann boundary condition correspndsto an imper-
meableboundary, which is the typical physical situation.

In this paper we considerdiscretizationsfor (1.1){(1.3) basedon corrol-volume
mixed nite elemen methods (CVMFEM) and establishO(h?) supercorvergencefor
the pressureand velocity in a discretelL 2-norm and H (div)-norm, respectively. Most
of the argumerts can be extendedto Dirichlet boundary conditions. Howewer, some
loss of supercorvergenceoccurs on the boundary in that case. Global O(h) corver-
gencehasbeenshowvn by Chou et al. [9, 10]; herewe obtain the O(h?) rate suggested
by various numerical results (e.qg., [8, 19, 24, 22]). Supercorvergenceis proved by
O(h?) estimatesof the di erences between the scalar and vector discrete solutions
and appropriate projections of the exact solutions.

CVMFEM, rst introducedin [8], can be viewed as a type of mixed covolume
methods [9, 10, 11]. CVMFEM are closely related to the Raviart-Thomas mixed
nite elemen methods (MFEM) [26, 7, 27], cell-certered nite dierence (CCFD)
methods [28, 29, 4], mimetic nite di erence (MFD) methods [5, 21, 6], and multi-
point ux approximation (MPFA) methods [1, 17]. Someof theserelationships are
exploredin detail in [22].

Like MFEM, CVMFEM are designedto provide simultangpus(accurgfe) approxi-
mation of pressureand velocity, and local massconsenation, of Un= f oneadh
nite elemen Q, whereuy, is the computedvelocity. Theseproperties can%e di cult
to obtain whenK is heterogeneougin particular, discortinuous) and/or anisotropic,
especially whenit incorporatesirregular geologicafeatures. The methodslisted above
seekto accomplishthis for ow in porous media, amongother applications.

Unlike MFEM, CVMFEM have vector cortrol volumes(covolumes)that give rise
to a local discrete Darcy law analogousto (1.1). An engineermeasuringthe perme-
ability of a coresamplewill typically imposea pressureat eat end and obsene the
ux through the core. The discrete CVMFEM cortrol volume that correspnds to
the discrete ux unknown through a face, consisting of the two adjacen halves of
the elemens on either side of the face (seeFigure 1), plays the role of this core,with
the elemen pressuresrepreseting the imposedpressuresat the ends. The vector
test function assaiated with the cortrol volume is essetially a piecewise-constan
vector eld, similar to a unit vector in the cortrol volume and a zero vector outside
it. The algebraicequation producedby this test function is the local discrete Darcy
law. Thus, CVMFEM represen both physical principlesin (1.1){(1.3) locally.

In MFEM, the test vector belongsto the vector trial space,and therefore has
cortinuous normal componert. Becausethe test and trial spacesare the same,the
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mass matrix is symmetric and positive de nite (SPD). In CVMFEM, the normal
componert of the test vector is discortinuous at the ends of the cortrol volume,
and can also be discortinuous at the elemen face for general distorted grids. If
K is elemem-wise constart and the elemeits are a ne (parallelogramsin 2D), the
massmatrix is SPD, despite the distinct test and trial spaces;in general,it is not
symmetric, but symmetry can be restoredby appropriate numerical integration [19].

On auniform grid with homogeneou , the lowest-orderRaviart-Thomas MFEM,
denoted RT, yields a tridiagonal massmatrix with weights 1/6, 2/3, 1/6, and the
basic CCFD results in a diagonal massmatrix. As will be seenbelov, CVMFEM
leadsto weights 1/8, 3/4, 1/8. Theseare all of the form ¢, 1 2c, ¢, wherec = 0
(CCFD), 1/6 (MFEM), or 1/8 (CVMFEM). In [19], someheuristic reasonsto favor
c = 1=8 are presened: on a uniform grid, the second-ordettruncation error term is
half that of c= 0 and ¢ = 1=6; on a nonuniform grid, only ¢ = 1=8 matchesone-sided
compact nite dierences, avoiding any rst-order local truncation error; in terms
of Fourier modes, the ratio of the discrete eigervalue to the cortinuous eigervalue is
generallycloserto 1 for ¢ = 1=8. Numerical resultsin [22] for homogeneou¥ shav
second-ordercorvergencefor both MFEM and CVMFEM; on orthogonal grids, the
ux error for CVMFEM improveson that of MFEM by a factor of appraximately 2.6;
on the distorted grids used, CVMFEM is worseby a factor of about 1.3.

The rest of the paper is organizedas follows. In the next sectionwe recall the
Raviart-Thomas MFEM for (1.1){(1.3). Section3 descritkesthe CVMFEM andits re-
lation to the Raviart-Thomas MFEM. Supercorvergencefor the velocity is established
in Section4. Section5 is dewted to supercorvergencefor the pressure.

2 Mixed nite element metho ds

We will make use of the following standard notation. For a subdomain G IRY,
the L?(G) inner product (or duality pairing) for scalarand vector valued functions is
denotedby ( ; ). We denotethe norm in the SobolevspaceWFf(G), k2R, 1 p

1 [2]by k kepa- Let k ky.g bethe norm of the Hilbert spaceH ¥(G) = WX(G). We

omit G in the subscriptif G= . For a sectionof a subdomain boundaryS  IR? !
we write h; is andk Kqs for the L?(S) inner product (or duality pairing) and norm,
respectively.

The mixed variational formulation, which is the basis for the MFEM is: nd
u2V andp2 W sud that

(K tu;v) = (psr v); v2V; (2.1)
(r uw)=(f;w); w2Ww, (2.2)

where
Z

V =fv2H(iv;) :vn=0on@g;, W=1L3) = w2L?) : wdx=0 ;



and
Hiv; ) =fv:v2(L3) %r v2L3)g

with a norm
kvky = (kvk®+ kr vk?)¥2:

We assumethat  can be exactly covered by a rectangular-type nite elemen
partition T,. Let V, W, V W be the lowest order Raviart-Thomas (RT)
mixed nite elemen spaceson Ty, [26]. More precisely for all Q 2 T,

Vh(Q) = fv = (ar+ bix; ax+ bpy; as+ bs2)T on Qg; Wih(Q) = fw = constart on Qg;

Va=fv2V :vjg2Vu(Q)8Q2Thg, Wh=Ffw2W:wjg2 W,(Q) 8Q2 Thg;

wherethe third componert of v should be removed if d = 2. The degreesf freedom
of V, arethe constart normal componerts on the sides. If theseare continuous, then
v 2 H(div; ). Key properties of the RT, spacesare

roVvVap=W (23)

and the existenceof an interpolation operator : (H%()) ¢! V (see[26, 7]) sut
that for g 2 (H()) 2

r (g aqxw)=0 8w2Wy; (2.4)
and which satis es the cortinuity and appraximation properties

k gky Ckgky; (2.5)
kg  gko Chjqjs: (2.6)

The MFEM for approximating (2.1){(2.2) is: nd t 2 Vi, pn 2 W, sud that

(K Tem;v) = (pnr V)i V2 Vy; (2.7)
(r tp;w)=(f;w); w2 Wy (2.8)

It hasbeenshown in [26] that (2.7){(2.8) hasa unique solution and
kp prkw + ku  thky = O(h):

A number of authors have studied supercorvergencefor the above method or the
closelyrelated CCFD method [25, 14, 29, 15, 16, 18, 4] and have shavn results of the
form

fiip pniiw +jiju emjijv = O(h?);
wherejjj jjjw andjj jjjv are discrete norms de ned in (4.7) and (4.8) below (or
somevariants of them). The goal of this paper is to obtain similar supercorvergence
results for the CVMFEM.
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Figure 1. Computational grid and cortrol volumes

3 Control volume mixed nite element metho ds

Denote the elemetts of T, by Q;; for d = 2 or by Q;j« for d = 3, seeFigure 1 for
d = 2. For simplicity, in most of the paper we will usethe notation and presen the
argumernts for d = 2. The cased = 3is atrivial extension.

The certer of Q;; is denotedby ¢;. The midpoints of the left and right edges
are denotedby ¢ 1-»; and G1 =, respectively, with similar notation for the bottom
and top edges.With eat edgewe assaiate a cortrol volume, wherethe Darcy's law
(1.1) is appraximated. In particular, letting Ci+1-; = (Xi+1=2;Yj), Gj = (Xi;y;), etc.,
de ne

Qit1=2j = (XisXi+1) (¥ 1=23Yj+1=2)\ (3.1)
Qij+1=2 = (Xi 1=2;Xi+1=2)  (Yi;Yier)\ (3.2)
The cortrol volumesQ;.1 - and Q;; .1 -, arereferredto asv;-volumesand v,-volumes,
respectively. The cortrol volumesthat have at leastoneedgeon @ are called border

volumes.
De ne the velocity test space

Yn=f(ViiVi) 1 Vijgu. o, = constart 8Qi1=;; vy = 0 on border v;-volumes
Vi, o, = constart 8Q;j41=; Vi = 0 on border v,-volumeg:
Thus, for example,the basisfunction yi.; -; 2 Y asseiated with ¢.; ; is the
vector ( j+1=25;0), i.e., (1;0) on Qij;1=;, (0;0) elsewhere. To seethe form of the
assaiated algebraicequation, write (1.1) asK u+ r p= 0, form the inner product
with yi.1 -, and integrate:

Xi+1 Yj+1=2 N o141 Yj+1=2
(K7 ‘utdydx+ (P(Xi+15Y)  p(Xi;y)) dy = O;

Xi Yi 1=2 Yi 1=2
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whereu = (u!;u?) and K = diag(K !; K?). Supposethat K is elemen-wise constart
on Qi; and Q1. Taking u = Vi 1-pj;Vi+1=2j; Visz=2j 2 Vn, the usual RT, vector
basisfunctions, we obtain the tridiagonal mass-matrix coe cien ts

1=8 (K}) *hrh’; 3=8(K}) *h*h!+3=8 (Kl;,) hi,h/; 1=8(Kly;) *hihY;

where h* and hY are the elemen dimensions. For homogeneouK and a uniform
grid, this reducesto 1/8, 3/4, 1/8, asnoted above.

3.1 Variational form ulation for CVMFEM

Following [9], de ne the bilinear forms a( ;) : (L2()) ¢ (L%()) ¢! IR, b(;) :
Y, HY) ' IR,andc(;):H(div;) L?() ! IR asfollows:
« a(u;v) = (K 1u);(v);
bvip) = (V50" nig., ., + WOV nig, .,
i i5j
c(u;w) ;= (r u;w):

Lemma 3.1 If (u;p) 2 H(div;) H?() solves(1.1)}{(1.3), then (u;p) satis es the
variational formulation

a(u;v) + b(vip) =0, v 2Yn; (3.3)
c(u;w) = (f;w); w2 W (3.4)

Proof: Equation (1.1) implies, for v 2 Y,

X X
(r pv)= (r p(v5E0) )gma v (1 POV oy s
X iij X B
m;(vl;o)T ni@?i+1:2;j m;(O;VZ)T ni@izj +1=2;
B] B

(K tu;v)

giving (3.3). Equation (3.4) follows trivially from (1.2). 2
The CVMFEM may be formulated asfollows: nd (un;pn) 2V, W sud that

a(up;v)+ blv;ph) =0, v2Yy; (3.5)
c(up;w) = (f;w); w2 Wy (3.6)

Note that (3.5) is a Petrov-Galerkin FEM, sincethe test functions dier from the
trial functions. We next recall the transfer operator  : V! Yy, introducedin [9].

Dene, forallv 2 V,,
I
X 1 X 2
hV = Vi(Gir1=2j) i+1=2j; V(G +1=2) ij+1=2
] isj



It hasbeenshown in [9] that for constats > 0 and C independert of h,

b hv;w) = c(viw) 8v2Vhw2 W, (3.7)
a(v; nv)  kvki 8v2Vy; (3.8)
k hwwko Ckvkg: (3.9)

4 Velocity superconvergence analysis

In this sectionwe establishsupercorvergencefor the velocity in the CVMFEM. Sub-
tracting (3.5){(3.6) from (3.3Y{(3.4) givesthe error equations

a(u  upv)+bvip pn) =0, Vv2Yp; (4.1)
cu uypw) =0, w2 W, (4.2)

We rst note that (4.2) implies
O=cu upw)=(r (U up);w)=(r (U Un);w); 8w2W;
using (2.4). Therefore,using (2.3),
r-(u uy=0: (4.3)
Let p be the L2-orthogonal projection of p onto W, de ned by
(P PHw)=0; 8w2 Wy:
Takingv = n( u up)andw=1p p,in (4.1){(4.2) implies

a( u Un, n( U up))
= au  u; p( U up) bBCA( U up)p pr); (44)
o u upPp pp)=0 (4.5)

The secondterm on the right in (4.4) can be manipulated as follows:

b( h( U up)ip pr) = B(h( U up)sp P+ (U UL)P  Pn)
bl h( U up);p P c U uxP pn)
b( h( U un)ip P,

using (3.7) and (4.5) in the last equality. Therefore(4.4) gives

al u up; p( U up)= au  u; p( U up) bR U up);p P (4.6)

Lemmad4.1 below implies that

ja(u u; n( U up)j Ch?kukok u  upko:

7



Using (4.3), Lemma 4.2 below gives

i n( U un);p P)i  Chkpksk U upko:

With the above two bounds and (3.8), (4.6) implies the following supercorvergence
result.

Theorem 4.1 For the CVMFEM approximation (un; pn), there existsa constant C
independentof h suchthat

kK u upko Ch?(kuk,+ kpks): 2

The above result immediately implies supercorvergencein the velocity in an L2
sensealong the Gaussianlines. Consideran elemen Q = [a;;b] [a;; »]. Following
[18, 16], for a vector q = (q;; &) de ne

yi
by a+h 2
iaiize = (b &) xl;zT dxy;
ai
Z, ,
a;+ by
iz = (b &) & ToTiXp o dxg;
az 2
...... 2 ﬁ X ees ...2
jiiaii? = jii gii &
i=1 Q2Th

Corollary 4.1 There existsa constant C independentof h suchthat
jiu upjii  Ch?(kuk, + kpks):
Proof: It wasshown in [16] that
iu ujii - Chjujy;
wherej j, denotesthe H? seminorm. Also, using Theorem4.1,
ji u unjjj =k u upke Ch?(kuk,+ kpks):

The assertion of the corollary follows from the above two bounds and the triangle
inequality. 2
It is alsoeasyto seethat r (u up) is supercorvergent at the midpoints of the
elemetts. De ne, for a scalarfunction g,
X
jidiiz= jQyiglg;)* (4.7)
H



Using (4.3) and (2.4),
jiruounii=gir (o wii=gir uo b oujj  Chikr uken
wherethe last inequality follows from Lemma4.3. De ning

...... 2 I e

jii aiii G = iii qiii * + iir i (4.8)
the above results can be summarizedas follows.
Corollary 4.2 There existsa constant C independentof h suchthat
jiu upjiv  Ch*(kuky+ kr  ukaq + kpks): 2 (4.9)
We next proceedwith the three lemmasneededin the proof of Theorem4.1.
Lemma 4.1 There existsa constant C independentof h suchthat, for all v 2 V,
jalu  u; nv)j  Ch2kukokvke:

Proof: We rst shaw that, if q 2 (P1(Q))?, where Py is the spaceof polynomials
of degree Kk, then
z
(q g) nvdxdy=0; 8v2Vy Q2T (4.10)
Q
The argumert follows the proof of Lemma3.1in [16]. Let Q = [a;b] [c;d] and let
L.(x) and Cy(y) be the linear Legendrepolynomialson [a;b] and [c;d], respectively.
It is easyto seethat any g 2 (P(Q))? can be decommsedinto

ae;y) = q(xy) + ( Cu(y); Li(x)";

whereq 2 V(Q). Sinceq g = 0, it is enoughto establish (4.10) for q(x;y) =
( Ci(y); Li(x))T. It is shavn in [16 that in this case g = 0. Therefore
Z Z

(@ qg) nvdxdy
Q ZQ

g nVvdxdy

Q( C1(y)( nv) G Y) +  La(x)( nv)*(x;y)) dxdy = O;

using that for any xed Xo 2 [a;b], ( nV)*(Xo;y) 2 Po[c;d], that for any xed yq 2
[c;d], ( nV)2(X;Yo) 2 Po[a;b], and the orthogonality properties of L 1(x) and Cy(y).
We now have

alu U pv) (3 Yu u); wv)

[Ko'(u  u; wv)o+ (K 1 Kgh)(u  u); wv)oli
Q2T



where KQ1 is the value of K ! at the certer of Q. Therefore, using that K 1! is
Lipschitz,
X
ja(u u; nv)j C j(u U; nV)gj+ Chku ukok hVvKko: (4.11)
Q2T

Using (4.10), an application of the Bramble-Hilbert lemma[12] implies
ju U wv)oi  Ch%jujagk nvkog:
which, combined with (4.11), (2.6), and (3.9) completesthe proof. 2
Lemma 4.2 There existsa constant C independentof h suchthat, for all v 2 V,
jo( wv;p P Ch?kpkskvky
Proof: Let €.41-2) = @i+1=2j \ Qij and g +1-2 = @ij+1-2\ Qij . Note that in

the sumsin

u )QV; p p) 1 T H X AN H

= rp pi(( hV) ’O) nl@i+1 =2;j + m p’(01( hV) ) nl@?m‘ +1:z;

i5j i

ewvery edgee .1 - and &, +1-2 appearstwice (from the two neighboring covolumes).
Using that @1 and 2 are constarts on ead elemen Q;; , we have

d hV:p p) 7 |
X @ @° |
= = dy+ hY =2 dx
o a em:zj(p p) dy @ y +1=2(|O P)
Z Z :
X
= 2 hi pdy p dxdy (4.12)
irj @ €i+1 =2 Qi'j L
Z z H
+@ hY pdx pdxdy
@ ei;j +1 =2 QIJ |
X e @, @ @
i;j @ QI] M x @ QIJ @ QIJ My @ QIJ

where (; )om, is the quadrature rule on Q which usesthe midpoint rule in x and
exact integration in y, and (; )o;w, usesexact integration in x and the midpoint
rule in y. Sincethe midpoint rule is exact for linear polynomials, the PeanoKernel
Theorem[13, Theorem3.7.1]implies

Z
0. & s S @p(x y)—dxdy (4.13)
@ Qij ;Mx @ Qi Qij
£ @ z @
= (%) IC’(x y)r v dxdy " (%) IC’(x N2 dxdy T+ T
Qi Qi;j @
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where
(X X 12)%=2 X 122 X X
(X Xi+122)?=2; Xi X Xis1=2

"(x) =
For the rst term we have
JT]_J Chzkpkz;Qi;j kr VkO;Qi;j (414)

Integrating by parts in T, gives
VA

LR 00 o (¢ ¥ y) ey
Z Z @
0 gReevaGGY) dx Te * Taa(4.15)

wheree;j; and g, are the top and the bottom edgeof Q;; , respectively. For T,
we have

i T24] Chzkpkg,;Qi;j kvkoq; (4.16)
For T,., we notice that v, is cortinuous acrosshorizortal edgesand the assumed
regularity of p(x; y) implies that the trace of % is well de ned. When summingover

all elemerns, eah edgeintegral will appear twice from the expressionsor the two
neighboring elemerts, with opposite signs. Therefore

X
T2 =0 (4.17)
i5j

Combining (4.13){(4.17) implies

X @ @
P — P — Ch2kpkskvky :
ij @ Qij ;Mx @ Qj;

The seconderror term in (4.12) canbe boundedin a similar way. Note that for d = 3,
a similar argumert goesthrough with two terms analogousto T,. 2

Lemma 4.3 For all g2 W2 there existsa constant C independentof h suchthat
jig @i Ch*kgka :

Proof: Let Q 2 Ty. The Taylor expansionabout the midpoint (Xo;Yo) of Q gives
forany (x;y) 2 Q

906 Y) = glxoiYo) + (X m)%(xmyow(y YO)%(XO;YO)"' ROGY):
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wherejR(x; y)j Ch?kgka1 .o. Integrating the above equationover Q and usingthat
09= o9 gives
VA

JQj(8(X0;Yo)  9(Xo;Yo)) = QR(x;y)dxdy;

which implies
j0(Xo;Yo)  9(Xo;Yo)i Ch’kgkaa o
The statemen of the lemmanow follows from the de nition (4.7) of jjj jj. 2

5 Pressure superconvergence analysis

In this section we employ a duality argumen to derive supercorvergencefor the
pressureat the cell certers. We will make useof the following cortinuity property of
[23 3]: for any " > 0,

k gko C(kgk-+ kr gko): (5.1)
Considerthe auxiliary problem
r Kr'=p p, in ; (5.2)
Kr' n=0 on@;

R R
which is well posedsince p=  p, = 0. Elliptic regularity [20] implies that there
exists" > 0 sud that
K' kis»  CKkp  pnko: (5.3)

Note that (5.3) holds for L-shaped domains.Let = Kr '. We have
kKb peki = (P pir )= Pt )=c ;P pn)
= b(nh ;P P)= B(n ;P P bBnh ;P Pn)
= b(n ;P Prau un o ) (5.4)

h . By Lemmad4.2,
in ;P PJj Ch%kpksk ky Ch?kpks(k k- + kr ko) Ch?kpkskp  prko;

using (4.1) with v

using (5.1), (5.3), and that kr ko kr ko, which follows from r = .
Note that the constart C above dependson kK k-.; . For the last term in (5.4) we
write

jau up; n ) = jau u; p )+al uoup o )i
C(h?kukok  ko+ k u  unkok n ko)
Ch?(kuk, + kpks)k ko
Ch?(kukz + kpka)kp  prko;
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usingLemma4.1, Theorem4.1,(3.9), (5.1), (5.3), and (5.2). A combination of (5.4)
and the above two boundsgivesthe following pressuresupercorvergenceresult.

Theorem 5.1 For the CVMFEM approximation (un; pn), there existsa constant C
dependenton kK k-1 , but independentof h suchthat

kP pnko Ch2(kuk, + kpks): 2

It is now easyto obtain supercorvergencefor the pressureat the midpoints of
the elemens. Let jjjwjjw = Jjwijjj, wherejjjwjjj is de ned in (4.7) and note that
jliwijjiw = kwkg for all w2 W,.

Corollary 5.1 There existsa constant C degendenton kK k;.; , but independentof
h suchthat
jiip peiiiw  Ch?(kukz + kpkzy + kpks):

Proof: The result follows immediately from the triangle inequality
P pliw  Jiip Blliw + P Paliiw;

Lemma4.3, and Theorem5.1. 2
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