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Abstract

We developa local �ux mimetic�nite differencemethodfor secondorderelliptic
equationswith full tensorcoef�cients on polyhedralgrids. To approximatethe �ux
(vectorvariable),the methodusestwo degreesof freedomper elementedgein two
dimensionsandn degreesof freedomper (n-gon)elementfacein threedimensions.
To approximatethepressure(scalarvariable),themethodusesonedegreeof freedom
perelement.A speciallychoseninnerproductin thespaceof discrete�ux esallowsfor
local �ux eliminationandreductionof themethodto a symmetriccell-centered�nite
differenceschemefor thepressure.In thecaseof simplicial grids,optimal �rst-order
convergenceis provedfor bothvariables,aswell assecond-orderconvergencefor the
scalarvariable.Numericalresultscon�rm thetheory.

Keywords: mimetic�nite differences,multipoint �ux approximation,cell centered
discretization,tensorcoef�cient, errorestimates

AMS SubjectClassi�cation: 65N06,65N12,65N15,65N30

1 Intr oduction

Themimetic �nite difference(MFD) methodhasbeensuccessfullyemployedfor solving
problemsof continuummechanics[19], electromagnetics[13], gasdynamics[7], andlinear
diffusionon polygonalandpolyhedralmeshesin boththeCartesianandpolarcoordinates
[14, 20, 18]. The MFD methodmimics essentialpropertiesof the continuumequations,
suchasconservation laws, solutionsymmetries,andthe fundamentalidentitiesandtheo-
remsof vectorandtensorcalculus.For second-orderelliptic problems,theMFD method
mimics the Gaussdivergencetheorem,preservesthe null spaceof the gradientoperator,
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andkeepstheadjointrelationshipbetweenthegradientandthedivergenceoperators.This
leadsto asymmetricandlocally conservative�nite differencescheme.However, theresult-
ing algebraicsystemis of saddle-pointtypeandcouplesthe�ux (vectorvariable)andthe
pressure(scalarvariable)unknowns. Theeliminationof the �ux resultsin a cell-centered
discretizationschemewith anon-localstencil.

In thispaper, wedevelopanew MFD methodwhichresultsin asymmetriccell-centered
discretizationschemewith a local stencil. To approximatethe �ux, the methodusestwo
degreesof freedomper elementedgein two dimensionsand n degreesof freedomper
elementface(which is n-gon)in threedimensions,thusassociatingone�ux unknown with
eachvertex (corner).To approximatethepressure,themethodusesonedegreeof freedom
per element. Thesechoicesaresimilar to the degreesof freedomin the multipoint �ux
approximation(MPFA) method[2, 1, 9]. A speciallychosen�ux inner productcouples
only the�ux degreesof freedomassociatedwith eachmeshvertex andallowsfor local �ux
elimination,reducingthemethodto a symmetriccell-centered�nite differenceschemefor
thepressure.

In the caseof simplicial meshes,we prove optimal �rst-order convergencefor both
the�ux andthepressurevariables,aswell assuperconvergenceof thepressurein discrete
L 2 norms. Our analysiscanbe extendedto smoothquadrilateralmeshes.Recentresults
[15, 16, 22] provide analysisfor theMPFA methodandsomerelatedmixed�nite element
methodsby employing �nite elementtechniques.Our approachis basedon estimating
the errorsdirectly in the normsof the discretemimetic spacesanddoesnot utilize �nite
elementpolynomialextensions,exceptin thepressuresuperconvergenceproof.

The paperoutline is as follows. The new MFD methodis developedin Section2.
In Section3, we prove optimal convergenceestimatesfor the pressureand the velocity
andsuperconvergencefor the pressure.Resultsof numericalexperimentscon�rming the
theoreticalestimatesarepresentedin Section4.

2 Mimetic �nite differ encemethod

Let X 1 andX 2 beHilbert spacesandlet L 1 andL 2 betwo linearoperators,L i : X i ! Yi ,
i = 1; 2, whichsatisfysomefundamentalidentity:

I (L 1; L 2; f 1; f 2) = 0 8f 1 2 X 1; f 2 2 X 2:

Supposethat discreteapproximationspacesX ih , Yih , i = 1; 2, andthe discreteoperator
L 1h aregiven.Theideaof themimeticdiscretizationis to �nd adiscreteoperatorL 2h such
thatadiscreteanalogof thefundamentalidentityholds,i.e

I h(L 1;h ; L 2;h ; f 1h; f 2h) = 0 8f 1h 2 X 1h; f 1h 2 X 2h: (2.1)

This impliesthatoperatorsL 1 andL 2 cannotbediscretizedindependentlyfrom eachother.
In theMFD method,formula(2.1) is theimplicit de�nition of theoperatorL 2;h .
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We considerthe secondorderelliptic problemwritten asa systemof two �rst order
equations

~u = � K gradp in 
 ;
div ~u = f in 
 ;

(2.2)

subjectto appropriateboundaryconditions.For simplicity, we considerthehomogeneous
Dirichlet boundaryconditions(see[12] for moregeneralboundaryconditions):

p = 0 on @
 : (2.3)

We considera polygonaldomain
 � R d, d = 2 or 3, with boundary@
 andoutward
unit normal~n. The coef�cient K is a symmetricanduniformly positive de�nite tensor
satisfying

k0� T � � � T K (x)� � k1� T � 8x 2 
 ; 8� 2 R d; (2.4)

for somepositive constantsk0 andk1. Following the terminologyestablishedin porous
mediaapplications,we refer to p as the pressure,to ~u as the velocity, and to K as the
permeabilitytensor.

In theproblemof interest(2.2), theoperatorsareL 1 = div andL 2 = � K grad, the
spacesareX 1 = H (div ; 
) , Y1 = L 2(
) , X 2 = H 1

0 (
) andY2 = (L 2(
)) d, andI is the
Greenformula,

I (L 1; L 2; ~u; p) =
Z



pdiv ~u dx +

Z



~u � K � 1(K gradp) dx: (2.5)

2.1 The local �ux MFD method

TheMFD methodhasfour steps.First,we de�ne degreesof freedomfor thepressureand
thevelocity. Second,we discretizetheeasiestof thetwo operators;dependingon thecho-
sendegreesof freedom,it couldbeeitherof them.Third, we discretizetheGreenformula
usingquadraturerulesfor eachof theintegralsin (2.5).Someminimalapproximationprop-
ertiesfor thesequadraturesarerequiredto provetheoptimalconvergencerates.Fourth,we
derive adiscreteformulafor theotheroperator.

Let 
 h bea conformingshape-regularpartition(see[8]) of thecomputationaldomain
into polygonalelements.Let

h = max
E 2 
 h

hE ;

wherehE is the diameterof elementE. We assumethat eachvertex of E is sharedby
exactly d edges(facesin 3D) of thatelement.In two dimensions,we split eachedgeinto
two sub-edgesusingthe mid-point. In threedimensions,we split eachfaceinto several
quadrilateralfacetsby connectingthe facecenterof masswith the edgemidpoints. To
simplify the presentation,we shall refer to the sub-edgesas facets. We denotethe area
(volumein 3D) of an elementE by jE j. Similarly, for eachfacete, we denoteby jej its
length(areain 3D).
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For eachelementE, we denoteby nE thenumberof its verticesandby kE thenumber
of its facets.Theboundariesof facetsaremarkedby thin lines in Fig. 1. In thefollowing
@E denoteseither the union of all edges(facesin 3D) or the union of all facetsof E,
dependingon thecontext.

The discretepressurespaceQh consistsof onedegreeof freedomper elementcorre-
spondingto the pressurevalue at the centerof mass. The dimensionof Qh equalsthe
numberof elements.For q 2 Qh, we shalldenoteby qE (or (q)E ) its (constant)valueon
elementE.

The discretevelocity spaceX h consistsof one degreeof freedomper facet,which
correspondsto the averagenormal �ux. The locationof velocity degreesof freedomis
shown in Fig. 1. For v 2 X h, we shall denoteby vE the restrictionof v to elementE,
andby ve

E (or (v)e
E ) its (constant)valueon facete. Thetotal number, NX , of thevelocity

degreesof freedomequalsthenumberof boundaryfacetsplustwice thenumberof interior
facets.We de�ne X h asthesubspaceof R NX whichsatis�esthecontinuityproperty

ve
E1

= � ve
E2

(2.6)

for eachfacete sharedby elementsE1 andE2. Notethat thedimensionof X h equalsthe
numberof facets.

Figure1: Velocitydegreesof freedommarkedby solidcirclesfor a triangle(nE = 3, kE = 6) and
a tetrahedron(nE = 4, kE = 12). Theboundariesof thefacetsaremarkedby thin lines.

The normal velocity componentsresult in a simple discretizationof the divergence
operator. Integratingdiv ~u overelementE, applyingthedivergencetheorem,andusingthe
de�nition of discretevelocityunknowns,weget

(DI V u)E =
1

jE j

X

e2 @E

jej ue
E : (2.7)

Let usdiscretizeeachtermin (2.5). For any q 2 L 1(
) , wede�ne qI 2 Qh suchthat

(qI )E =
1

jE j

Z

E
q(x) dx 8E 2 
 h: (2.8)
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The�rst integral in (2.5) is approximatedby
Z



p(x) q(x) dx �

X

E 2 
 h

jE j pE qE � [p; q]Q ; (2.9)

wherep = pI andq = qI . Notethat(2.9) is aninnerproductin Qh.
The discretizationof the secondintegral in (2.5) requiressomeadditionalnotation.

Given v 2 X h, let ~vE (r s) 2 R d be a vectorassociatedwith vertex r s of E suchthat its
normalcomponenton any facete thatsharesr s is equalto ve

E . Sinceeachvertex is shared
by exactly d facets,thenthevector~vE (r s) is uniquelydetermined.We refer to ~vE (r s) as
therecoveredvector. Theexpressionfor ~vE (r i ) canbefoundin [18].

We approximateK by a symmetricandpositive de�nite piecewiseconstanttensorK
thatequalsthemeanvalueK E of K onE. TheTaylor theoremimpliesthat

max
x 2 E

jK ij (x) � K E ;ij j � CkK ij k1;1 ;E hE ; 1 � i; j � d; (2.10)

wherek � k1;1 is thenormin theSobolev spaceW 1
1 . Wewill alsousethenotation

kK k� = max
i;j

kK ij k�

for tensorvaluedfunctions.In (2.10)andthroughoutthepaperC denotesagenericpositive
constant,which is independentof h. Now, the secondintegral in (2.5) is approximated
element-by-elementby

Z



K � 1~u(x) � ~v(x) dx �

X

E 2 
 h

[u; v ]X ;E � [u; v ]X ; (2.11)

where

[u; v]X ;E = 
 E

nEX

i =1

wi K � 1
E ~uE (r i ) � ~vE (r i ); 
 � 1

E =
1

jE j

nEX

i =1

wi ; (2.12)

wi aresomepositiveweights,and~uE (r i ) and~vE (r i ) aretherecoveredvectors.For simpli-
cial elements,theweightsareequalto jE j=(d + 1) and
 E = 1. Later, we will show (see
Lemma2.2) that(2.11)is aninnerproductin X h.

Thediscretegradientoperatoris derivedfrom thediscreteGreenformula

[q; DI V v]Q + [v; GRAD q]X = 0; 8 q 2 Qh; 8 v 2 X h: (2.13)

This formulagivesa uniquede�nition for operatorGRAD . The local �ux MFD method
reads:�nd uh 2 X h andph 2 Qh suchthat

uh = �G RAD ph;
DI V uh = f ;

(2.14)

wheref = f I .
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2.2 Well-posednessof the method

Thefollowing interpolantwill beusedin theanalysis.For any ~v 2 (L s(
)) d, s > 2, we
de�ne ~vI 2 X h suchthat

(~vI )e
E =

1
jej

Z

e
~v � ~ne

E ds 8E 2 
 h; 8e � @E: (2.15)

Notethat~vI satis�esthecontinuityproperty(2.6).
Thede�nitions (2.8)and(2.15)of theinterpolationoperatorsandthedivergencetheo-

remimply thefollowing simpleresult.

Lemma 2.1 For suf�ciently smoothvectorfunctions~v, wehave

(DI V ~vI )E = (div ~v)I
E (2.16)

for everyelementE 2 
 h.

Thenext lemmashows that[�; �]X is anormin X h.

Lemma 2.2 Thereexist twopositiveconstants� 0 and� 1 independentof h such that

8E 2 
 h; � 0jE j
X

e2 @E

jve
E j2 � [v ; v ]X ;E � � 1jE j

X

e2 @E

jve
E j2 (2.17)

for anyv 2 X h.

Proof.For any elementE andits vertex r i , let ei;j , j = 1; : : : ; d, bethefacetsthatsharer i

andlet ~v(r i ) be the recoveredvector. Furthermore,let ~n i;j be theoutwardnormalto ei;j .
It is easyto seethat~v(r i ) = N � T

i (vei;j
E ; : : : ; vei;d

E )T whereN i is the d � d matrix whose
columnsarethenormals~ni;j (see[18] for moredetail).

Thede�nition (2.12)impliesthat

� 0 = k0 min
1� i � nE

� min (N � 1
i N � T

i ):

A similar estimateholdsfor � 1. Thespectralpropertiesof thematrix N i dependonly on
themeshregularity constants.This provestheassertionof thelemma. 2

Wearenow readyto prove thesolvability of (2.14).

Lemma 2.3 Thediscreteproblem(2.14)hasa uniquesolution.

Proof.It is convenientto rewrite (2.14)in theequivalentvariationalform

[uh; v ]X � [ph; DI V v]Q = 0; 8 v 2 X h;

[DI V uh; q]Q = [f ; q]Q ; 8 q 2 Qh;
(2.18)
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wherewe have usedthe discreteGreenformula (2.13). Since(2.18) is a squaresystem,
it suf�ces to show uniquenessfor the homogeneousproblem. Letting f = 0, v = uh,
andq = ph, we concludethat [uh; uh]X = 0. Hence,dueto (2.17), uh = 0. Let ph bea
piecewiseconstantfunctionsuchthatph jE = (ph)E .

Let usconsideragain (2.18)andtake v = ( grad� ) I , where� is thesolutionto

� � = ph in 
 ;
� = 0 on @
 :

Using(2.16), wehave that

DI V v = DI V ( grad� )I = (div grad� )I = (ph)I = ph;

which impliesthat[ph; ph]Q = 0, thereforeph = 0. 2

2.3 Reduction to a cell-centered scheme

In orderto derive theexplicit formulafor GRAD , we consideranauxiliary innerproduct
< � ; � > andrelateit to innerproducts(2.9) and(2.11). Let < � ; � > betheusualvector
dotproduct.Then

[p; q]Q = < D p; q > and [u; v]X = < M u; v >; (2.19)

whereD is a diagonalmatrix, D = diagfj E1j; : : : ; jENQ jg, andM is a block-diagonal
matrix. Since[�; �]X is aninnerproduct,M is symmetricandpositivede�nite.

To incorporatethecontinuityconditions,we write u = Cû whereC is therectangular
matrixwith onenon-zeroelementin eachrow (whichequalsto 1) andtheentriesof vector
û areindependentdegreesof freedom.Thus,thesizeof vectorû equalsto thenumberof
meshfaces.Similarly, we write v = Cv̂ . Thematrix CT M C is alsoblock diagonalwith
asmany blocksastherearemeshnodes.Thus,thediscreteGreenformulayields

GRAD = � (CT M C)� 1(DI V C)T D:

In two dimensions,eachblockof CT M C is atridiagonalcyclic matrixwhosenon-zero
entriesdescribeinteractionof neighboringvelocity unknowns on edgessharinga mesh
node. The block correspondingto the interior nodeshown in Fig. 2 is a 5 � 5 matrix.
Therefore,theinverseof thisblockcanbeeasilycomputedwhichgivesusanexplicit local
formulafor eachcomponentof uh andthusreduces(2.14)to acell-centereddiscretization

�D I V C GRAD ph = f : (2.20)

Examplesof thestencilsfor theoperatorsGRAD andDI V C GRAD areshown in Fig-
ure2(a)andFigure2(b), respectively.
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a. GRAD stencil b. DI V GRAD stencil

Figure 2: Stencilsfor operatorsGRAD and DI V GRAD on a triangularmesh. On the left,
the equationfor the velocity unknown at the positionmarked by a solid circle involvespressure
unknownsat thepositionsmarkedby squares.On theright, thepressuremarkedby a solid square
is coupledwith thepressuresmarkedby squares.

The coef�cient matrix of problem(2.20) is symmetricwith respectto inner product
(2.9):

[�D I V C GRAD p; q]Q = < D DI V C(CT M C)� 1(DI V C)T D p; q > :

Moreover, sinceDI V T q = 0 implies q = 0, asshown in the proof of Lemma2.3, the
resultingalgebraicsystemhasasymmetricandpositivede�nite matrix.

3 Convergenceanalysis

In thissection,weproveconvergenceestimatesfor thevelocityandpressurein thecaseof
simplicialmeshes(nE = d + 1).

Webegin with theproofof adiscreteGreenformulafor linearfunctions.In two dimen-
sions,for eachedgewith endpointsa1 anda2, wede�ne two new points

a12 = (2a1 + a2)=3 and a21 = (a1 + 2a2)=3

which areinterior pointsof the two facets,seeFigure3(a). In threedimensions,for each
face(with is a triangle)with verticesa1, a2 anda3, wede�ne threenew points

a123 = (2a1 + a2 + a3)=4; a231 = (a1 + 2a2 + a3)=4; and a312 = (a1 + a2 + 2a3)=4

which areinterior pointsof the threefacets,seeFigure3(b). Note that d new pointsare
the projectionsof thecenterof mass,cE , onto the edge(the facein 3D) alongdirections
parallelto theotherd edges.We usenotationce for thenew point insidefacete.
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a1 a12 a21 a2

cE

a. New edgepoints

��

��

��

��

cE

a312
a231

a123

a2

a3

a1

b. New facepoints

Figure3: Auxiliary edgeandfacepoints.

Lemma 3.1 For everyE in 
 h, theinnerproduct(2.12)satis�es

[v; (K E gradq1)I ]X ;E =
X

e2 @E

jej q1(ce) ve
E � [DI V v; (q1)I ]Q;E ; 8 v 2 X h; (3.1)

for anylinear functionq1.

Proof.Let M E bethesymmetricpositive de�nite kE � kE matrix de�ned by theinner
product[�; �]X ;E , see(2.19). Sincethe vectorsrecoveredat differentverticesuseseparate
degreesof freedom,thematrixM E is block-diagonalwith d+ 1 blocksandeachblock is a
d � d matrix. Theresultof thisspecialstructureof M E is thattheproofof (3.1) is reduced
to proving d + 1 independentidentitiesassociatedwith theverticesof E.

Let r bea vertex of E andlet ei , i = 1; : : : ; d, bethefacetsthatsharer . Furthermore,
let ~ni , betheoutwardnormalto ei andlet ~v bethevectorrecoveredat vertex r . Sincethe
constantvectoris recoveredexactly, (3.1)reducesto

jE j
d + 1

(K � 1
E ~v) � (K E gradq1) =

dX

i =1

jei j (q1(cei ) � q1(cE )) vei
E ; (3.2)

wherecE is thecenterof massof E. Since~v = N � T (ve1
E ; : : : ; ved

E )T , whereN is thed � d
matrixwith columns~ni , (3.2) is equivalentto

jE j
d + 1

gradq1 =
dX

i =1

jei j ~ni q1(cei � cE ) (3.3)

To prove (3.3),it is suf�cient to checkthat

jE j
d + 1

gradq1 � ~w =
dX

i =1

jei j ( ~w � ~ni ) q1(cei � cE ); 8~w 2 R d: (3.4)
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c2

cE
c1

r 1

Figure4: ThecongruenttrianglesE andÊ (shaded).

Let usconsiderthetriangularelementE shown in Fig. 4. TheshadedtriangleÊ is congru-
entto E andjÊ j = d=(d + 1)jE j. Thepointsc1, c2 andcE arethemid-pointsof theedges
of Ê . Sincethemidpointrule is exactfor linearfunctions,theright handsideof (3.4) is

dX

i =1

jei j ( ~w � ~ni ) q1(cei � cE ) =
1
d

Z

@̂E
( ~w � ~nÊ ) q1(s � cE ) ds (3.5)

UsingtheGreenformula,weget

1
d

Z

@̂E
( ~w � ~nÊ ) q1(s � cE ) ds =

1
d

Z

Ê
~w � gradq1 dx =

jE j
d + 1

~w � gradq1: (3.6)

Combining(3.5)and(3.6),weobtain(3.4).Thesameargumentproves(3.4) in thecaseof
tetrahedralelements. 2

We will alsouserepeatedlythefollowing approximationresult[4, Lemma4.3.8]. For
every elementE, if � 2 W m+1

p , p � 1, thereexists� m , a polynomialof degreeat mostm,
suchthat

j� � � m jW k
p (E ) � Chm+1 � k j� jW m +1

p (E ) ; k = 0; : : : ; m + 1: (3.7)

In particular, thereexistsa linearfunctionp1
E suchthat

kp � p1
E kL 2 (E ) � C h2

E kpkH 2 (E ) ; kp � p1
E kH 1 (E ) � C hE kpkH 2(E ) : (3.8)

For theerroron theedges(facesin 3D), we have [3]

k� k2
L 2(~e) � C

�
h� 1

E k� k2
L 2 (E ) + hE j� j2H 1 (E )

�
; 8� 2 H 1(E); (3.9)

where~e is any edge(face)of E. The constantC in (3.8) and(3.9) dependsonly on the
shape-regularity constantsof E. Applying (3.9) to thedifferencep � p1

E andusing(3.8),
wehave

kp � p1
E k2

L 2(~e) + h2
E kr (p � p1

E )k2
L 2 (~e) � C h3

E kpk2
H 2(E ) : (3.10)

It is obviousthatasimilarestimateholdsfor any facete of E.
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3.1 Optimal velocity estimate

Wearenow readyto proveoptimalerrorestimatesfor boththescalarandvectorvariables.
Theseestimatesarederivedfor themeshdependentnormsinducedby theinnerproducts:

jjjqjjjQ = [q; q]1=2
Q and jjjv jjjX = [v; v]1=2

X :

Theorem 3.1 For thesolutions(p; ~u) and(ph; uh) of problems(2.2) and(2.14),respec-
tively, thereexistsa constantC independentof h such that

jjj~uI � uh jjjX � C h kpkH 2 (
) :

Proof.Let v 2 X h besuchthatDI V v = 0. Then,usingthediscreteGreenformula(2.13),
weget

[~uI � uh; v ]X = [(K gradp)I ; v ]X + [GRAD ph; v ]X = [(K gradp)I ; v ]X :

Let p1 be a discontinuouspiecewise linear function satisfying(3.8) on every elementE.
Adding andsubtractingterms(K gradp1)I and(K gradp1)I , whereK is the piecewise
constantapproximationto K de�ned in Section2 andsatisfying(2.10),we have

[~uI � uh; v ]X = [(K gradp)I � (K gradp1)I ; v ]X + [(K gradp1)I � (K gradp1)I ; v ]X

+ [(K gradp1)I ; v ]X � I 1 + I 2 + I 3:

Termssimilar to I 1 andI 2 appearin [6]. UsingtheCauchy-Schwarzinequality, we bound
I 1 as

jI 1j � jjj(K gradp � K gradp1)I jjjX jjjv jjjX

�

 

� 1

X

E 2 
 h

X

e2 @E

�
((K gradp � K gradp1)I )e

E

� 2
jE j

! 1=2

jjjv jjjX

=

 

� 1

X

E 2 
 h

X

e2 @E

�
1
jej

Z

e
K grad(p � p1) � ~ne

E ds
� 2

jE j

! 1=2

jjjv jjjX

� ChkpkH 2(
) jjjv jjjX ;

(3.11)

wherewe have used(2.17) in the secondinequalityand(3.10) in the last inequality. For
termI 2, using(2.10), wehave

jI 2j � Chjjj( gradp1)I jjjX jjjv jjjX : (3.12)

Sincetheinnerproduct(2.12)is exactfor constantvectors,weget

jjj( gradp1)I jjjX ;E = k gradp1
E kL 2 (E ) � k gradpkL 2 (E )+ k grad(p� p1

E )kL 2 (E ) � CkpkH 2 (E ) ;
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using(3.8). Theabove inequalityand(3.12)imply that

jI 2j � ChkpkH 2(
) jjjv jjjX : (3.13)

To estimatetheremainingterm,weapplyLemma3.1anduseDI V v = 0 to obtain

I 3 =
X

E 2 
 h

X

e2 @E

jej p1
E (ce) ve

E :

Recallthatce is themid-pointof oneof theedges(facesin 3D) of theshadow elementÊ
(seeFigure4). Denotingthecorrespondingedge(face)by ê(e), weget

p1
E (ce) =

1
jê(e)j

Z

ê(e)
p1

E (s) ds:

Usingthecontinuityof p andtheapproximationresult(3.10),wehave

jI 3j =

�
�
�
�
�

X

E 2 
 h

X

e2 @E

ve
E

jej
jê(e)j

Z

ê(e)
(p1

E � p) ds

�
�
�
�
�

� C
X

E 2 
 h

X

e2 @E

jej1=2jve
E j kp1

E � pkL 2 (ê(e))

� C
X

E 2 
 h

hE

 

jE j
X

e2 @E

jve
E j2

! 1=2

kpkH 2(E ) � C h kpkH 2 (
) jjjv jjjX

(3.14)

Wenext notethatLemma2.1impliesthat

DI V (~uI � uh) = f I � f I = 0;

hencewe cantake v = ~uI � uh in theabove estimates.Combiningestimatesfor I 1, I 2,
andI 3, weprove theassertionof thetheorem. 2

3.2 Optimal pressureestimate

To prove optimalconvergencefor thepressurevariable,we �rst show thataninf-supcon-
dition holds.Let usde�ne themeshdependentH div norm:

jjjv jjj2div = jjjv jjj2X + jjjD I V vjjj2Q :

Lemma 3.2 Thereexist a positiveconstant� independentof h such that for anyq 2 Qh

sup
v 2 X h ; v 6=0

[DI V v; q]Q
jjjv jjjdiv

� � jjjqjjjQ : (3.15)

12



Proof.Let q 2 Qh andlet q bethepiecewise-constantfunctionwhich is equalto (q)E on
E. Wewill construct~v 2 (H 1(
)) d suchthatdiv ~v = q and

k~vk(H 1(
)) d � C1kqkL 2(
) ; (3.16)

whereC1 is apositiveconstantindependentof h. Let q0 betheintegral averageof q,

q0 =
1

j
 j

Z



qdx:

Wede�ne ~v = ~v1 + ~v2 where~v1 is asolutionto

div ~v1 = q � q0 in 
 ;
~v1 = 0 on @
 ;

and~v2 is a solutionto
div ~v2 = q0 in 
 ;

~v2 = ~g on @
 ;

where~g 2 (H 1=2(@
)) d andsatis�esthecompatibilitycondition
Z

@

~g � ~n ds = q0j
 j:

Theaboveproblemsareknown to havesolutions[10] satisfying

k~v1k(H 1 (
)) d � CkqkL 2(
) and k~v2k(H 1 (
)) d � C
�
kq0kL 2(
) + k~gk(H 1=2(@
)) d

�
:

We choose~g = j
 jq0� ~n, where� is a smoothfunction with supportcontainedwithin
onesideof 
 suchthat

R
@
 � ds = 1. It is easyto seethatk~gk(H 1=2 (@
)) d � Ckq0kL 2 (
) ;

therefore~v satis�es(3.16).
Let v = ~vI . UsingLemma2.2,inequality(3.9),andtheassumptionof meshregularity,

weget
[v ; v ]X ;E � � 1 jE j

X

e2 @E

jve
E j2

� C
X

e2 @E

jE j
jej

�
(h� 1

E k~vk2
(L 2(E )) d + hE j~vj2(H 1 (E )) d )

�

� C
X

e2 @E

�
k~vk2

(L 2 (E )) d + h2
E j~vj2(H 1 (E )) d

�

� C2k~vk2
(H 1 (E )) d :

Therefore,using(3.16),

jjjv jjj2X � C2k~vk2
(H 1 (
)) d � C2

1C2jjjqjjj2Q :

13



Further, Lemma2.1implies

DI V v = (div ~v)I = qI = q:

Thelasttwo estimatesimply that

jjjv jjjdiv �
q

1 + C2
1C2 jjjqjjjQ ;

thustheassertionof thelemmafollowswith � = 1=
p

1 + C2
1C2. 2

Theorem 3.2 For thesolutions(p; ~u) and(ph; uh) of problems(2.2) and(2.14),respec-
tively, thereexistsa constantC independentof h such that

jjjpI � ph jjjQ � C h kpkH 2 (
) :

Proof.UsingLemma3.2,we have

jjjpI � ph jjjQ �
1
�

sup
v 2 X h ;v 6=0

[DI V v; pI � ph]Q
jjjv jjjdiv

(3.17)

To estimatethedenominator, we �rst addandsubtract(p1)I wherep1 is thediscontinuous
piecewiselinearapproximationto p satisfying(3.8),andthenapplyLemma3.1:

[DI V v; pI � ph]Q = [DI V v; (p � p1)I ]Q + [DI V v; (p1)I ]Q + [uh; v ]X

= [DI V v; (p � p1)I ]Q +
X

E 2 
 h

X

e2 @E

jej p1
E (ce)ve

E

�
X

E 2 
 h

[(K E gradp1
E )I ; v ]X ;E + [uh; v ]X

� I 4 + I 5 � I 6 + I 7:

ThetermI 4 is estimatedusing(3.8):

jI 4j � Ch2 jjjv jjjdiv kpkH 2(
) : (3.18)

Thesecondtermis estimatedasthesimilar termin theproofof Theorem3.1:

jI 5j � C h jjjv jjjX kpkH 2 (
) : (3.19)

Thelasttwo termsaretreatedby addingandsubtracting(K gradp1)I and(K gradp)I :

I 6 � I 7 = [(K gradp1)I � (K gradp1)I ; v ]X

+[( K gradp1)I � (K gradp)I ; v ]X + [~uI � uh; v ]X

� I a
67 + I b

67 + I c
67:

14



The�rst two termsappearedin theproofof Theorem3.1; therefore

jI a
67j + jI b

67j � C h jjjv jjjX kpkH 2(
) : (3.20)

ThetermI c
67 is estimatedusingTheorem3.1:

jI c
67j � jjj~uI � uh jjjX jjjv jjjX � C hkpkH 2 (
) jjjv jjjX : (3.21)

Theproof is completedby combining(3.17)–(3.21). 2

3.3 Superconvergenceof the pressure

In this sectionwe prove a second-orderconvergenceestimatefor thepressure.We denote
theoriginaledges(facesin 3D) by ~e to distinguishthemfrom facetse.

Let us introducetwo additionalinterpolationoperators.Let V h be the lowestorder
Brezzi-Douglas-MariniBDM1 mixed �nite elementspaceon 
 h, consistingof piecewise
linear vector functionswith continuousnormalcomponents[5]. For any ~v 2 (L s(
)) d,
s > 2, let � ~v 2 V h beits �nite elementinterpolantsatisfyingfor everyelementedge(face
in 3D) ~e 2 @E

Z

~e
(� ~v � ~v) � ~nE p1 ds = 0 for every linearfunctionp1: (3.22)

This impliesthat Z

E
div (� ~v � ~v) dx = 0: (3.23)

It hasbeenshown in [5] thatfor any smoothenoughvector~v,

k~v � � ~vk(L 2(
)) d � Chkk~vk(H k (
)) d ; 1 � k � 2: (3.24)

It is alsoeasyto seethatfor all elementsE

k� ~vk(H 1 (E )) d � Ck~vk(H 1 (E )) d : (3.25)

For any ~v 2 V h, de�ne aninterpolant~v~I 2 X h suchthat,for every facete 2 @E,

(~v
~I )e

E = ~v(r e) � ~nE ;

wherer e is thevertex of E sharedby e. Notethat~v~I satis�esthecontinuitycondition(2.6).

Lemma 3.3 For every~v 2 V h,

DI V ~v
~I = (div ~v)I :

15



Proof.For any E in 
 h, we have

(DI V ~v~I )E =
1

jE j

X

e2 @E

jej (~v~I )e
E =

1
jE j

X

~e2 @E

j~ej
d

dX

i =1

~v(r i
e) � ~nE ;

wherer i
e, i = 1; : : : ; d, aretheverticesof e. The lastsumis thequadraturerule for exact

integrationof linearfunctions.Therefore,

(DI V ~v
~I )E =

1
jE j

X

~e2 @E

Z

~e
~v � ~nE ds = (div ~v)I

E :

2

Wearenow readyto provesecond-orderconvergencefor thepressure.

Theorem 3.3 Assumethat problem(2.2) is H 2-elliptic regular. Then,for the solutions
(p; ~u) and (ph; uh) of problems(2.2) and (2.14), respectively, there existsa constantC
independentof h such that

jjjpI � ph jjjQ � C h2 (k~uk(H 2 (
)) d + kpkH 2 (
) ):

Proof.Theproof is basedona dualityargument.Let ' bethesolutionto

� div K grad' = R(pI � ph) in 
 ;

' = 0 on@
 ;

whereR(pI � ph) is thepiecewiseconstantfunctionequalto (pI � ph)E oneachelement
E. Theregularity assumptionimplies

k' kH 2(
) � CkR(pI � ph)kL 2 (
) ; (3.26)

see[11, 17] for suf�cient conditions.Let ~ = � K grad' . Let (�; �) denotetheL 2 inner
productover 
 . UsingLemma3.3and(2.18), weget

kR(pI � ph)k2
L 2 (
) = (R(pI � ph); div � ~ )

= (p;div � ~ ) � [ph; DI V (� ~ ) ~I ]Q

= (K � 1~u; � ~ ) � [uh; (� ~ ) ~I ]X

= (K � 1(~u � � ~u); � ~ ) + � (K � 1� ~u; � ~ ) + [(� ~u) ~I � uh; (� ~ ) ~I ]X ;
(3.27)

where
� (K � 1~u;~v) � (K � 1~u;~v) � [~u

~I ;~v
~I ]X

representstheerrorin integratingthedot productof two vector-valuedfunctions.The�rst
termon theright in (3.27)canbeboundedusing(3.24)and(3.25):

j(K � 1(~u � � ~u); � ~ ) � Ch2k~uk(H 2(
)) d k' kH 2(
) : (3.28)
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Thesecondtermon theright in (3.27)canbeboundedusingLemma3.4 (which we shall
provebelow) and(3.25):

j� (K � 1� ~u; � ~ )j � Ch2k~uk(H 1 (
)) d k' kH 2 (
) : (3.29)

Let v = (� ~u) ~I � uh. Then,for thelasttermon theright in (3.27), wehave

[(� ~u) ~I � uh; (� ~ ) ~I ]X = [v; (� � K grad' ) ~I ]X

= [v; (� � K grad' + � K grad' 1) ~I ]X

+[ v; (� � K grad' 1 + � K grad' 1) ~I ]X � [v ; (K grad' 1) ~I ]X

� I 8 + I 9 � I 10;
(3.30)

where' 1 is thepiecewise linearapproximationto ' satisfying(3.8) on every elementE,
andK is thepiecewiseconstantapproximationto K de�ned in Section2. For I 8, wehave

jI 8j � jjj(� K grad(' � ' 1)) ~I jjjX jjjv jjjX

�

 

� 1

X

E 2 
 h

X

e2 @E

(� K grad(' � ' 1)(r e) � ~nE )2jE j

! 1=2

jjjv jjjX

� C

 
X

E 2 
 h

X

~e2 @E

jE j
j~ej

Z

~e
(K grad(' � ' 1) � ~nE )2 ds

! 1=2

jjjv jjjX

� Chk' kH 2 (
) jjjv jjjX ;

(3.31)

wherewehaveused(2.17)in thesecondinequality, (3.22)in thethird inequality, and(3.10)
in thelastinequality. Usingtheaboveargument,thetermI 9 canbeboundedasfollows:

jI 9j � jjj(�( K � K ) grad' 1)
~I jjjX jjjv jjjX

� C

 
X

E 2 
 h

X

~e2 @E

jE j
j~ej

Z

~e
(�( K � K ) grad' 1 � ~nE )2 ds

! 1=2

jjjv jjjX

� C

 
X

E 2 
 h

h2
E kK k2

1;1 ;E k grad' 1k2
L 2 (E )

! 1=2

jjjv jjjX

� Chk' kH 2 (
) jjjv jjjX ;

(3.32)

wherewehaveused(2.10)and(3.9)in thethird inequalityand(3.8)in thefourthinequality.
To estimateI 10, wenotethat(K grad' 1) ~I = (K grad' 1)I andDI V v = 0. Applying

Lemma3.1andtheargumentfrom (3.14),weget

jI 10j =

�
�
�
�
�

X

E 2 
 h

X

e2 @E

jej' 1(ce)ve
E

�
�
�
�
�

� Chk' kH 2 (
) jjjv jjjX : (3.33)
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Next, thetriangleinequalitygives

jjjv jjjX � jjj(� ~u)
~I � ~uI jjjX + jjj~uI � uh jjjX : (3.34)

Thesecondtermontheright is boundedin Theorem3.1.To boundthe�rst term,wechoose
~u0 asthepiecewiseconstantapproximationto ~u thatsatis�es(3.7).Thetriangleinequality
gives

jjj(� ~u)
~I � ~uI jjjX � jjj(� ~u)

~I � (� ~u0)
~I jjjX + jjj(� ~u0)

~I � ~uI
0jjjX + jjj~uI

0 � ~uI jjjX : (3.35)

Thesecondtermon theright above is zero. The�rst termis boundedusingtheargument
from (3.31):

jjj(� ~u)
~I � (� ~u0)

~I jjjX � C

 
X

E 2 
 h

X

~e2 @E

jE j
j~ej

Z

~e
(�( ~u � ~u0) � ~nE )2 ds

! 1=2

� Chk~uk(H 1 (
)) d ;

(3.36)
using(3.7) and(3.9) in the last inequality. The last termin (3.35)is boundedin a similar
way,

jjj~uI
0 � ~uI jjjX � Chk~uk(H 1 (
)) d : (3.37)

Theproof is completedby combining(3.27)–(3.37), Theorem3.1,and(3.26). 2

It remainsto establishthebound(3.29).

Lemma 3.4 LetK � 1 2 W 2
1 (E) for all elementsE. Then,for all ~uh;~vh 2 V h, thereexists

a constantC independentof h such that

j� (K � 1~uh;~vh)j � C
X

E 2 
 h

h2k~uhk(H 1 (E )) d k~vhk(H 1 (E )) d :

Proof.We �rst notethatfor all ~uh 2 V h andfor all piecewiseconstantvectors~v0,

� (~uh;~v0) = 0; (3.38)

which follows from

[~u
~I
h;~v

~I
0]X ;E =

jE j
d + 1

d+1X

i =1

~uh(r i ) � ~v0(r i ) = (~uh;~v0)E ;

usingthat themiddle term is thequadraturerule for exact integrationof linear functions.
Next, using(3.38), wewrite

� E (K � 1~uh;~vh) = � E ((K � 1 � K � 1
E )(~uh � ~uh;0);~vh) + � E ((K � 1 � K � 1

E )~uh;0;~vh � ~vh;0)

+ � E (K � 1~uh;0;~vh;0) + � E (K � 1
E (~uh � ~uh;0);~vh � ~vh;0);

(3.39)
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where~uh;0 and~vh;0 aretheconstantapproximationson E to ~uh and~vh, respectively, satis-
fying (3.7). The�rst, second,andfourth termsaboveareboundedby

Ch2kK � 1k1;1 ;E k~uhk(H 1(E )) d k~vhk(H 1 (E )) d : (3.40)

Sincethethird termon theright in (3.39)is zerofor linear tensors,letting (K � 1)1
E bethe

linearapproximationto K � 1 onE satisfying(3.7),wehave

j� E (K � 1~uh;0;~vh;0)j = j� E ((K � 1 � (K � 1)1
E )~uh;0;~vh;0)j

� Ch2jK � 1j2;1 ;E k~uhk(L 2 (E )) d k~vhk(L 2 (E )) d

(3.41)

A combinationof (3.39)–(3.41)completestheproofof thelemma. 2

4 Numerical experiments

In this section,we presentresultsof numericalexperiments.As we mentionin Sec.2, the
velocity unknown canbe eliminatedfrom the discretesystemresultingin a cell-centered
discretizationwith a symmetricpositive de�nite matrix. This problemis solved with the
preconditionedconjugategradient(PCG)method.In thenumericalexperiments,we used
oneV-cycleof thealgebraicmultigrid method[21] asapreconditioner. Thestoppingcrite-
rion for thePCGmethodis therelative decreasein theresidualnormby a factorof 10� 12.

Let usconsiderthe2D problem(2.2) in theunit squarewith theknown analyticalsolu-
tion

p(x; y) = x3y2 + x sin(2� xy) sin(2� y)

andthetensorcoef�cient

K =

 
(x + 1)2 + y2 � xy

� xy (x + 1)2

!

:

In the �rst setof experiments,we considerthesequenceof smoothtriangularmeshes
generatedfrom uniform squaremeshesby splitting eachsquarecell into four equaltrian-
gles.Theconvergenceratesareshown in Table1 for thediscreteL 2 normsde�ned earlier,
aswell asin discreteL 1 normsequalthemaximumcomponentabsolutevaluesof theal-
gebraicvectors.We usethe linearregressionalgorithmto estimatetheconvergencerates.
Weobservesecond-orderconvergencerate(superconvergence)of thepressurevariableand
�rst-order convergencerateof the�ux variablein thediscreteL 2 norms.Theslightly faster
convergenceratein thediscreteL 1 normfor the�ux (seethelastcolumn)is dueto faster
convergenceoncoarsemeshes.

In the secondset of experiments,we take the meshesgeneratedabove and perturb
randomlypositionsof themeshnodes.More precisely, we move eachof themeshnodes
into a randompositioninsidea squareof sizeh=2 centeredat thenode.Theconvergence
ratesareshown in Table2. As in the�rst example,we observe second-orderconvergence
of thepressureand�rst-order convergenceof the�ux.

Bothexperimentscon�rm thetheoreticalresultsprovedin theprevioussections.
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Figure5: Examplesof meshesusedin experiments1 and2.

Table1: Convergenceratesin the�rst setof experiments.

1=h jjjpI � ph jjjQ jjjpI � ph jjj1 jjj~uI � uh jjjX jjj~uI � uh jjj1
8 1.08e-2 4.06e-2 2.55e-1 2.60e-0
16 2.75e-3 1.18e-2 9.14e-2 1.04e-0
32 6.92e-4 3.18e-3 4.03e-2 3.94e-1
64 1.73e-4 8.17e-4 1.95e-2 1.58e-1
128 4.34e-5 2.07e-4 9.56e-3 7.94e-2
Rate 1.99 1.91 1.17 1.28

5 Conclusion

We developa local �ux mimetic �nite differencemethod,which reducesto cell-centered
�nite differencesfor the pressure.Borrowing an ideafrom the MPFA method,we intro-
ducefacet�uxes, which areeliminatedfrom the algebraicsystemby solving small local
systemsfor eachmeshvertex. Themethodis de�ned on generalpolyhedralelements.We
presentanalysisfor simplicial elements,showing optimal convergencefor both variables
andsuperconvergencefor thepressureat theelementcenters.Ouranalysisis basedondis-
cretespaceargumentsanddoesnot rely on �nite elementpolynomialextensions,with the
exceptionof thepressuresuperconvergenceproof. Theanalysiscanbeextendedto smooth
quadrilateralmeshes.
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Table2: Convergenceratesin thesecondsetof experiments.

1=h jjjpI � ph jjjQ jjjpI � ph jjj1 jjj~uI � uh jjjX jjj~uI � uh jjj1
8 1.14e-2 4.06e-2 2.94e-1 2.67e-0
16 2.93e-3 1.18e-2 1.24e-1 1.14e-0
32 7.13e-4 3.23e-3 5.97e-2 5.12e-1
64 1.77e-4 9.49e-4 3.01e-2 3.56e-1
128 4.48e-5 2.58e-4 1.52e-2 1.98e-1
Rate 2.00 1.82 1.06 0.92
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