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Abstract

We developalocal ux mimetic nite differencemethodfor secondorderelliptic
equationswith full tensorcoefcients on polyhedralgrids. To approximatehe ux
(vectorvariable),the methodusestwo degreesof freedomper elementedgein two
dimensionsandn degreesof freedomper (n-gon) elementfacein threedimensions.
To approximatehe pressurdscalarvariable) the methodusesonedegreeof freedom
perelement A speciallychoserinnerproductin thespaceof discreteux esallows for
local ux eliminationandreductionof the methodto a symmetriccell-centerednite
differenceschemdor the pressureln the caseof simplicial grids, optimal rst-order
convergenceis provedfor bothvariablesaswell assecond-ordecorvergencefor the
scalarvariable.Numericalresultscon rm thetheory

Keywords: mimetic nite differencesmultipoint ux approximationgcell centered
discretizationtensorcoefcient, errorestimates
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1 Intr oduction

The mimetic nite difference(MFD) methodhasbeensuccessfullyemployed for solving
problemsof continuummechanic$19], electromagneticid 3], gasdynamicq7], andlinear
diffusionon polygonalandpolyhedralmeshesn boththe Cartesiarandpolarcoordinates
[14, 20, 18]. The MFD methodmimics essentiabropertiesof the continuumequations,
suchasconseration laws, solutionsymmetriesandthe fundamentaldentitiesandtheo-
remsof vectorandtensorcalculus. For second-ordeelliptic problemsthe MFD method
mimics the Gaussdivergencetheorem,preseresthe null spaceof the gradientoperatoy
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andkeepsthe adjointrelationshipbetweerthe gradientandthe divergenceoperatorsThis

leadsto asymmetricandlocally conserative nite differenceschemeHowever, theresult-

ing algebraicsystemis of saddle-pointype andcouplesthe ux (vectorvariable)andthe

pressurgscalarvariable)unknovns. The eliminationof the ux resultsin a cell-centered
discretizatiorschemewith a non-localstencil.

In thispaperwe developanen MFD methodwhichresultsn asymmetricell-centered
discretizationschemewith alocal stencil. To approximatehe ux, the methodusestwo
degreesof freedomper elementedgein two dimensionsand n degreesof freedomper
elementface(whichis n-gon)in threedimensionsthusassociatingpne ux unknowvn with
eachvertex (corner).To approximatehe pressurethe methodusesonedegreeof freedom
per element. Thesechoicesare similar to the degreesof freedomin the multipoint ux
approximation(MPFA) method|[2, 1, 9]. A speciallychosenux inner productcouples
only the ux degreesof freedomassociateavith eachmeshvertex andallowsfor local ux
elimination,reducingthe methodto a symmetriccell-centerednite differenceschemdor
thepressure.

In the caseof simplicial mesheswe prove optimal rst-order corvergencefor both
the ux andthepressurevariablesaswell assupercoxergenceof the pressuren discrete
L, norms. Our analysiscanbe extendedto smoothquadrilateraimeshes.Recentresults
[15, 16, 22] provide analysisfor the MPFA methodandsomerelatedmixed nite element
methodsby emplogying nite elementtechniques. Our approachis basedon estimating
the errorsdirectly in the normsof the discretemimetic spacesanddoesnot utilize nite
elemenfpolynomialextensionsgexceptin the pressuresupercomergenceproof.

The paperoutline is as follows. The new MFD methodis developedin Section2.
In Section3, we prove optimal corvergenceestimatedor the pressureand the velocity
andsupercomergencefor the pressure.Resultsof numericalexperimentscon rming the
theoreticakestimatesrepresentedn Sectiord.

2 Mimetic nite differencemethod

Let X; andX, beHilbert spacesandlet L ; andL ; betwo linearoperatorsL;: X; ! Y,
i = 1; 2, which satisfysomefundamentaidentity:

I (Li;Lofqe;f2)=0 8f12 Xy; 5,2 Xy

Supposdhat discreteapproximationspacesXi,, Yin, I = 1;2, andthe discreteoperator
L 1, aregiven. Theideaof themimeticdiscretizatioristo nd adiscreteoperatoi ,, such
thata discreteanalogof the fundamentaidentity holds,i.e

In(LynsLon;fansfon) =0 8f1n 2 X1n;fan 2 Xon: (2.1)

Thisimpliesthatoperatord. ; andL ; cannotbediscretizedndependentlyrom eachother
In the MFD method formula(2.1)is theimplicit de nition of theoperatorL ,.,.



We considerthe secondorder elliptic problemwritten asa systemof two rst order
equations
8 = K gradp in ;

div o f in : (2.2)

subjectto appropriateboundaryconditions.For simplicity, we considerthe homogeneous
Dirichlet boundaryconditions(seg[12] for moregeneraboundaryconditions):

p=0 on @: (2.3)

We considera polygonaldomain RY, d = 2 or 3, with boundary@ andoutward
unit normaln. The coefcient K is a symmetricand uniformly positve de nite tensor
satisfying

ko T TK(x) kT 8x2 :8 2RY (2.4)

for somepositive constantk, andk;. Following the terminologyestablishedn porous
mediaapplications,we refer to p asthe pressureto ¢ asthe velocity, andto K asthe
permeabilitytensor
In the problemof interest(2.2), the operatorsaareL; = div andL, = K grad, the
spacesareX; = H(div; ) , Yy = La() , X2 = HY() andY: = (L,()) ¢ andl isthe
Greenformula,
Z Z

| (Ly;Lot;p)=  pdivadx+ o K YK gradp)dx: (2.5)

2.1 Thelocal ux MFD method

The MFD methodhasfour steps.First, we de ne degreesof freedomfor the pressureand
thevelocity. Secondwe discretizethe easiesbf thetwo operatorsgdependingn the cho-
sendegreesof freedomijit couldbe eitherof them. Third, we discretizethe Greenformula
usingquadratureulesfor eachof theintegralsin (2.5). Someminimal approximatiorprop-
ertiesfor thesequadraturearerequiredto prove theoptimalcorvergencerates.Fourth,we
derive adiscreteformulafor the otheroperator

Let 1, beaconformingshape-rgularpartition (see[8]) of the computationalomain
into polygonalelementsLet

h = maxhg;
E2 |

wherehg is the diameterof elementE. We assumeéhat eachvertex of E is sharedby
exactly d edgedqfacesin 3D) of thatelement.In two dimensionsye split eachedgeinto
two sub-edgsusingthe mid-point. In threedimensionswe split eachfaceinto several
guadrilateralfacetsby connectingthe face centerof masswith the edgemidpoints. To
simplify the presentationywe shall refer to the sub-edgessfacets. We denotethe area
(volumein 3D) of anelementE by JEj. Similarly, for eachfacete, we denoteby jg its
length(areain 3D).



For eachelementE, we denoteby ng thenumberof its verticesandby ke thenumber
of its facets.The boundarie®f facetsaremarked by thin linesin Fig. 1. In thefollowing
@ denoteseitherthe union of all edges(facesin 3D) or the union of all facetsof E,
dependingn the context.

The discretepressurespaceQy, consistsof onedegreeof freedomper elementcorre-
spondingto the pressurevalue at the centerof mass. The dimensionof Q;, equalsthe
numberof elements.For q 2 Qy, we shalldenoteby ge (or (q)e) its (constantyalueon
elemente.

The discretevelocity spaceX, consistsof one degree of freedomper facet, which
correspondgo the averagenormal ux. The location of velocity degreesof freedomis
shovn in Fig. 1. Forv 2 Xy, we shalldenoteby vg the restrictionof v to elementE,
andby v§ (or (v)g) its (constantyalueon facete. Thetotal number Ny , of the velocity
degreesof freedomequalshe numberof boundaryfacetsplustwice thenumberof interior
facets We de ne X, asthesubspacef RNx which satis esthe continuityproperty

vgl = vgz (2.6)

for eachfacete sharedby elements; andE,. Notethatthe dimensionof X, equalsthe
numberof facets.

Figurel: Velocity degreesof freedommarkedby solid circlesfor atriangle(ng = 3, ke = 6) and
atetrahedror{ing = 4, ke = 12). Theboundarie®f thefacetsaremarkedby thin lines.

The normal velocity componentgesultin a simple discretizationof the divergence
operator Integratingdiv ¢ overelemente, applyingthedivergencetheoremandusingthe
de nition of discretevelocity unknovns,we get

1 X
(DI Vu)g = iEj jgj Ug: (2.7)
e2 @

Let usdiscretizeeachtermin (2.5). Forary g2 L*() ,wede ned 2 Qy suchthat
Z

(d)e = J% i BE2 (2.8)



The rst integralin (2.5)is approximatedy
Z

X
p(x) g(x) dx JEjpe e [p; dlo; (2.9)

E2 &

wherep = p' andg = ¢ . Notethat(2.9)is aninnerproductin Qy.

The discretizationof the secondintegral in (2.5) requiressomeadditional notation.
Givenv 2 Xy, letwe(rs) 2 RY be avectorassociateavith vertex rs of E suchthatits
normalcomponenbn ary facete thatshares s is equalto vg . Sinceeachvertex is shared
by exactly d facetsthenthe vectorwg (rg) is uniquelydetermined.We referto ve (rs) as
therecoveredvector Theexpressiorfor ¥ (ri) canbefoundin [18].

We approximateK by a symmetricand positive de nite piecavise constantensork
thatequalghemeanvalueK g of K onE. The Taylortheoremmpliesthat

r)pzaEXjKij (X) KE;ijj CkKij kl;l ‘E hE, 1 I,J d, (210)
wherek k.1 isthenormin the Soboler spaceW . Wewill alsousethe notation
KKk = maxkKj k
1)

for tensovaluedfunctions.In (2.10)andthroughouthepaperC denotesagenerigositive
constantwhich is independentf h. Now, the secondintegral in (2.5) is approximated
element-by-elemerity
74 X
K te(x) w(x)dx [U; vike  [u; vix; (2.11)

E2
where

XEe 1 XE

[U;Vvixe = WiKEluE(ri) ve (ri); E1: Ei
i=1 JB] o

Wi, (2.12)
w; aresomepositive weights,andte (i) andve (r;) aretherecoreredvectors.For simpli-
cial elementstheweightsareequalto JEj=(d + 1) and ¢ = 1. Later, we will showv (see
Lemmaz2.2)that(2.11)is aninnerproductin X4,.

Thediscretegradientoperatoiis derivedfrom the discreteGreenformula

[0; DIVv]o+ [v; GRAD qg]x = 0; 8g2 Qp; 8V 2 Xy: (2.13)

This formulagivesa uniquede nition for operatorGRAD . Thelocal ux MFD method
reads: nd u, 2 Xy andpy, 2 Qn suchthat

Un

G RAD py;
DI Vuy X

: (2.14)

wheref = f'.



2.2 Well-posednes®sf the method

Thefollowing interpolantwill be usedin the analysis.Forary ¥ 2 (L3()) ¢, s> 2, we
de ne¥' 2 X}, suchthat
Z

(v')g—j% v ngds B8E2 ,; 8 @: (2.15)

e

Notethaty' satis esthecontinuity property(2.6).
Thede nitions (2.8) and(2.15) of theinterpolationoperatorsaandthe divergencetheo-
remimply thefollowing simpleresult.

Lemma 2.1 For sufciently smoothvectorfunctionsv, we have
(DI V¥')e = (div ¥)¢ (2.16)
for everyelementk 2 .
Thenext lemmashavsthat[ ; ]x isanormin X.
Lemma 2.2 Thee existtwo positiveconstants o and ; independendf h sud that

X X
8E 2 n; oE]j VEi* [v;vixe  dEj jVEJ? (2.17)
e2 @& e2 @&

foranyv 2 Xj.

andlet ¥(r;) betherecoreredvector Furthermorelet n;; bethe outward normalto e;; .

It is easyto seethatw(r;) = N; T(ve' ;:::;ve®)T whereN; isthed d matrix whose

columnsarethenormalss;; (see[18] for moredetail).
Thede nition (2.12)impliesthat
0= Ko min mip (N; 1Ni T):
1 i ng

A similar estimateholdsfor ;. The spectralpropertiesof the matrix N; dependonly on
themeshregularity constantsThis provesthe assertiorof thelemma. 2

We arenow readyto prove thesolvability of (2.14).
Lemma 2.3 Thediscreteproblem(2.14)hasa uniquesolution.

Proof. It is corvenientto rewrite (2.14)in theequvalentvariationalform

0; 8v 2 Xy
[f;alo; 802 Qn;

[un;vIx  [Pn; DI VV]q

2.18
[DI Vuy;glo ( )



wherewe have usedthe discreteGreenformula (2.13). Since(2.18)is a squaresystem,
it sufces to shav uniquenesdgor the homogeneougroblem. Lettingf = 0, v = uy,
andq = pn, we concludethat[up; un]x = 0. Hence,dueto (2.17) u, = 0. Letp, bea
piecavise constanfunctionsuchthatpnje = (pn)e.

Let usconsideragpin (2.18)andtakev = (grad )', where isthesolutionto

= Pn in ;
=0 on @:

Using(2.16) we have that
DIVv = DIV (grad )' = (div grad )' = (pn)' = pn;

whichimpliesthat[py; pnlo = O, thereforep, = 0. 2

2.3 Reductionto a cell-centered scheme

In orderto derive the explicit formulafor GRAD , we consideranauxiliary innerproduct

< ; > andrelateit to innerproducts(2.9)and(2.11). Let< ; > betheusualvector
dotproduct. Then
[p;dlo =<Dp;q> and  [u;vlx =< M u; v >; (2.19)

matrix. Since[ ; ]x is aninnerproduct,M is symmetricandpositive de nite.

To incorporatethe continuity conditions,we write u = C whereC is therectangular
matrix with onenon-zercelementn eachrow (which equalso 1) andthe entriesof vector
0 areindependentiegreesof freedom.Thus,the sizeof vector( equalsto the numberof
meshfaces.Similarly, we write v = C¢. Thematrix CTM C is alsoblock diagonalwith
asmary blocksastherearemeshnodes.Thus,thediscreteGreenformulayields

GRAD = (C'™™MC) ¥DIVC)'D:

In two dimensionsgachblock of CTM C is atridiagonalcyclic matrixwhosenon-zero
entriesdescribeinteractionof neighboringvelocity unknovns on edgessharinga mesh
node. The block correspondingo the interior nodeshowvn in Fig. 2isa5 5 matrix.
Thereforetheinverseof this block canbe easilycomputedvhich givesusanexplicit local
formulafor eachcomponentf u, andthusreduceg2.14)to acell-centeredliscretization

D 1V CGRAD py, = f: (2.20)

Examplesof the stencilsfor the operatorsGSRAD andDI V C GRAD areshawnin Fig-
ure2(a)andFigure2(b), respecitrely.



o

a. GRAD stencil b. DI VGRAD stencil

Figure 2: Stencilsfor operatorsGRAD andDI V GRAD on a triangularmesh. On the left,
the equationfor the velocity unknavn at the positionmarked by a solid circle involves pressure
unknavns at the positionsmarked by squaresOn theright, the pressurenarked by a solid square
is coupledwith the pressuresarkedby squares.

The coefcient matrix of problem(2.20)is symmetricwith respectto inner product
(2.9):

[D IV CGRAD p;qlo =< DDIVC(C'MC) ¥DIVC)'Dp;q>:

Moreover, sinceDI Vg = 0impliesq = 0, asshawn in the proof of Lemma2.3, the
resultingalgebraicsystemhasa symmetricandpositive de nite matrix.

3 Convergenceanalysis

In this sectionwe prove cornvergenceestimategor the velocity andpressuren the caseof
simplicialmeshegng = d+ 1).

We begin with the proof of adiscreteGreenformulafor linearfunctions.In two dimen-
sions,for eachedgewith endpointsa; anda,, we de ne two new points

a;p = (2a1+ a)=3 and  ax = (a;+ 2a2)=3

which areinterior pointsof the two facets,seeFigure3(a). In threedimensionsfor each
face(with is atriangle)with verticesa,, a, andas, we de ne threenew points

gz = (2ap+ ax+ az)=4; Az = (aut+2ap+a3)=4; and ag, = (ag+ax+ 2a3)=4

which areinterior pointsof the threefacets,seeFigure 3(b). Note thatd new pointsare
the projectionsof the centerof mass,cg, ontothe edge(the facein 3D) alongdirections
parallelto the otherd edgesWe usenotationc, for thenew pointinsidefacete.



a1 a2 azi a
a. New edgepoints

b. New facepoints

Figure3: Auxiliary edgeandfacepoints.

Lemma3.1 For everyE in |, theinnerproduct(2.12)satis es

X
[v; (Ke gradg’)'Ix e = jgidgi(ceve [DIVV; (@) ]oe;  8v2Xn (3.1)
e2 @

for anylinear functiong?.

Proof.Let Mg bethe symmetricpositve de nite ke kg matrix de ned by theinner
product[ ; ]x.e, see(2.19). Sincethe vectorsrecoveredat differentverticesuseseparate
degreesof freedom thematrix Mg is block-diagonaivith d+ 1 blocksandeachblockis a
d dmatrix. Theresultof this specialstructureof Mg is thattheproofof (3.1)is reduced
to proving d + 1 independenidentitiesassociatedvith the verticesof E.

let r;, bethe outward normalto g andlet ¥ bethevectorrecoreredat vertex r. Sincethe
constantwectoris recoveredexactly, (3.1) reducego

13 o _
dJ+Jl(KE1V) (Ke gradg’) = jej(a'(ce) o' (Ce)) VE: (3-2)
i=1
wherecg is thecenterof massof E. Sincev = N T(vg!;:::;ve®)T, whereN isthed d

matrix with columnsn;, (3.2)is equivalentto

El cradat = ieim gt
g+ pdrada = jejmia(Ce Ce) (3.3)

i=1

To prove (3.3),it is sufcient to checkthat

—dJJIlegradq1 w=  jej(w m)g'(ce ce); 8w2RY (3.4)
i=1



Figure4: ThecongruentrianglesE andE (shaded).

Let usconsidetthetriangularelement shavnin Fig. 4. TheshadedriangleE is congru-
entto E andjEj = d<(d + 1)jEj. Thepointscy, ¢, andce arethemid-pointsof theedges
of E. Sincethemidpointruleis exactfor linearfunctions theright handsideof (3.4)is

xd 1Z
jej(w m)a(ce ce)= 3 @(W Re)q'(s ce)ds (3.5)
i=1
Usingthe Greenformula,we get
1 17 13
- 1 - = 1 - 1= 1.
. @(w Re)g(s cg)ds . I:Aw gradqg- dx q+ 1w gradq: (3.6)
Combining(3.5)and(3.6),we obtain(3.4). Thesameargumentproves(3.4)in the caseof
tetrahedraélements. 2

We will alsouserepeatediythe following approximatiorresult[4, Lemma4.3.8]. For
everyelemente, if 2 Wg“*l,p 1, thereexists ™, apolynomialof degreeat mostm,
suchthat

j ijpk(E) ch™*L K ngnﬂ €y K=0:1m+ L (3.7)
In particular thereexistsalinearfunctionpt suchthat
kp pekize)y  ChE Kpkpze); kp  Pekniey  Che kpkpzge): (3.8)

For theerrorontheedgegqfacesn 3D), we have [3]
k k2 C he'k Ko+ hej jhae) i 8 2HYE); (3.9)

wheree is ary edge(face)of E. The constantC in (3.8) and(3.9) dependsnly on the
shape-rgularity constantof E. Applying (3.9) to thedifferencep pi andusing(3.8),
we have

kp  pPekize + hEkr (b PE)Ki2e  ChE Kpkfze: (3.10)

It is obviousthata similar estimateholdsfor ary facete of E.

10



3.1 Optimal velocity estimate

We arenow readyto prove optimalerrorestimategor boththe scalarandvectorvariables.
Theseestimatesarederivedfor the meshdependenhormsinducedby theinnerproducts:

jgio = [a; alg”  and  jiviix = [v; VI

Theorem 3.1 For the solutions(p; &) and(pn; un) of problems(2.2) and (2.14),respec-
tively, there existsa constantC independenof h sud that

it uniix  Chkpkyez :

Proof.Letv 2 X, besuchthatDI Vv = 0. Then,usingthediscreteGreenformula(2.13),
we get

[t up; vlx = [(K gradp)'; v]x + [GRAD pp; vlx = [(K gradp)'; vIx:

Let p! be a discontinuousiecavise linear function satisfying(3.8) on every elementE.
Adding and subtractingterms(K gradp!)' and(K gradp!)', whereK is the piecavise
constanapproximatiorto K de nedin Section2 andsatisfying(2.10),we have

[ unvlx = [(Kgradp)' (K gradph)'; vix + [(K gradp!)! (K gradp!)'; v]x
+ [(Kgradph)';vix li+ 12+ 13

Termssimilarto | ; andl , appeaiin [6]. Usingthe Caucly-Schwarzinequality we bound
|, as

jli @K gradp K gradp")'jix jiviix

X X 1=2
. (K gradp K gradph)')e *jEj  jiviix
E2 he2@& I
X X 14 2 12 (3.11)
= 3 — Kgrad(p pY) ngds JEj  jviix
E2 , e2@ 9 e

Chkpkyz(y iViix ;

wherewe have used(2.17)in the secondnequalityand(3.10) in the lastinequality For
terml ,, using(2.10) we have

jl2i  Chii(gradph)'fix iviix : (3.12)
Sincetheinnerproduct(2.12)is exactfor constantwectorswe get
ii(gradp")'fix e = kgradpékLz(E) kgradpk 2y +kgrad(p pé)kLz(E) Ckpky2(g);

11



using(3.8). Theabove inequalityand(3.12)imply that
Jl 2j ChkpkHZ() jiiVjiix: (313)

To estimateheremainingterm,we applyLemma3.1anduseDI| Vv = 0to obtain
X X .
l3= j€i Pe (Ce) VE:
E2 , e2@

Recallthatc, is the mid-pointof oneof the edgesfacesin 3D) of the shadav elementE
(seeFigure4). Denotingthe correspondingdge(face)by &(e), we get

z
1
L(Ce) = s L (s) ds:
P (Ce) &8 ¢ Pe ()
Usingthecontinuity of p andtheapproximatiorresult(3.10),we have
z
S /€] 1
s = Eaa: (PE Pds
E2 n 2@ J&O)] e
X X . .1—2. - l
C JETIVE kP KL, (ece) (3.14)
E2 he2@& |
X X 1
C he JE]j JVEI®  kpkuzey  Chkpkpz(y iViix
E2 4 e2 @

We next notethatLemma2.1impliesthat
DIV u,)=f" f'=0;

hencewe cantakev = #'  u;, in theabove estimates.Combiningestimatedor | 1, | ,,
andl 3, we prove theassertiorof thetheorem. 2

3.2 Optimal pressue estimate

To prove optimal corvergencefor the pressurevariable,we rst shav thataninf-supcon-
dition holds.Let usde ne themeshdependenH 4, norm:

iviS = BVii§ + D1 VVid:

Lemma 3.2 Thele exista positiveconstant independentf h sud thatfor anyq 2 Qy

V
su —= : 3.15
vth;Eeo IV div 1o ( )

12



Proof.Letq 2 Qy andlet g bethe piecavise-constanfunctionwhichis equalto (q)g on
E. Wewill constructr 2 (H2()) ¢ suchthatdivv = gand

ka(Hl()) d ClkCIkLZ() , (316)
whereC; is apositive constanindependentf h. Let gy betheintegral averageof q,
Z
1
= — gqdx:

]

Wede ne ¥ = ¥, + ¥ wherev, is asolutionto

dvv, = q o in
¥, = 0 on @a
andw, is asolutionto
divv, = @ in :

Y2 = g on @;

whereg 2 (H2(@)) ¢ andsatis esthe compatibility condition
Z

g Ads= qj |:
@
Theabove problemsareknown to have solutions[10] satisfying
lek(Hl()) d CKQkLZ() and szk(Hl()) d C kOpkLZ() + kgk(H1:2(@)) d .

We chooseg = | joo B, Where is a smoothfunction with supportcontainedwithin
onesideof suchthat , ds = 1. Itiseasyto seethatkgkyji2@) «  Ckopkiz() ;
thereforev satis es(3.16)
Letv = ¥ . UsingLemma?2.2,inequality(3.9),andthe assumptiorof meshregularity,
we get
[ViVix:e UE] jvgj?
e2 @
XOEl e 2
C —  (hg kwk{ 2g)a + NEY(2(E))0)
e>2<@ 2 2 5242
¢ kk(Lzgeys + NE M)
e2 @
Czkvk(ZHl(E»d:

Thereforeusing(3.16)

jiviz Cokwkiii «  CICoiiqiih:

13



Further Lemma2.1limplies
DIVv=(divy) = d = q:

Thelasttwo estimatesmply that

q___
iiviiav 1+ C2Cjiqjio;

: : P ————
thustheassertiorof thelemmafollowswith = 1= 1+ C?C,. 2

Theorem 3.2 For the solutions(p; &) and(pn; un) of problems(2.2) and (2.14),respec-
tively, there existsa constantC independentf h sud that

lllpl phjiiQ ChkpkHZ() .
Proof.UsingLemma3.2,we have

1 DI Vv:; p
pric = sup | P Pnlo

(3.17)
v2Xp;v60 IV div

ip

To estimatethe denominatgrwe rst addandsubtract(p?)' wherep! is thediscontinuous
piecaviselinearapproximatiorto p satisfying(3.8),andthenapplyLemma3.1.:

[DIVv; (p pY)'lo+ [)EQIV)\(/: (PH)'lo + [un; Vvix
DIVv;(p pY'lo+ je PE (Ce)VE
E2 , e2@

[(Ke gradpg)'; Vixe + [un; VIx
E2 |

l4a+1ls g+ 17

[DIVvV; P pnlo

Theterml 4 is estimatedising(3.8):
jlsf  Ch2jiviigy kpkyz() : (3.18)
Thesecondermis estimatedasthe similartermin the proof of Theorem3.1:
jilsi Chijiviix kpkyz(y : (3.19)
Thelasttwo termsaretreatedby addingandsubtracting K gradp?)' and(K gradp)':
le 17 = [(Kgradp')' (K gradph)'; vix
+[(K gradp®)' (K gradp)'; vlx + [#'  un; Vix

a b C -
|67+ |67+ I67'

14



The rst two termsappearedh the proof of Theorem3.1;therefore
ilgi+iled  Chiiviix kpkiz() : (3.20)
Theterml §; is estimatedusingTheorem3.1:
jl & @it unjiix iivix  Chkpkuzy jiviix: (3.21)

Theproofis completedoy combining(3.17)—(3.21). 2

3.3 Supercorvergenceof the pressue

In this sectionwe prove a second-ordecornvergenceestimatefor the pressure We denote
theoriginal edgegqfacesn 3D) by eto distinguishthemfrom facetse.

Let usintroducetwo additionalinterpolationoperators.Let V1, be the lowestorder
Brezzi-Douglas-MarinBDM; mixed nite elementspaceon |, consistingof piecavise
linear vector functionswith continuousnormalcomponentg5]. For ary ¥ 2 (LS()) ¢,
s> 2, let ¥ 2 Vy beits nite elementinterpolantsatisfyingfor every elementedge(face
in3D)e2 @&

Z
(¥ ¥ negpids= 0 foreverylinearfunctionp;: (3.22)

e
Thisimpliesthat 7
div( ¥ w)dx=0: (3.23)
E

It hasbeenshown in [5] thatfor any smoothenoughvectory,

kv wkizg o Ch¥kwkgkey o3 1 k2 (3.24)
It is alsoeasyto seethatfor all elementE

K vKieys  Ckvkyieyoa: (3.25)
Forary ¥ 2 V, de ne aninterpolants” 2 X, suchthat,for everyfacete 2 @,
(v)E = ¥(re) Re;

wherer . is thevertex of E sharedby e. Notethaty'" satis esthecontinuitycondition(2.6).
Lemma 3.3 For everyw 2 Vy,

DI V¥ = (divy)':
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Proof.Forary E in , we have

1 X 1 X jgx
(DIV¥)e = = je (v)E = = J% ¥(re) fe;
J Jez@ J JeZ@ i=1
whererl, i = 1;:::;d, aretheverticesof e. Thelastsumis the quadratureule for exact
integrationof linearfunctions.Therefore,
x Z
1 :
(DI V¥ e = = v fg ds= (divv)k:
Bl og ¢

We arenow readyto prove second-ordecorvergencefor the pressure.

Theorem 3.3 Assumethat problem(2.2) is H 2-elliptic regular. Then,for the solutions
(p; &) and (pn; up) of problems(2.2) and (2.14), respectivelythere existsa constantC
independendf h sud that

jjipl Phlio Ch? (kttk(2(y) o + kpKpz(y ):
Proof. The proofis basednaduality agument.Let' bethesolutionto
divK grad' = R(p' pn) in ;
"=0 on@;

whereR(p'  pn) is thepiecavise constanfunctionequalto (o' pn)e oneachelement
E. Theregularity assumptionmplies

K' kHZ() CkR(pI ph)kLz() ; (326)

see[11, 17] for sufcient conditions.Let ~ = K grad' . Let (; ) denotethelL? inner
productover . UsingLemma3.3and(2.18) we get

kR(pI ph)kEZ() (R(pl ph)1d|V ~)
(p;div. 7)  [pn;DIV( D)o
(K ' ) [un( )

(K Yo w); D)+ K Pw )+ o) un( D)x;
(3.27)

where

(K w:v) (K ow) o5 vk
representsheerrorin integratingthe dot productof two vectorvaluedfunctions.The rst
termontherightin (3.27)canbeboundedising(3.24)and(3.25):

J(K 1(U U), ~) CthUk(HZ()) ak' kHZ() . (328)
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The secondermontherightin (3.27) canbe boundedusingLemma3.4 (which we shall
prove below) and(3.25):

iKYy ) Chzkuk(Hl(» oK' Kyz(y : (3.29)
Letv = ( )" up. Then,for thelasttermontherightin (3.27) we have
[( )" un( DI = [v;( Kgrad )k
= [v;( Kgrad + Kgrad })Nx
Hvi( Kgrad' '+ Kgrad Y [vi(K grad' 1)

lg+ 1o |10
(3.30)
where' ; is the piecavise linearapproximationto ' satisfying(3.8) on every elementE,
andK is the piecavise constantipproximatiorto K de nedin Section2. For | g, we have

jlsi  §( Kograd( ' ")"ixivix |

X X + 1=2
1 ( Kgrad(" "")(re) Re)3E]  iiviix
E2 he2@&
X X g 7 1o (3.31)
C Bl (kgrad¢ 'Y Re)?ds i
E2 he2@E J €

Chk' kHZ() ]]|VJ]|)(,

wherewe have used(2.17)in thesecondnequality (3.22)in thethird inequality and(3.10)
in thelastinequality Usingtheabove agumenttheterml g canbe boundedasfollows:

ilei (K K)grad' Yixiviix

X X jEjZ 1=
C — ((K K)grad'! ng)?ds  jjviix

E2 he2@E 19 e

X e (3.32)
C hEkK ki, gkgrad' ko, iViix

E2 4

wherewe have used(2.10)and(3.9)in thethird inequalityand(3.8)in thefourthinequality
To estimatd 14, we notethat(K grad' )" = (K grad' *)! andDI Vv = 0. Applying
Lemma3.1landtheargumentfrom (3.14),we get
X X
jl10) = jg' '(ce)Ve  Chk' kyz(y jiviix: (3.33)
E2 he2@&
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Next, thetriangleinequalitygives

Bvix B )" djix + 8 unjix: (3.34)

Thesecondermontherightis boundedn TheorenB.1. To boundthe rst term,we choose
tlp asthepiecavise constanapproximatiorto ¢ thatsatis es(3.7). Thetriangleinequality
gives

iC " dix B )" ( t)ix i o) woiix + ity v'ix:  (3.35)

Thesecondermontheright above is zero. The rst termis boundedusingthe agument
from (3.31):
|

X X jgjt 7
(o) (w)ix C = ((4 to) me)?ds Chkek(y o;

E2 he2@& 19 e

(3.36)

using(3.7)and(3.9) in thelastinequality Thelasttermin (3.35)is boundedn a similar
way,

JHUIO Hljiix Chkﬂk(Hl()) d. (337)

Theproofis completedby combining(3.27)(3.37) Theorem3.1,and(3.26). 2
It remaingto establishthebound(3.29)

Lemma3.4 LetK !2 W2 (E) for all elementE. Thenfor all t,; ¥, 2 V4, there exists
a constantC independenof h sud that

X
j (K dhiw)j C h?KetnKh1(e)) k¥ K (e o
E2 4

Proof.We rst notethatfor all 4y, 2 V|, andfor all piecevise constanvectorsv,
(th;¥o) = 0; (3.38)
whichfollows from
iEj X
d+ 1.

[t ¥olx e = th(ri) “o(ri) = (th;%o)e;

usingthatthe middle termis the quadratureule for exactintegrationof linear functions.
Next, using(3.38) we write

(K thwn) = (K ' KeH(n  tho)ivn)+ e(K ' Kebthoi¥h  ¥no)
+ (K Ytnoivho) + e(Ke'(th  Hho)i¥h  ¥ho);
(3.39)

18



wherett,.o andwy,.o arethe constanapproximation®n E to ¢, andw,, respectrely, satis-
fying (3.7). The rst, secondandfourthtermsabove areboundedoy

CthK 1k1;1 E ktlh k(H 1(E))d th k(H 1(E))d . (340)

Sincethethird termon theright in (3.39)is zerofor lineartensorsletting (K )% bethe
linearapproximatiorto K ! onE satisfying(3.7),we have

j e(K fthoivno)i =] (K 1 (K %)g)tno; ¥io)]
ChZJK 1j2;1 ;Ekuhk(Lz(E))dehk(Lz(E))d
A combinationof (3.39)-(3.41)completeghe proof of thelemma. 2

(3.41)

4 Numerical experiments

In this section,we presentesultsof numericalexperiments.As we mentionin Sec.2, the
velocity unknavn canbe eliminatedfrom the discretesystemresultingin a cell-centered
discretizationwith a symmetricpositive de nite matrix. This problemis solved with the
preconditionedonjugategradient(PCG)method.In the numericalexperimentswe used
oneV-cycle of thealgebraianultigrid method[21] asapreconditionerThe stoppingcrite-
rion for the PCGmethodis therelative decreasén theresidualnormby afactorof 10 12.

Let usconsiderthe 2D problem(2.2)in the unit squarewith the known analyticalsolu-
tion

p(x; y) = x°y? + xsin(2 xy)sin(2 y)

andthetensorcoefcient |

(x+ 1)2+ y? Xy

Xy (x + 1)?

In the rst setof experimentswe considerthe sequencef smoothtriangularmeshes
generatedrom uniform squaremeshedy splitting eachsquarecell into four equaltrian-
gles. Thecorvergenceratesareshovn in Tablel for thediscretel , normsde ned earlie
aswell asin discretel ; normsequalthe maximumcomponentbsolutevaluesof the al-
gebraicvectors.We usethelinearregressiomalgorithmto estimatethe corvergencerates.
We obsene second-ordecornvergenceate(supercoxergence)of thepressurevariableand
rst-order cornvergencerateof the ux variablein thediscretel , norms.Theslightly faster
convergenceratein thediscretel; normfor the ux (seethelastcolumn)is dueto faster
corvergenceon coarsemeshes.

In the secondset of experiments,we take the meshesgeneratedabove and perturb
randomlypositionsof the meshnodes.More precisely we move eachof the meshnodes
into arandompositioninsidea squareof sizeh=2 centeredat the node. The corvergence
ratesareshavn in Table2. As in the rst example,we obsene second-ordecorvergence
of thepressureand rst-order cornvergenceof the ux.

Both experimentscon rm thetheoreticakesultsprovedin the previoussections.
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Figure5: Examplesof meshesisedin experimentsl and2.

Tablel: Corvergenceratesin the rst setof experiments.

1=h [ i pniio P pniin | §i¥' unjix fit"  uniis
8 1.08e-2 4.06e-2 2.55e-1 2.60e-0
16 2.75e-3 1.18e-2 9.14e-2 1.04e-0
32 6.92e-4 3.18e-3 4.03e-2 3.94e-1
64 1.73e-4 8.17e-4 1.95e-2 1.58e-1
128 4.34e-5 2.07e-4 9.56e-3 7.94e-2
Rate 1.99 191 1.17 1.28

5 Conclusion

We developalocal ux mimetic nite differencemethod,which reducedo cell-centered
nite differencedor the pressure.Borrowing anideafrom the MPFA method,we intro-
ducefacet uxes, which are eliminatedfrom the algebraicsystemby solving small local
systemdor eachmeshvertex. The methodis de ned on generabpolyhedralelementsWe
presentanalysisfor simplicial elementsshoving optimal convergencefor both variables
andsuperconergencefor the pressurattheelemenicentersOur analysiss basedndis-
cretespaceargumentsanddoesnotrely on nite elementpolynomialextensionswith the
exceptionof thepressuresupercouergenceproof. Theanalysiscanbe extendedo smooth
guadrilaterameshes.
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Table2: Corvergenceratesin the secondsetof experiments.

1=h [ i pniio P pniis | §i¥' unjix fit"  uniis
8 1.14e-2 4.06e-2 2.94e-1 2.67e-0
16 2.93e-3 1.18e-2 1.24e-1 1.14e-0
32 7.13e-4 3.23e-3 5.97e-2 5.12e-1
64 1.77e-4 9.49e-4 3.01e-2 3.56e-1

128 4.48e-5 2.58e-4 1.52e-2 1.98e-1

Rate 2.00 1.82 1.06 0.92
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