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Abstract

This paper givesa comprehensie numerical analysisof a multiscale method
for equilibrium Navier Stokesequations. The method includespressurereg-
ularization and eddy viscosity stabilizations both acting only on the nest
scales.This method allows for equal order velocity-pressurespacesaswell as
the linear constart pair and the usual (Py; Px 1) pair. We show the method is
optimal in a natural energynorm for all of thesepairs of spacesand provide

guidancein choosingthe regularization parameters.
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1 Intro duction

Many practical simulations of uid ow are underresohed: signi cant veloc-
ity and pressurescalescanbe lost on a computationally feasiblemesh. Thus,
onecertral questionin Computational Fluid Dynamicsis how to accoun for
the e ects of the unresoled velocity and pressurescalesupon the resohed
onesin a discretization. This is the motivation behind turbulence modeling,
Large Eddy Simulation, and recert important algorithmic advancessud as
the Variational Multiscale Method of Hughes[1],[2] and the Dynamic Multi-
level Methods of Temam[3].

One recen proposalto accomplishthis reduction was to solve the non-
discretizedNavier-Stokesequationsusingthe constraint that the velocity and
pressurecould be resoled on a given meshas a model reduction. Hence,a
new problem canbe formulated usingtwo Lagrangemultipliers [4], and using
penalizations,new eddy viscosity and new pressureregularization algorithms
arise. This leadsto a method with (naturally arising from this approad to
model reduction) multiscale regularizations for both the incompressibility
constrairt and the nonlinear corvective term, where the regularizationsare
usedonly on the nest resoled scales.Similar multiscale regularizationsto
the ne scaleeddy viscosity regularization used here have been previously
studied in [5],[6],and[7], and hencesomeof the analysistools usedin this
report will be quite similar.

An analysis of this new method for the linear Stokes problem was per-

formed in [4], with interesting results. The method is shovn to be stable



under a di er ent and lessrestrictive inf-sup condition than typically used.
More speci cally, the in m um is takenover all elements in the coarsepressure
mesh,but the suprenmum is taken over all velocity elemerts in the ne veloc-
ity mesh. Using this di erent inf-sup condition, it was showvn that this new
method is alsooptimal for linear-linear and linear-constar velocity-pressure
elemen choices.

The pressureregularizationsof the method would be even more bene cial
in the nonlinear Navier Stokesequations. The ubiquitious needfor \one more
mesh" when solving o w problemsoften forcesthe useof low order elemerts
in order to get results in a reasonableturn-around time or within storage
limitations. The velocity regularization of the method is attractive for ow
problemsfor the additional reasonthat it doesnot createnon-physical energy
dissipation in the large scalevelocity scales.

The mathematical developmert of this method has only beenperformed
for the Stokesproblem [4]; the goal of this report is to give a preciseanalysis
for the nonlinear Navier-Stokes equations. In particular, we shav that the
method applied to the NSE is stable and optimally accuratefor linear-linear
and linear-constan choicesof velocity-pressureelemets.

Considerthe equilibrium Navier Stokesequationson a polygonaldomain

RY(d = 2 or 3):
u+u ru+rp=f in (2)
r u=0in (2)
u=0on@ 3)
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Z
pdx=0 (4)

Let X = H3() 9 and Q = L3() : Then (1)-(4) canbe written in its usual

variational form as: Find u 2 X;v 2 Q satisfying
(uruv+ (rurv) (p;r v)=(f;v) 8v2X (5)

(r u,g=08g2Q (6)

Pick nite dimensionalsubspaceX X;Q Q, and solwe (5)-(6) sub-
ject to the constrairt that u 2 X; p2 Q. This is exactly the assumptionthat
the pressureand velocity can be resolhed. DecommpseX and Q by

M M
X=X X° Q=qQ Q°

Decomposethe spaceof velocity gradierts L := fr v jv 2 Xginto

_ . ) M

L:=fr vjv2Xg L%=L? L=L L°
Assciated with thesespacesare the following orthogonal projectors:

P:L! L Pg:Q! Q@ P%L! L° P§:Q! Q°

Then for g2 Q,
q= Po(d) + Po(d) := g+ ¢,

and similarly forr v2 L,

rv=PrvV+PY{rv)y=rv+ (rv)°



Formulating this method with Lagrangemultipliers and then eliminating the
multipliers via penalty methods leadsto the following reformulation of (5)-

(6): Find u2 X;v 2 Q satisfying
(uruwuv+ (urv) (pr V)+"1((rwlrv)9y=(f;v) 82X (7)

(Gr u+"'p%d)=0 832Q (8)
To obtain the discrete problem, choose velocity-pressurespacesto be the
(Pk; Px) orthe (Py; Px 1) pair (k 1), wherePy denotesthe spaceof polyno-
mials of degreelessthan or equalto k. Choosemeshesl () ;Tn() ; H h
andforj =korj=k 1,dene

Xy =1vCo() :vi Pu() 8 Tu() g\ Ho()

Xn=1vCo() :vi Pk() 8 Ta() g\ Ho()

Q,=fqg:q P;j() 8 Tu() g\ L30)

Q =fa:g Pi() 8 Ta() g\ L3O
For notational cornvenience we will denotePq,, (o) by g4, and (I Pqg,, )(th)
by ¢ This leads nally to the discretization: Find (un;pn) 2 (Xh;Qn)
satisfying

(Un r un;ve)+ (r unir Va)  (Prif Vh)

+ 1((r un)®(r vi)9 = (F;vh) 8vh X1 (9)

(r una)+"2(PRick) =0 80y Qn (10)
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The method's regularizationscan be consideredsimilar to recent work in [8],
where a pressurestabilization dependeson the di erence betweena nite
elemen pressuresolution and its averageover a small \patch".

We now preseit the main result of this report: If velocity and pressure
spacessatisfy a lessrestrictive discrete inf-sup condition (described above,
and presentied in detail in Section 2), and for usual choicesof i; ,; , a
solution to (9)-(10) exists. Furthermore, if we assumea global uniqueness
condition M 2kf k < 1, wherek k is the norm of the dual spaceof X and
M is a constart (de ned in Section2) depending only on , there holds a
guasi-optimal error bound for the di erence betweenthe solution to (9)-(10)
andthe solutionto (5)-(6). This boundis givenin the naturally arisingenergy

norm for the method, k( ; )k , which will be carefully de ned in Section2.

Theorem 1.1. Given nite elementspaces(X; Qu) satisfying the di er ent
discrete inf-sup condition (12), 0 < 5; 1; 1, then there exists a solu-
tion (up;pn) to (9),(20). If (u,p) satises (5)-(6) and we assumea glotal
uniguenessoondition M ()  2kfk < 1, then

k(u up; k> inf inf C( n; ; )f 1k(r uy%*+

( P Pn) Ve X1 G 2O ( n )f 1k(r u)

2 'kpk%+ k(u vy p oh)K’g (11)

Proof. (SeeSection4 for proof of this theorem) O

In Section 3, we usethis theoremto shawv that the method is optimally

accuratefor both the (Py; Px) and (Px; P« 1) pairs (k 1), whenT, is gen-



erated by re nements (re nements which depend on the choice of elemerts)

of Ty. The proof is then givenin Section4.

2 Notation and Preliminaries

Theorem 1.1 assumesthe following discrete inf-sup condition with the in-
m um taken over the coarsepressurescalesand the supremum over the
ne velocity scales. It is lessrestrictive than the usual inf-sup condition,
and when coupledwith properly chosenmesheg(examplesgiven in Section
3) allows the method to be stable with velocity-pressureelemen choicesof
linear-linear and linear-constan.

: (Qu;r  Vh)
inf  sup ———= >0 12
O+ 2QH thxph kohkkr vk h ( )
Next we de ne the naturally occurring energynormk( ; )k: (X;Q)! R,

by

k(v;o)k? :=  kr vk®+ "1 k(r V)% + ", Tkok® + kak?

The following well known lemma (whose proof we include for complete-
ness) gives the existenceof a constart M which is usedin the assumed
global uniqguenesscondition and when bounding the trilinear forms that oc-

cur throughout the proof.

Lemma 2.1. Thereis a constantM = M () suchthat 8 u;v;w2 X,

j(u rv;w)j Mkr ukkr vkkr wk (13)



Proof. By Holder,

jlu rv;w)]  MKkuk_pkr vkkwk,r; =+

Sl

Tl
NI =

Then by the Sololev enbedding theorem, kuk,«  Ckr uk in 2d and 3d.
Thus the result follows by picking p=r = 4. O

Another assumptionof Theorem1.1wasa global uniquenessondition on
the data, i.e. that e 2kf k < 1. This combination of terms appears
often in the proof the Theorem, and henceit will be conveniert to replaceit
with a singleletter. Thus the assumedglobal uniqguenesscondition can now
berestatedas < 1.

Lastly, recall that we shall denotethe ne scalesof the velocity gradiert
by

(rv)°= (1 Pr,)(rv)

and the notation for the splitting of the pressureinto its parts on and o of

the large scalesby

q= Po, (@ + (I Pg,)(d) = qy+

3 Application of the Theorem

To provide analytic guidancein choosing spacesand regularization parame-
ters, it is necessaryto considerspeci ¢ examplesof velocity-pressurespaces.
This rst corollary shaws that linear-linear elemens can be used, and with

this choicethe method is optimal in the norm.
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Figure 1: Two possiblere nement of Ty which allow linear-linear elemerts
on (Xp; Qn) to satisfy the lessrestrictive discreteinf-sup condition. For the
rst re nement example,madefrom the red and greenre nements of [9], the
minimum angle for a triangle in the ne meshwill be either the minimum

angleor half of the maximum angle of its parert.
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Corollary 3.1. (Linear-Linear Elementg Supmsevelaity-pressue elements
are chosento ke the linear-linear pair (Py;P;), and0< 4; 5; 1. If Ty
is any re nement of Ty which geneates an interior basis function for each
elementwhich vanisheson the element'sboundary, (examplesof suchre ne-

ments are shownin gure 1) then (X,; Qy) satis es (12), and
K(u unp pk®  C(n; sjuizipy )f"ih®+ ", *h*+ h®+ h'g  (14)

Proof. The fact that (Xy; Qn) satis es the discrete inf-sup follows, e.g., by
the sameproof as in [10] since the interior basis function can replacethe
cubic bubble function.
For the error bound, note that kpk  CH?jpj,, and k(r u)k  CH juj,.
Then by Theorem 1.1,

k(u unp pa)k* C( oy 5 )f"HZ+ ", 1H?

+ h%jujz+ "1h%jujz + ", th'ipi + hfjpizg (15)
and taking H = 2h givesthe result. O

The error for the linear-linear pair is O(h) provided , h?. Sincethe
velocity spacewas chosento be P4, the error in the velocity gradiert arising
from the discretization is O(h). Hencethe O(h) error in the method is
optimal.

We next considerthe (Pg; Py 1) pair. It is known [11] that for k 2,
(X1 ;Qpn) satis es the discrete inf-sup condition on a mesh Ty, and so if

Th Ty and Xj Xy, then (Xp;Qp) satises (12). If k = 1 and T,
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is generatedby one uniform meshre nement of Ty, it is known [12] that

(Xh; Qn) satis es (12).

Corollary 3.2. (Higher Order Elements)Considervelaity-pressue elements
to be (Px; Pk 1) for k 1, with T}, being one uniform re nement of T. The

(Xh; Qn) satises (12), and
k(u upp PR C(ni 5 silieg sRi)F b + b+, th*g
Hencethe method is O(h¥) when , = O(1).

Proof. From Theorem 1.1 and the usual seminormbounds, we get

k(u up pdK Clar i ) (HXjuj, + 2 *HXjpi,
+ D ((Ujay + 0PI+ 1h® Uiy + 2 jpi g (16)
Taking H = 2h givesthe result. O

We alsoconsiderthe caseof velocity-pressureelemens (Py; Py) fork 2
From [10], it is known that velocity-pressurespaceson a triangulation chosen
to be the samedegreepolynomial (degreek 1) spaceswill satisfy the dis-
creteinf-sup condition if the velocity spaceis enriched with the degreg(k + 2)
bubble functions (or, equivalertly, linearly independen basisfunctions which
vanish on the boundary) which provide @ degreesof freedom. Sincen
uniform meshre nements (dividing a triangle into 4 congruen triangles)
generate(2" 1)(2" ! 1) linearly independen basisfunctions which vanish
on the elemet's boundary, generating Ty, by enoughuniform re nements of

Th (sothat the degreesof freedomgeneratedis at leastas many as needed)
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will guarartee (Xy; Qy) satis es the discreteinf sup condition. More specif-
ically, for a selectedpolynomial degreek, n must be chosenlarge enoughto

satisfy
k(k + 1)
2

2" 1@ * 1)

Note that the degreesof freedom neededincreasesquadratically with the
polynomial degree,and the degreesof freedomgeneratedby re nements in-
creasesexponertially. Thus for reasonablek, the number n of re nements

neededwill be small.

Corollary 3.3. (Higher Order Equal Order Elementg Supmsevelaity-pressue
elementsare chosento be (Py; Px) for kK 2, and Ty, to be enough(as de ned
alove) uniform re nements of Ty so that (X,; Qp) satis es (12). Then by

Theorem 1.1,

KU unp pK C( oy 5 siUjde;ipiga)f (H*

+ 21H 2k+2 + h2k+ h2k+2 + 1h2k+ 21th+2g (17)

Taking H = 2"h, we seethat the method is O(h*) (optimal) provided

1 2 2kn and 5 2n(2k+2) h2.

4 Pro of of Theorem 1.1

We break the proof into se\eral steps: dewelopmen of the error equations,
preliminary lemmas, existenceof a solution, analysisof the linear terms in

the error equations,and nally analysisof the nonlinear terms in the error
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equations. We beginthe proof by subtracting (9)-(10) from (5)-(6) to obtain

the error equations:

(Uru uy rugva)+ (r (U un)irve) (P Pl V)

M (U u)%(ve)9 =" WS ve)) 8V 2 Xp (18)

(r (U un);a)+ " ) =" %d) 8k Qn  (19)

Theseequationswill be usedfrequerily throughout the rest of this report.

4.1 Preliminary bounds

To keepthe proof as cleanas possible,it will be helpful to rst presen the

following boundsfrequerly usedin the proof.

Lemma 4.1. We havethe following inequalities

Skr upk?+ L TkpPk? + L k(r up)% Zikf K (20)
kr unk  kfk (21)
kr uk Lkf k (22)

Proof. For the rst inequality, let v, = u, and g, = py in (9)-(10) and add

the equations. This gives

kr unk® + ", TkpPk? + " k(r up)%® = (f;up) (23)
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Since(f;un) kfk kr upk 2 kfk®+ 5 kr usk®; we havethe rst inequal-
ity. For the second,by (23) we have kr upk® (f;up), so
kr upk?  S-kf k2 + skr upk?.
For the third inequaltity, let v = u and q = p in (5)-(6) and add the
equations. This gives kr uk®= (f;u) 2 kf k*+ 5 kr uk®; from which the

result follows. O

4.2 Existence of Solution

We now show that a solution to the method (9)-(10) exists, so that we may

proceedto shonv corvergenceof the method.

Lemma 4.2. If (X};Qu) satisfy (12) and 0 < ;; ,; , then a solution to
(9)-(10) exists.

Proof. Dene T : X I (X4;Qn) to be the solution operator of the linear

problem: Givenf 2 X , nd (un;pn) 2 (Xn; Qn) satisfying
(rupir ve) (it Ve)+ 2((r up)S(r vi)) = (F;vi) 8vh 2 Xy (24)
(r Unch)+ ' (ph:d) =0 82 Qy (25)
SinceT is linear, we shav T exists uniquely by shoving T(f) = (un;pn) = 0

whenf = 0. Thus assumef=0. Let v, = u, and ¢, = p, in (24)-(25) and

add the equations. This gives
kr upk®+ 1k(r up)%?+ ,'kplk?= 0

Thus p? = 0, and sinceu, 2 Hg; u, = 0. We still needpy to be 0 if T(f)

is to be zero, sincep, = py + p2. Write p, = py + p in (23), isolate the
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(pu;r  vh) term, apply Cauchy Schwarz to the right hand side, and divide
both sidesby kr v,k. This gives

(Pn;r Vn)

VK kr upk + kplk + 1k(r un)%k =0 8v, 2 Xy,

Thus by (12), kpy k = 0, and thereforewe have that T existsuniquely. It is
alsoclearthat T is boundedand thus cortinuous.

De ne the mapsN : (X1;Qn) ! X andF : (Xp;Qn) ! (Xh; Qn) by
N(u;p)=f wu r uandF by the composition of T and N, and considerthe
xed point problemF (u; p) = (u; p). Note that a solution to this xed point
problem is also a solution to (9)-(10). By Leray-Sdauder, to shov a xed

point exists,we needonly show that all solutionsto the xed point problems
(u;p)=F(u:p) O 1 (26)
are uniformly boundedindependern of . Since
Fuip)=TMN(u:p))=T(N(u;p)=T(f u ru)

solutionsto (26) are solutionsof: Find (u ;p ) 2 (Xn; Qn) satisfying

(U ru;vy)+ (rusrvy) (P;r Va)

+ ((ru)Srv)d= (f;ve) 8w 2 Xy (27)
(r u;g)+ ,'(P%d)=0 8g,2Q; (28)

Choosingv, = u ;¢, = p and adding (27)-(28) gives
Skru K>+ L, kpPk*+ 1 k(r u )% Zikf K (29)
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We have now boundedkp®k and kr u k independen of , soto completethe
proof we must still bound k(p )y k. Wewill proceedby usingthe discreteinf-
sup condition, sowe write p = p°+ (p )y in (27), isolatethe ((p )u;r Vi)
term onthe left hand side,apply Caudy Sdwarz and (13) on the right hand
side, and divide both sidesby kr v,k. Applying (12) gives

nk(p )uk  kpPk+ kfk + 1k(r u)k+ kruk+ Mkr u Kk?

This bound coupled with (29) and the fact that O 1 shows that
k(p )uk C( n; ;M;kfk ; 1). Henceall solutionsto (26) are bounded
independent of , and thus a solution to (9)-(10) exists.

O

Now that a solution to (9)-(10) is known to exist, we proceedto prove

convergenceof the method.

4.3 Error Analysis of the Linear Terms

This subsectionde nes anewprojectionP : (X;Q)! (X;Qpn) by P(u;p) =
(e; p) to be the solution of the linear problem (30)-(31). Notice theseequa-
tions are the full error equationswithout the nonlinearterms if (u; p) solves
(5)-(6). This projection will later make the analysisof the error equations
simpler and more compact. After we shav the projection existsuniquely, we
show it is boundedin k( ; )k and that

k(u ep pk inf C( n; )k(u vh;p )k 8(Vhih) 2 (Xh; Qn)
(vh;an)2(Xh:Qn)
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De nition 4.3. Given(u;p) 2 (X;Q);0< 1; »; 1, and supmse(X; Q)
satis es (12). De ne the projection P (u;p) = (&;p) 2 (X; Qn) to be the so-

lution of the following linear system
(r(u B);rve) (p Br vi)+"1(r (u 8)5%(r vi)) =0 8vy 2 X; (30)

r (u &)+ P PSE)=0 82 Qy (31)

To show that P exists uniquely, we shaov that the solution to the homo-
geneougproblem hasonly the zerosolution. Set(u; p) = (0;0) and (vi; ¢h) =
(e; p) in (30)-(31) and add the equations. This giveskr ek = kgk = 0. Again
setting (u; p) = (0;0), and applying (12) to (30) giveskpyk = 0. Henceif
(u;p) = (0;0), kek  kpk+ kpy k = Oimpliesp= 0, and sincekr sk = 0 and
g 2 H}, we also have that @ = 0. Thus the linear system(30)-(31) givesa
zerosolution for zerodata, sothe solution to (30)-(31) existsand is unique,
and thereforethe projection P exists and is well-de ned.

The goal of Lemmas4.4 and 4.5is to bound all of the termsin kP (u; p)k
by Ck(u;p)k . Lemma4.4 boundsthe velocity and the ne scalepressureof

the projection, i.e. three of the four termsin kP (u; p)k .

Lemma 4.4. If (Xp;Qp) satises (12) and0< q; »; 1, thenP(u;p) =

(e; p) satis es the following inequality.

Skr gk? + " k(r 8%+ ", kpk®  kr uk®+ "o k(r u)k

£ T kpe + gkpk2+ 2kr ukkpk (32)
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Proof. Separatingterms and setting v, = 8 and ¢, = pin (30)-(31) yields
(rure) (pir )+ (ruSre)= kek’+"kre% (pr e
(33)
r up+" ") =( ep+ ", kek (34)
Adding the two equationsand rearranging gives
kr ek’ + " k(r 8%+ ", kg%’ = (ru;re) (pr e
+ " ((rwi(re))+ (r oup+ %) (35)
Apply Caudcy-Scwarz to all terms on the right hand side.
kr &k’ + " k(r 8%+ ", kpk®= kr ukkr ek+ kpkkr ek
+ "1 k(r u)kk(r 8%+ kr ukkpk + ", kpkkpk (36)
Applying Young'sinequality and reducinggives
Skr Bk? + " k(r )%+ ", kpX®  kr uk®+ " k(r u)%® + ", T kpk®
+ gkpk2+ 2kr ukkpk (37)
thus completing the proof of the Lemma. O

The last term we needto bound from kP (u; p)k is the pressureof the

projection, which we do now.

Lemma 4.5. If (Xy,;Qn) satises (12), (&;p) := P(u;p)), and0< 1; 5;

1, then kpk® satis es the following inequality.
kpk?  kpyk®+ kp%®  C( n)( kr uk®+ Ekpk2+ "L k(r u)%®

+ ", kp%® + kr ukkpk) (38)

19



Proof. Using Lemma 4.4, and the fact that ", < 1; we immediately get an
upper bound on kp%? :

kpk® kr uk® + " k(r %* + kpX* + gkpk2 + 2kr ukkpk (39)
To determine an upper bound for kpy k?; we use (12). Write p= py + B*

and isolatethe (py;r Vv,) term in (30) to obtain

(Bt Vi) = (r (U B)ir vi)H(pir V) "u(r (U e)%(r vn)9 (BT i)
(40)
If we now apply Caudy-Sdwarz to the right hand side,note that k(r vi)%

kr vik and kr vyk  kr v k; and divide both sidesby kr vyk, we get

w kr uk+ kr ek+ kpk+ ", k(r uyk+ ", k(r )% + kpk
h

(41)
Take the infemum over all vy, in X}, on both sidesof the equation, and apply

(12) to obtain
nkpuk  kr uk+  kr Bk+ kpk+ " k(r )k + "1 k(r 8%+ kgk (42)
Thus

kpuk®  C( n)( 2kr uk®+ 2kr ak®+ kpk® + ", 2k(r u)%°
+ ", 2k(r @)% + kpX®) (43)
Since0< 1; 2; 1, this reducesto
kpuk?®  C( n)( kr uk®+ kpk®+ "1 k(r u)%®+ ( kr ak?

+ i k(r @)%+ ", kek?)  (44)
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Apply Lemma4.4to the last 3 terms on the right hand side and reduce.

kpuk?® C( ) kr uk®+ g|<p|<2+ " k(r )%+ ", Tkpk® + 2kr uk kpk
(45)

Adding the bounds(39) and (45) completesthe proof. O

Proposition 4.6 now ties together Lemmas4.4 and 4.5to bound the pro-

jection P by a constart times its data, uniformly in ; and ».

Prop osition 4.6. If (X;Qn) satises (12) and0< 4; y; 1, then the
projection P satis es kP (u;p)k*  C( n; ) k(u; p)k>.

Proof. From Lemma4.4 and Lemma4.5, we have that

kr ek®+ "1 k(r @)%+ ", kpk® + kpk?  C( n)f kr uk®
+ " k(r u)dC+ ", kpX+  Tkpk® + kr ukkpkg (46)
Applying Young'sinequality to the kr uk kpk term gives
kr &k’ + "1 k(r @)%+ ", kpk® + kpk?
n 0
C(n) kruk®+ Tkpk®+"ik(r % + ", kpk® (47)

Su ciently increasingthe constart C to accour for the constart ! onthe

right hand side completesthe proof. O

Proposition 4.6 allows usto easilybound k(u &;p p)k , which will be

usedin the analysisof the full error equations.
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Prop osition 4.7. If (X;Qy) satises (12) and0< 4; »; 1, then the

projection P satis es

k(u;p) P(u;pk®=k(u &p Pk® C( n; ) inf  k(u vhp gk
(Vh;0n)2(Xn:Qn)
(48)

Proof. By the triangle inequality, for (vy; @) 2 (Xh; Qn) we have
kiu ep BK k(u vip G)K*+k® vip a)k®  (49)
Now by the de nition of P and Proposition 4.6,
k(@ ViR G)K*=kP(u viip a)k*  C( n; k(U Vaip h)k* (50)
Inserting (50) into (49) givesthe result. O

This new projection and assaiated bounds will greatly help to reduce

the analysisneededto completethe proof of Theorem1.1.

4.4 Completion of Pro of for Theorem 1.1

We now completethe proof of the theoremby bounding the nonlinear terms
in the error equations. With the previous analysis of the linear terms, we
will be able to immediately reduceour original error equations,and with the
aid of the new projection, and previouslemmasand propositions, we will be
able to perform this analysiswith a minimum of excessiely long equations.

Write (u up)=(u 8 (un ®and(p p)=(p B (pn PB)inthe
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error equations(18)-(19), where (a;p) = P (u;p):

(Up 1 (u @8);vy)+((u 8 ruvy)+ (r(u 8)rwv
(P Bir v+ "i(r (u @%(r vi)d = "u((r W(r vn)9
+(up r(uy @);vh)+ ((un 8 ruyvy)+ (r(uy 8);r vy

((pr BT Va)+ "1(r (un  8)%(r vi)9) 8vh X (51)

r (u e;g)+ "2 P P ="'’}
+(r (un 85+ " (e BSAE)8hH 2 Qn (52)

From the de nition of the projection P, (51)-(52) reducesto

(Uh 1 (u B);ve)+ ((u 8 rupve) = "2((r wo(r vi)9
+(up r(up B;vh)+ ((uy 8) ruvy)+ (r(up 8);r v,

((pn BT Va)+"2(r (un  B®)5(r vh)) 8vyh 2 Xp (53)

0= ") + (r (U Bia)+ "2 ((;m B 8t 2 Qn (54)

Dene ,=u, 8 and =u &

(Up r cv)+ ( rupve) = "((r w)l(r vi)d+(un 1 V) + (n T oUiVR)

+ (r wrve) (o B Ve "((r R)S(r vh)) 8vh 2 Xp (B5)

DIPAR) F (r ma) M BSE) = 0 8gh 2 Qn (56)
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Set¢, = pn pandv, = ; and add theseequations.

ki nk®+ " k(r )%+ " k(e BR=(Un T )+ (T U p)

S By "u((rwl(r W)Y (horu;on) (B7)

Apply Lemma2.2to the trilinear forms and Caucy Scwarz to the bilinear

forms on the right hand side.

ke k2 + k@ w)%+ " k(e BK
M kr upkkr kkr pk+ M kr ukkr kkr pk+ ", kpkk(pn Bk

+ " k(r kK n)%+ M kr ukkr k* (58)
UseLemma4.1to bound kr uk and kr upk:

kr oK%+ "kt )3+ " k(e PR 2M Tkfk kr kkr ok
+ ", kpkk(pn B+ "1 k(r Wkk(r )%+ M kik kr kK (59)

Apply Young'sinequality on the right hand side and reduceto get

n n 1
kr oK%+ Elk(r 0) % + 27k(ph A% 2M lkfk kr kkr nk
n l n
+27kp‘k2+§1k(r wWk*+ M  kfk kr hk® (60)
Recalling = M ?kfk , (60) reducesto
2 (1 )kr oK+ k(r )X+ "Ltk PR 4 kr kkro ok

+ " kpk + " k(r WK (61)
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We next bound kr kkr nkby ke kkr nk  G2kr pki+ g kr K2

and apply it to (61).
2 2
@ )
+ " Tkpde + " k(r U)X (62)

(L ke pK+ k@ p)%+ k(e BK 4 ke K

Thus,

2
kr k% + " k(r )3+ "k PR 4 kr  k?

@ )2
w1

2 2 "1 2
* )kp(k "y Wi (63)

We now seeka bound for k(p,  B)n k?, and as before, we proceedby using

the discreteinf-sup condition. Rearrange(55) to get

(Pn BH:T Vo) = (Unr Vi) (r usvie)+ "o ((r w)S(r va))+H(Uun r o n; i)
+(nruve)t (0t ve) (o BST i)+ a((r n)S(r vi)9 8w 2 X,
(64)
Using Caudy-Scwarz, dividing both sidesby kr v,k, and applying (12)
gives
((Pn Buir V)
kr vk
+ M kr upkkr pk+ M kr Lkkr uk+ kr Lk+ k(pn B%+ "ik(r )%

M kr upkkr k+ M kr kkr uk+ "y k(r u)%

8vh X h (65)
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Use the assumedglobal uniqguenesscondition, Lemma 4.1, substitute in

and as before, take infemum over all vy, in X}, on both sidesand apply (12).

nk(ph Buk 2 kr k+ " k(r wk+2 kr pk+ kr ok
+k(pn B+ "1k(r )% (66)

Squaringboth sidesand using the assumptionthat " ; 1, we have

k(on Bk C(n)f 2kr K+ " k(r WA+  2kr K2+ kr K
+kipn B+ "1k )%°g (67)

Thus we obtain a bound on k(p, ~ p)k®. By the triangle inequality,
kon  BK* Koy Bk + k(o BK (68)

Insert the bound (67) for (pn  P)H -

k(on BK® C(n)f 2kr K+ " k(r %+ 2kr K+ kr k2

+kipn BRI+ "1k(r n)%g+ k(pn P (69)
Reducinggives

k(on BK® C(n)f 2kr K2+ " k(r %+ 2kr K+ kr k2

+k(p K+ "k )Kg (70)
Recall0O< , 1 andrearrange.

k(pn PK° C(wf 2kr K2+ " k(r WK+ ( 2+ Dkr K
+ Uk )%+ k(e BKg (71)
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The last three terms are nearly idertical to the left sideof (63), sowe multiply

the last two terms by ( 2+ 1) and then factor it out of the last three terms:

k(pn BK C(n)f 2Zkr K+"1k(r u)dP+( 2+1)f kr oK2+"1k(r )%

+ " k(e P09 (72)

We now insert the bound (63) for those last three terms.

2

k(pn BPK® C(nf 2kr K2+ k(r u)¥+( 2+ 1)f4ﬁ kr Kk?
+ %kp‘k2+ ﬁk(r wkigg (73)
or,
Kpn B C( n)f 2(1+4El2+ ;gm K2+ (14 ((12+ 1)))k(r )%
+ "2(11(#@%9 (74)
Adding (63) and (74) gives
kr nk2+ " k(r )X+ " k(e PR+ k(pn  PK
C(nf 21+ 4212+ ig)kr K2+ (1 + ((12+ 1)))k(r )%
+ nzgl(i)l)kp(kzg (75)

From the triangle inequality and the de nition of k( ; )k?, we have

k(U unp pok®  kr pk2+ ke K2+ k(O )X+ k(O )%

+ " k(e DX+ ", k(p PR+ k(pn PR+ k(p PK® (76)
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or,

k(u upp p)k f okr KR+ k(r )%+, k(p pX+k(p pKg
+f ke oKkt )%+ k(e DX+ k(pn PR (T7)

Applying the bound (75), we get

k(u unp Pk f okr K+ k(r )R+, k(p pXR+k(p  PKg
2

(%+1) y (%+1)
+ C( n)f 2('“4(1 )z)kr K2+ " (1+ a ))k(r u)k?
n 1
+ 72(1( 2+)1) kg (78)

and reducing gives

ku unp prk®  C(p)f 21+ 451“ Q)kr K
2 "M 2+ 1)
) k(r u)&® + 2(17)

+" %k P+ k(p PKg (79)

(%+1)

T kpk® + " k(r )%

+ "1+

We rearrangeterms to make the useof Proposition 4.7 more clear.
(2+1) N2+ 1)
@a ) @ )

2+ 1
of e a bk ik K e pKTKp kg

k(U unp pak®  C( n)f"i(1+ YK(r u)%®+ kpk®

(80)
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Apply Proposition 4.7.
(2+1) N2+ 1)
@ ) @™ )

2+1), . .
+ 21+ 421 )g)w@;h hlnghf"zlk(p WIC+ kr (U vk

C( n)f"1(1+ YK(r u)%® + kpk®

+ lk(p  n)KE+"ikr (U v)%°gg (81)

Adjust the constart to accoun for a factoring out of !, and the proof is

complete.

5 Conclusions

In this paper we exploreda multiscale discretization of the equilibrium Navier-
Stokesequationsarising from imposing nite dimensionality asa constrairt.
The discretization recoversboth nest scalepressureregularization and sub-
grid eddy viscosity models, and we shoved the method is optimal for the
linear-linear and linear-constar pairs of velocity-pressureelemens. This re-
port extendedthe framework of a model reduction via constrairts idea from

the linear Stokesproblem [4] to the (nonlinear) equilibrium NSE.

6 References

1. T.J.Hughes, L. Mazzei, and K.E.Jensen. Large Eddy Simulation and
the Variational Multiscale Method. Comput. Visual Sci., 3:47-59,2000.

2. T.J. Hughes, A. Oberai, and L. Mazzei. Large Eddy Simulation of

29



turbulent channel ows by the Variational Multiscale Method. Phys.

Fluids, 13:1784-17992001.

. T.Dubois, F.Jauberteau, R. Temam. Dynamic Multilevel Methads and
the Numerical Simulation of Turbulene. Cambridge University Press,

1998.

. W. Layton. Modelreduction by constrairts, discretizationof o w prob-
lems and an induced pressurestabilization. To appear in Journal of

Numerical Linear Algeba and Applications, 2005.

. J.L. Guermond. Stabilization of Galerkin approximations of transport

equationsby subgrid modelling. M2AN, pp. 1293-1316,1999.

. S.Kaya. Numerical analysis of subgrid-scaleeddy viscosity methods
for the Navier-Stokesequations. Tednical Report, University of Pitts-

burgh, 2002.

. M. Marion and J. Xu. Error estimateson a new nonlinear Galerkin
method basedon two grid nite elemens. SIAM Journal of Numerical

Analysis 32:1170-11841995.

. R. Beder and M. Braak. A nite elemen pressuregradiert stabi-
lization for the Stokes equations basedon local projection. Calolo,

28:173-1792001.

. R. Verfurth. A review of a posteriori error estimation and adaptive

mesh-re nemen techniques. Wiley and TeubnerMathematics, 1996.

30



10

11.

12.

13.

14.

15.

16.

D. Arnold, F. Brezzi, and M. Fortin. A stable nite elemen for the

Stokes problem. Caloolo, 21:337-344,1984.

V. Girault and P.A. Raviart. Finite Element Methads for the Navier-

StokesEquations. Springer, Berlin, 1986,p.139.

F. Brezziand M. Fortin. Mixed and Hybrid Finite Elemert Methods.

Springer, Berlin. 1983.

L.P. Francaand C. Farhat. Bubble functions prompt unusualstabilized
nite elemen methods. Comput. Methads Appl. Mech Eng., 123:299-
308, 1995.

T.J.Hughes, L.P.Franca, and M. Balestra. A new nite elemen for-
mulation for computational uid dynamics. V. Circumverting the
Babusla-Brezzicondition: A stable Petrov-Galerkin formulation of the
Stokes problem accomalating equal order interpolations. Computa-

tional Meth. Appl. Mech. Eng., 59:85-99,1986.

W. Layton and H.W.J.Lenferink. A multilevel meshindependenceprin-
cipal for the Navier-Stokes equations. SIAM Journal of Numerical

Analysis, Vol. 33, No. 1, pp.17-30,February, 1996.

R.Pierre. Regularization procedureof mixed nite elemen appraxima-
tions of the Stokesproblem. Numerical Methadsfor P.D.E.s, 5:241-258,
1989.

31



