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È�¡o£C£)¿g¡Á´x¡o©€«�¢EŸs£�¸

u(x; t) = uj (x1; x2; x3; t); (j = 1; 2; 3)
¨|¤3¶ú±g R¡fªRª)¥g )¡

p(x; t) =
p(x1; x2; x3; t)
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ut + u � r u � � 4 u + r p = f ; and r � u = 0; in 
 � (0; T );
Ë	íx¼€íKÌ

°�¿g¡f )¡

� = �=�
Ÿ€ª¬£)¿g¡¹ÂdŸ€¤g¡f¦§¨|£)ŸM¢¾´�Ÿ€ªR¢E«dª	Ÿs£�¸x³

f
Ÿ€ª¬£)¿g¡¹®A«�¶�¸û­n«x Z¢E¡5³

p
Ÿ€ª¬£)¿g¡¹±g )¡Kª)ª)¥g R¡x³


 = (0; L )3 Ÿ€ª�£)¿g¡�¯>«…°.¶�«x¦C¨|Ÿ€¤�¼I½"¿g¡�¨|®w«…´x¡�æ�¨{´dŸ€¡o )²�Êd£)«5Âx¡fªv¡fçd¥3¨…£RŸs«5¤3ª�¨x )¡�ª	¥g±3±g©s¡f¦§¡o¤d£)¡K¶
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u(x; 0) = u0(x); and
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pdx = 0;
Ë	íx¼��xÌ

¨|¤A¶À¨|±g±g R«x±3 )ŸM¨…£R¡I®A«5¥g¤3¶g¨x )¸
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u(x j + L; t) = u(x j ; t); and
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u(x; t)dx = 0;
Ë	íx¼ �5Ì

where
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u0(x)dx = 0; and
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f (x; t)dx = 0; f or 0 � t � T:
Ë�í5¼ ì�Ì
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A� := � (
�
L

)24 � + � = �:
Ë�íx¼`ñxÌ
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£)Ÿ€«x¤Aª

ut + r � (u u) � � 4 u + r p = f ; and r � u = 0:
Ë�íx¼ ø5Ì

½"¿g¡	�f¡o R«|£)¿õ«x Z¶�¡o ¾¦§«�¶�¡f©µ¨| RŸ€ª)¡fªÄ­n R«x¦

u ' u + O(� 2)
³ÀÃ5Ÿs´�Ÿ€¤gÃ

u u ' u u + O(� 2):
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w; q
£)¿3¡$ )¡Kª	¥3©Ù£RŸs¤gÃû¨|±g±g R«{Ú�Ÿs¦C¨|£)Ÿ€«x¤3ªº£R«

u; p
³&°�¡$«x®g£R¨|Ÿ€¤é£)¿3¡$¦§«�¶g¡o©
ª�£R¥3¶�Ÿ€¡f¶éŸ€¤

î È(È(ó
�{òb³€î È(È,ó|ì…òbÏ

wt + r � (w w) � � 4 w + r q = f ; and r � w = 0:
Ë	íx¼•ù|Ì

½"¿gŸMª��o¡f )«x£)¿Ä«x Z¶�¡o �¦§«�¶�¡o©kÝ ª�¢E«x¤Aª	ŸMª�£R¡o¤3¢o¸¬¡o R R«x 

� 0
Ÿ€ª&ÃxŸ€´x¡o¤Å®�¸XÏ

� 0 := u u � u u:
Ë�íx¼ �5Ì

½"¿g¡À¦§«�¶�¡o©kÝ ª"¡o R )«5 f³

u � w
³3ªR¨…£)ŸMªRâ|¡fª

e(0; x) = 0; r � e = 0
¨|¤3¶

(u � w)t + r � (u u � w w) � � 4 (u � w) + r (p � q) = r � � 0
Ë�í5¼ ðdÌ
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ã

¡f¸�¤g«x©M¶gªf³�î

ã

ðdñKòb¼IÇb£�ª)¨|£)ŸMª)âx¡fª

£)¿3¡
­n«x©€©s«…°�Ÿ€¤gÃ

	

¨|¥3¢Z¿�¸d²�Ê�¢Z¿�°�¨x 	£ �&Ÿs¤3¡fçd¥3¨|©€Ÿs£�¸

< (� ;  )L 2 (
) > � < jj � jj2
L 2 (
) >

1
2 < jj  jj2

L 2 (
) >
1
2 :

Ë �g¼ �5Ì

½"¿gŸMª8­n«5©s©€«…°&ªo³f­n«x (¡EÚg¨|¦§±g©€¡x³{®�¸�¨x±g±g©€¸�Ÿs¤gÃ"£R¿g¡v¥3ª)¥3¨x©

	

²�Ê�Ÿs¤g¡Kçd¥3¨|©€ŸÙ£�¸�«x¤


 x(0; T )
­n«x©€©€«…°�¡K¶�®�¸

£R¨xÂ�Ÿs¤gÃ�©sŸ€¦§ŸÙ£Zª,«5 �­n R«x¦ £)¿3¡�¢E«5¤g¤g¡K¢r£)Ÿ€«x¤»°�ŸÙ£R¿À£)¿g¡�Ÿ€¤g¤g¡o q±g R«�¶�¥3¢r£q«x¤
£R¿g¡�ª)±3¨5¢E¡v«x­3Î�¡Kª	ŸM¢E«…´�Ÿs£R¢Z¿

¨|©€¦§«5ª	£�±A¡f )Ÿ€«�¶�Ÿ€¢�­n¥g¤A¢r£)Ÿ€«x¤Aªo³g¡5¼ ÃA¼s³,î � �dñfòk³Mî È �|ìxòk³�î

	

Î �xð{òb¼

��Ÿ€´x¡o¤$£)¿g¡V´x¡o©€«�¢EŸs£�¸Åâx¡o©M¶>«|­�¨C±A¨| )£)ŸM¢E¥g©M¨| �¯>«…°À³

u(x; t)
³A£)¿g¡ÅË^£RŸs¦§¡§¨{´x¡o Z¨|Ã5¡f¶3Ì�¡f¤g¡o RÃx¸

¶�ŸMª)ª)Ÿ€±3¨…£RŸs«5¤Ä Z¨…£R¡�«x­(£R¿3¨…£�¯>«…°õŸ€ª&¶g¡fâ|¤3¡f¶Í£)«§®A¡

" := lim
T !1

1
T

Z T

0

Z



� jr u(x; t)j2dx dt:

Ë ��¼ �5Ì
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bu(k; t)
¶�¡f¤g«|£R¡fª�£)¿3¡µïg«x¥3 )Ÿ€¡o "£R R¨x¤3ª�­n«5 )¦�«|­

u(x; t)
°�¿g¡f )¡

k
Ÿ€ª�£)¿g¡À°"¨{´x¡o²k¤�¥g¦V®A¡f �´5¡f¢E£)«x 

¨|¤A¶

k = jk j
ŸMªCŸs£RªC¦C¨xÃx¤gŸs£)¥3¶g¡x³�£)¿g¡f¤�ôv©M¨|¤3¢Z¿3¡o R¡o©kÝ ª§½"¿g¡f«x R¡o¦ Ÿ€¦§±g©sŸ€¡fª¬£)¿3¨|£C£)¿g¡¾Â�Ÿ€¤g¡E£RŸ€¢

¡o¤3¡o RÃx¸+Ÿs¤å¥û¢o¨|¤è®w¡Í¡f´…¨|©€¥3¨…£R¡f¶èŸ€¤å±g¿�¸�ª	ŸM¢o¨x©�ª)±3¨x¢o¡¬«x VŸs¤å°"¨{´x¡C¤�¥g¦V®A¡f ºª)±3¨5¢E¡¬¥3ª)Ÿ€¤gÃ¾£)¿3¡

ïg«5¥g RŸs¡f "£) Z¨|¤3ª	­n«x R¦

bu
«|­

u

1
2

jjujj2
L 2 (
) =

1
2

Z



ju(x; t)j2dx =

1
2

Z

R 3
jbu(k;t)j2dk:

Ë ��¼ ìdÌ

½"Ÿ€¦º¡µ¨{´5¡o Z¨|Ã5Ÿs¤gÃV¨|¤3¶Å R¡o°� RŸÙ£RŸs¤gÃV£)¿3¡À©€¨5ª�£&Ÿ€¤d£)¡oÃ5 R¨x©XŸs¤¾ª)±g¿g¡o RŸM¢o¨|©8¢o«d«5 R¶gŸs¤3¨|£)¡Kª"ÃxŸ€´x¡fª

<
1
2

jjujj2
L 2 (
) > =

Z 1

0
E(k)dk; where E(k) :=

Z

j k j= k

1
2

j \< u > (k; t)j2d� :
Ë ��¼`ñxÌ

½"¿g¡Å¢o¨xª)¡¬«x­&¿g«x¦§«xÃ5¡o¤g¡f«x¥3ªf³qŸ€ª)«|£R )«5±gŸ€¢º£R¥g R®g¥g©€¡o¤3¢o¡ÍŸ€¤3¢E©€¥3¶�¡Kªµ£R¿g¡Ä¨5ª)ª)¥g¦§±�£)Ÿ€«x¤å£)¿3¨|£ÅËO¨|­^£)¡f 

£)Ÿ€¦§¡µ«x �¡f¤3ª)¡o¦»®3©s¡»¨{´5¡o Z¨|Ã5Ÿs¤gÃ�Ì

bu(k)
¶�¡f±A¡f¤3¶gª�«x¤g©€¸Í«5¤

k
¨x¤3¶Ä£)¿�¥3ª�¤3«|£&£R¿g¡»¨|¤3Ãx©€¡fª

�
«x 

' :
½"¿�¥3ªf³�Ÿs¤Å£)¿3Ÿ€ª&¢f¨xª)¡x³

E(k) = 2� k2j \< u > (k)j2:
Ë �g¼ ødÌ

ïg¥3 	£R¿g¡o K³v£R¿g¡$ë�²kìAí¬£R¿g¡o«5 )¸åª	£R¨|£)¡fªº£R¿3¨…£¬¨|£§¿3ŸsÃ5¿û¡f¤g«x¥gÃ5¿

ã

¡f¸�¤g«x©M¶gª§¤�¥g¦»®w¡o ZªV£)¿g¡f )¡>ŸMªC¨

 Z¨|¤gÃ5¡�«x­q°"¨{´x¡�¤�¥g¦»®w¡o Zª

0 < kmin := U� � 1 � k � "
1
4 � � 3

4 =: kmax < 1 ;
Ë ��¼•ù|Ì

Â�¤g«…°�¤Á¨5ª�£R¿g¡ºŸs¤g¡f 	£RŸ€¨x©, Z¨|¤3Ãx¡x³X®w¡o¸5«x¤3¶¾°�¿3Ÿ€¢Z¿Á£)¿g¡§Â�Ÿs¤3¡E£)ŸM¢V¡o¤g¡f )Ã5¸ÅŸ€¤Á¥¹Ÿ€ª�¤g¡fÃx©€ŸsÃ5Ÿs®3©s¡5³X¨x¤3¶

Ÿ€¤Ä£R¿gŸMª� R¨x¤gÃx¡

E(k) := � "
2
3 k � 5

3 ;
Ë �g¼ �dÌ

°�¿g¡f )¡

� (' 1:4)
Ÿ€ªµ£)¿g¡Í¥g¤gŸ€´x¡o ZªR¨|©vë
«x©€¦§«xÃ5«x R«…´>¢o«x¤3ª	£R¨x¤d£f³

k
ŸMª
£R¿g¡¬°"¨{´x¡§¤�¥g¦»®w¡o »¨x¤3¶

"
ŸMª�£)¿g¡§±3¨x 	£RŸ€¢o¥g©€¨x À¯>«…°ÀÝ ª�¡o¤g¡f )Ã5¸$¶�ŸMª)ª)Ÿs±A¨…£)Ÿ€«x¤+ Z¨…£)¡5¼V½"¿g¡§¡f¤g¡o RÃx¸¾¶�ŸMª)ª)Ÿ€±3¨…£RŸs«5¤¹ Z¨…£R¡

"
ŸMª�£)¿g¡

«x¤3©s¸-±3¨x R¨x¦º¡o£)¡f V°�¿gŸM¢Z¿·¶�Ÿ��À¡o Zª»­n )«5¦ «x¤g¡Å¯>«…° £)«¹¨x¤g«|£R¿g¡o K¼·Û�¥�£Rª)ŸM¶�¡Í£R¿g¡ÅŸs¤g¡f 	£RŸ€¨x©� Z¨|¤3Ãx¡

°�¡§ª	£)Ÿ€©€©v¿3¨{´x¡

E(k) � �"
2
3 k � 5

3
ª)Ÿ€¤3¢E¡

E(k) ' 0
­n«x 

k � kmax
¨|¤3¶

E(k) � E (kmin )
­n«5 

k � kmin :
½"¿g¡Í¡oÚ�±g )¡Kª)ª)Ÿ€«x¤.Ë �g¼ �dÌ�­n«x ºÉ�ËnÂgÌµŸ€ªµ£)¿g¡Í­n¥g¤3¶g¨x¦º¡f¤d£R¨|©�¨xªRª	¥3¦º±g£)Ÿ€«x¤è¥g¤3¶g¡o R©s¸�Ÿ€¤gÃ

«x¥3 &¢E«x¤Aª	ŸMª�£R¡o¤3¢o¸¬¡o R R«x �¡fª	£)Ÿ€¦§¨|£)¡Kªo¼
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� <�—R•�23,|—)•€™x–·™

:

— � �Åœo™x–�<)•�<�— �o–3œ��	�o˜R˜)™5˜

•&ïqŸ€ Rª	£À¤g«|£R¡VŸ€¤+¨x©s©v¢f¨xª)¡fªf³X£)¿g¡C¢o«x¤3ª)Ÿ€ª	²

£)¡f¤3¢E¸Ä¡o R )«5 �¶g¡o±w¡o¤3¶gª&¥g±A«5¤>¡fª	£)Ÿ€¦§¨|£)¡Kª"«|­

u � GN u
®A¡K¢o¨|¥Aª	¡

� N = GN u GN u � u u = (GN u � u)GN u + u(GN u � u); N = 0; 1; 2; � � �:
Ë �g¼€íKÌ

	

«x¤Aª	ŸM¶�¡o 

� N :
Î�¸C£R¿g¡�£)Ÿ€¦º¡µ¨{´5¡o Z¨|Ã5¡f¶

	

¨x¥3¢Z¿�¸5²�Ê�¢Z¿�°"¨|  �&Ÿs¤3¡fçd¥3¨|©€Ÿs£�¸x³g¨|¤A¶Äª	£R¨x®gŸs©€Ÿs£�¸Í®w«x¥g¤3¶3ª

­n«x 

GN
°�¡
¿3¨{´5¡

< jj � N jjL 1 (
) > � (1 + jjGN jj ) < jjujj2
L 2 (
) >

1
2 < jju � GN ujj2

L 2 (
) >
1
2

Ë �3¼ �5Ì

½"¿�¥3ªf³8¡fª	£)Ÿ€¦§¨|£)¡Kª&­n«5 �£R¿g¡§¢E«x¤Aª	ŸMª�£R¡o¤3¢o¸>¡o R )«5 �Ÿ€¤

L 1(
)
¯>«…° ­n )«5¦ £)¿g¡§¨|®w«…´x¡V¡fª	£)Ÿ€¦§¨|£)¡Kª�«x­

jju � GN ujjL 2 (
)
¨x¤3¶Í©M¨…£R¡o �¡Kª�£RŸs¦C¨…£R¡fª�«x­

< jju � GN ujj2
L 2 (
) >

1
2

¼

�g•€”x•
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:
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�
³

Ÿ€¤5£R¡oÃ5 R¨|£)Ÿ€¤gÃ$®�¸è±3¨| )£RªV«…´x¡f 



¨x¤3¶å¥3ª)Ÿ€¤gÃ¹¨

	

Î"ÊåŸs¤3¡fçd¥3¨|©€Ÿs£�¸+«5¤è£)¿3¡Ä RŸsÃ5¿d£V¿3¨x¤3¶·ª)Ÿ€¶g¡x³IŸs£

­n«x©€©€«…°&ª" )¡K¨x¶�Ÿ€©s¸§£R¿3¨…£�£R¿g¡µ¨{´x¡f R¨xÃxŸ€¤gÃ»±3 )«�¢E¡Kª)ª�ŸMª&ª	£R¨|®3©s¡À¨|¤A¶Äª)¦§«d«x£)¿gŸ€¤gÃ§Ÿ€¤Ä£R¿g¡µª)¡o¤3ª)¡

jj � jj ; 2
�
L

jjr � jj ;
¨x¤3¶ 1

2
(

�
L

)2 jj4 � jj � jj � jj :
Ë �g¼ �5Ì

ž�¡o¤g«x£)¡Ä£)¿g¡¾¨{´5¡o Z¨|ÃxŸ€¤gÃ¾¡f ) R«x V®d¸

� = (� � � ): �

ª	Ÿ€¤gÃ+£)¿3¡Ä¡Kç5¥A¨…£)Ÿ€«x¤

� ( �
L )24 � + � =

� ( �
L )4 �

³x£R¿g¡�­n«x©€©€«…°�Ÿs¤gÃ
¡f ) R«x I®w«x¥g¤3¶3ªI­n«x 

�
­n«5©s©€«…°úŸs¤C¦V¥3¢Z¿§£)¿g¡�ª)¨x¦º¡�°"¨{¸�ªv¨xªI£)¿g¡�¨x®A«…´5¡

ª	£R¨|®3Ÿs©€ŸÙ£�¸Í®A«5¥g¤3¶gª

jj � � � jj �
1

p
2

(
�
L

)jjr � jj ; jjr (� � � )jj �
1

p
2

(
�
L

)jj4 � jj ; and jj � � � jj � (
�
L

)2 jj4 � jj :
Ë �3¼ ì�Ì

	

«x¤Aª	ŸM¶�¡o 

� :
Î�¸V£)¿g¡�£)Ÿ€¦º¡o²b¨{´5¡o Z¨|Ã5¡f¶

	

¨|¥3¢Z¿�¸d²mÊg¢Z¿d°"¨| )£ ��Ÿ€¤g¡fçd¥3¨x©sŸs£�¸º¨x¤3¶º£)¿3¡�¨|®w«…´x¡�ª	£R¨|²

®gŸ€©sŸs£�¸Í®w«x¥3¤3¶gª"°�¡À¿3¨{´x¡

< jj � 0jjL 1 (
) > � 2 < jjujj2
L 2 (
) >

1
2 < jju � ujj2

L 2 (
) >
1
2

Ë �3¼ ñ5Ì

É�ª	£)Ÿ€¦C¨…£R¡fª�­n«x 

�
£)¿�¥3ª�­n«x©€©s«…°.­n R«x¦ ¡fª	£)Ÿ€¦C¨…£)¡Kª�­n«x 

jju � ujjL 2 (
)
¨|¤3¶

< jju � ujj2
L 2 (
) >

1
2

¼

Çb£,ŸMª,±A«dª)ª)Ÿs®3©s¡�£)«�Ã5¡E£,¨�´x¡f )¸
çd¥gŸ€¢ZÂ�¡fª	£)Ÿ€¦C¨…£R¡�«|­

< jj � 0 jjL 1 (
) >
®�¸
ªR¢o¨x©sŸ€¤gÃA³K¶�Ÿ€¦§¡o¤3ª)Ÿ€«x¤3¨x©

¨|¤A¨|©€¸�ª)ŸMª(¨|¤A¶µ¥3ª)Ÿs¤3Ã�Â�¤g«…°�¤Vô�ž�ÉÁ¡fª	£)Ÿ€¦C¨…£)¡Kª,¨5ª�­n«5©s©€«…°&ªf¼

ê

«5©€¶g¡o KÝ ª,Ÿs¤3¡fçd¥3¨|©€Ÿs£�¸
¨x¤3¶À£R¿g¡"¨|®w«…´x¡

ª)Ÿs¦§±g©€¡À¡fª	£)Ÿ€¦C¨…£)¡

jju � ujjL 2 (
) � ( �
L )jjr ujj

ÃxŸ€´x¡

< jj � 0jjL 1 (
) > � 2L
3
2 U(

�
L

)� � 1
2 < � jjr ujj2

L 2 (
) >
1
2 � 2� � 1

2 L
3
2 U(

�
L

)"
1
2 :

Ë �3¼ ødÌ

Çb£§Ÿ€ªºÂ�¤g«…°�¤è­n«5 º¦C¨x¤d¸+£R¥g )®3¥g©s¡f¤d£§¯>«…°&ª»£)¿3¨|£V£R¿g¡Å¡o¤g¡f )Ã5¸-¶gŸ€ªRª	Ÿ€±3¨|£)Ÿ€«x¤å Z¨…£R¡

"
ªR¢o¨|©€¡fªV©€ŸsÂ5¡

C1
U 3

L :
½"¿3Ÿ€ªC¡Kª�£RŸs¦C¨|£)¡>­n«x©€©€«…°&ªº­n«x ¬¿g«5¦§«xÃx¡f¤g¡o«5¥3ªf³�ŸMª	«x£) R«x±gŸM¢Ä£)¥g R®g¥g©€¡o¤3¢o¡¾­n R«x¦ £R¿g¡$ë�²bì3í

­n«x R¦C¨|©€Ÿ€ª)¦>³�î ïqðdñKòb³,¨|¤A¶¹¿A¨xª
®w¡o¡o¤-±g R«…´x¡f¤¹¨5ªÀ¨|¤+¥g±g±w¡o µ®w«x¥g¤A¶¹¶�Ÿ€ R¡f¢r£R©s¸Á­n )«5¦ £)¿3¡¬æ�¨{´�Ÿs¡f 

Êd£R«xÂx¡Kª&¡Kç5¥A¨…£)Ÿ€«x¤Aª&­n«5 �çd¥gŸs£)¡ºÃx¡o¤3¡o Z¨|©8£R¥g )®3¥g©s¡f¤d£
ª)¿g¡f¨x �¯>«…°&ªf³,î

	

ž�ð �{ò"³€î ÷�ðdùKò"¼

�

ª)Ÿs¤3Ã¬£)¿3Ÿ€ª

¥g±g±w¡o �®A«5¥g¤3¶Ä­n«x 

"
Ã5Ÿs´5¡fª�£R¿g¡À®A«5¥g¤3¶-Ë�í5¼síKø5Ì

< jj � 0jjL 1 (
) > � C1L
1
2 U

7
2 Re

1
2

�
L

:
Ë �3¼`ùxÌ

½"¿gŸMª�®A«5¥g¤3¶gª"ŸMª"´x¡f )¸§ R«x¥gÃ5¿Í¨|¤3¶Ä±w¡fªRª	Ÿ€¦§Ÿ€ª	£)ŸM¢�ª)Ÿ€¤3¢E¡
Ÿs£" R¡fçd¥gŸ€ R¡fª �
L << Re� 1

2
­n«5 �¨x¢o¢o¥g Z¨x¢E¸5³

ª)¡o¡&ª)¡f¢r£RŸs«5¤VìA¼

ã

¡o¦C¨| RÂ…¨|®g©€¸x³…£R¿gŸMªv¡fª	£)Ÿ€¦C¨…£R¡�Ÿ€ªIŸ€¦§±g R«…´{¨x®g©€¡�£R«À«x¤g¡"¥g¤3ŸÙ­n«5 )¦ Ÿs¤º£R¿g¡

ã

¡o¸�¤g«5©€¶3ª

¤�¥g¦»®w¡o �Ÿ€¤Å£)¿g¡µ¢f¨xª)¡
«|­,¿3«x¦§«xÃ5¡o¤g¡f«x¥3ªf³�Ÿ€ª)«|£R )«5±gŸ€¢�£R¥g )®3¥g©s¡f¤3¢E¡5¼
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½"¿g¡À R¡o©M¨…£R¡f¶+Ë�íx¼€íKñ5Ìv¡Kª�£RŸs¦C¨|£)¡ÀŸMª"«x®�£Z¨|Ÿ€¤g¡f¶Å®�¸¬¥3ª)Ÿs¤3ÃºŸ€¤3ª	£)¡K¨x¶

< jj � 0jjL 1 (
) > � 2 < jjujj2
L 2 (
) >

1
2 < jju � ujj2

L 2 (
) >
1
2 � 2UL

3
2 (

�
L

)2 < jj4 ujj2 >
1
2 :

Ë �3¼ �dÌ

½"¿g¡�£)¡o R¦

< jj4 ujj2 >
1
2

¢o¨|¤Í®A¡�¡fª	£)Ÿ€¦C¨…£)¡K¶CŸ€¤C£)¿g¡
¢o¨5ª	¡�«|­(¿g«5¦§«xÃx¡f¤g¡o«5¥3ªf³xŸMª	«x£) R«x±gŸM¢"£)¥3 )®g¥g²

©€¡o¤3¢o¡À¥3ª	Ÿ€¤gÃCª)±A¡K¢r£) Z¨|©8Ÿ€¤d£)¡fÃx Z¨…£)Ÿ€«x¤Å¨xª�­n«5©s©€«…°&ª

< jj4 ujj2 > =
Z kmax

k0

k4E(k)dk � � "
2
3

Z kmax

0
k

7
3 dk = :3�"

2
3 ("

1
4 � � 3

4 )
10
3 :

Ë �3¼ ðdÌ

�

ª)Ÿ€¤gÃ§£)¿g¡À¡Kª�£RŸs¦C¨|£)¡

" � C U 3

L

¨|¤3¶Å R¡f¨| R Z¨|¤gÃ5Ÿs¤gÃ»£)¿g¡» )¡Kª	¥g©s£)Ÿ€¤gÃ

ã&ê

ÊÅŸs¤d£)«º£R¡o R¦§ª&Ÿs¤�´x«5©s´�Ÿ€¤gÃ

£)¿3¡

ã

¡o¸�¤g«5©€¶gª"¤�¥g¦V®A¡f �ÃxŸ€´x¡Kª

< jj4 ujj2 >
1
2 � C�

1
2

U
L 2 Re

5
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�
L
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Ë �g¼€ífódÌ
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) > � C�
1
2
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L
1
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5
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�
L
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Ë �g¼€íxí{Ì
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L
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ã

¡o¸�¤g«5©€¶gª�¤�¥g¦»®w¡o Zª�®g¥�£ÀŸs£

¸�Ÿs¡f©€¶3ª�£)¿g¡µ¢o«x¤3ª)Ÿ€ª	£)¡f¤3¢E¸Ä¢E«x¤A¶�ŸÙ£RŸs«5¤ �
L << Re� 5

8
°�¿gŸ€¢Z¿>ŸMª"°�«5 Rª)¡�£)¿3¨x¤Ä£R¿g¡À±g R¡f¢o¡f¶�Ÿ€¤gÃ§«x¤g¡5¼
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