On the Adams-StolDeconolution LES
Models

A.Dunca and Y.EpshteynY

Abstract

We consider a family of LES models with arbitrarily high consis-
tency error O( 2N*2) for N = 1;2;3:: that are basedon the van Cittert
decorvolution procedure. The family has beenproposedand tested for
LES with successby Adams and Stolz in a seriesof paperse.g.[q, [1].
We show that thesemodels have an interesting and quite strong stabil-
ity property. Using this property we prove an energyequality, existence,
uniquenessand regularity of strong solutions and give a rigorous bound
on the modeling error jju  wjj wherew is the model's solution and U
the true ow averages.

Key words : large eddy simulation, scalesimilarity models, decorvolution,
appraximate decorvolution models

1 Intro duction

We considerthe problem of modeling the motion of the large structuresin a
turbulent uid. This involvesthe interaction of many complexdecisionsmade
in the simulation. To isolate somee ects, we study hereinthe correctnessof
the ADM(approximate decorvolution modeling) approad to closurepioneered
by Adams and Stolz, e.g.[2],[1].

The pointwisevelocity and pressure,u; p in anincompressibleviscous o w
satisfy the Navier-Stokesequations
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ug+r (uum) u+rp =f
r- u =20 (1)
u(x;0) = uo(x)

We study (1) subject to periodic boundary conditions (with zeromean)
u(x + Le;t) = u(x;t) (2)

forx 2 R%0<t T:

Periodic boundary conditions separatethe hard problem of closurefor the
interior equationsfrom anotherhard problem of wall laws and nearwall models
in turbulence.

Let overbar denotea local spacialaveragingassaiated with a length scale

which comnuteswith di erentiation. Averagingthe Navier-Stokesequations
givesthe nonclosedequationsfor U; p

Ug+r (uul) u+rp =f
r ua =0 3)

Let the averagingoperationu ! U bedenotedformally by G sou = Gu. In
mostinteresting casesG is not invertible. Newerthelessthe closureproblem (of
replacinguu™ by atensordependingonly onT) is solved oncethe approximate
decorvolution problem ( of approximating the action of G 1) is solwed.

The van Cittert approximation to G ! can be deweloped in various ways
(see[3] and section 2 for a precisede nition of it). The simplestisto nd an
appraximation to u by extrapolating from the resoled scalesof U to those of
u. The rst three examplesare

u Gou =0T (constart extrapolation in )
u GuU =2u T (linear extrapolation in ) (4)
u Gyu =3u 3U+ T (quadratic extrapolationin )

Let GyU denote the analogousN " degreeaccurate approximate inverse
(section 2). Calling (w; ) the appraximations that result when this is used
in (3) to treat the closureproblem we are inevitably led to the fundamertally
important questionof how well the solution w of the resulting model

we+r (Gyw(Gyw)T) w+rq f
r- w =0

(5)

matchesthe behaviour of the true ow averagest. This questionhasobvious
theoretical and experimertal componerts. We considerherein the theoretical
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parts of the question for the whole family of models. Our analysisis based
on a delicate skew symmetry property that the model's nonlinear interaction
terms have when the averaging operator is the di erential Iter * ! ~ (as
studied by Germano[5]). Herefor given' 2 L2?(Q), * is de ned to be the
unique periodic solution of

P e ®)

in Q whereQ denotesthe d-dimensionalcube of sizeL > 0,Q = (0; L)%

Our analysisis for periodic boundary conditions. We believe that many of
the results preserted in this work can be extendedto nonperiodic boundary
conditionswith further researt. Indeed,the basicmodel (5) doesnot increase
the order of the di erential operator sothe model makesperfect sensecoupled
with any of the well posedboundary conditions used for the Navier-Stokes
equations.

Remark 1.1 The madel (5) using Gy was consideied recently in [7] and [8].
On the other hand practical calculations of Adamsand Stolzin [2] and [1] have
stresse the superiority of modelsof order 4, 5 and higherin practical tests.

Herein we showthat a single, uni e d mathematial theory is possiblefor
the entire family of madelsbuilding on the analysisin [7] and [8].

2 Deconvolution Mo dels

It hasbeenpointed out by Germano(preseted well in [6]) that with the dif-
ferertial Iter —:= ( 2 +1) ! it seemghat no decwolution is necessary;
onecanwrite exactly' = ( 2 +1)".

This leadsto the exact model for U given by

m+r (2 +hul( 2 + Dl u+rp=f (7)

subject to the periodic boundary conditions. One criticism with using exact
decorvolution model (7) to predict U is that going from the Navier-Stokes
equationsto (7) no information is lost.

Thusthere is no reasonto beliewe that (7) canbe appraximated with fewer
degreesf freedomthan the NSE itself. Another di cult y with (7) is that any
model that increasesthe order of the di erential equation must be supplied
with extra boundary conditions. Thus for nonperiodic problems models like
(7) shift the essetial dicult y from interior closureto the harder problem of
specifying as boundary conditions the higher derivatives of turbulent veloc-
ities at walls. Thus appraximate decorvolution which will lose information

3



is necessary The van Cittert method of appraximate decorvolution, see[3],
constructsa family Gy of inversesto G asfollows: Writing G=1 (I G) a
formal inverseto G can be writen asthe noncorvergern power series

G'= o0 G
Truncating this seriesgives
Gn = no(l G)N (8)
The rst three appraximations are givenin (4).

Lemma 2.1 The operator Gy : L?(Q) ! L?(Q) is compact, selfadjoint and
positive.

Proof: The operator G : L2(Q) ! L2(Q) is compact, selfadjoirt. Multiply-
ing (6) by *~ and integrating over Q gives
1 1
2.. ‘_..2 ..'_..2 - 1. — _"I ..2 _..‘_..2
1/ LI R TR ;) 2]] -+ 2]] )}
It followsthat G is positive and jjGjj 1. Let hy(x) = N,(1 x)k. By

the de nition of Gy
Gn = hn(G)

and consequetly Gy is also compact selfadjoirt operator. Becausehy is
positive on [0; 1] which cortains the spectrum of G it follows alsothat Gy is
positive. [

Lemma 2.2 The operators f Gy gy satisfy the following recursion:
(I 2)Gnyu= 2Gyu+(  ?)u 9)
Pro of:  Using the de nition of Gy we write
Gnu=(I G)Gy 1+
for any N > 0 and multiplying to the left by (I 2)  we get
(- 2)Gwu=( 2)I GGy wu+( ?)us=

I )G nawu (I ?)GG ywu+(l *)u= Gy wu+( ?)u
i.e
I 2)Gnu= 2G Ny wu+( ?u



Lemma 2.3 For smamth u the approximate deconvolution (8) hasconsistency
error O( 2N*2)
u GNU: ( 1)N+1 2N +2 N+1U (10)

locally in Q and also

N2 jjTjjpan+2 (o)

jju Gnjj
Pro of: This is a simple algebraicargumert. Let A := (I G) and note that
A= G =( 2+ 2 +1 1)y = 2+

Then with e:

u GnU we have (by the de nition of Gy)
u=u+Au+:+ANTU+e
Applying to both sidesthe operator A and substractinggives(sincd A = G)
Gu=u AU+ Ge
orasGu=1U

Ge=ze= AV*lg

Applying (2 + 1) to both sidesimplies e = AN**u which gives(10).

|

Lemma (2.3) shows that Gy U gives an appraximation to u to accuracy

O( ®*?) in the smooth ow regions. Thus it is justied to useit for the
closureappraoximation

r (uuT) r (GyU(GNT)T)+ O( N*?)

If denotesthe usualsub lter scalestresstensor (u;u) := uuT UU' then
the closureappraximation is equivalert to the closuremodel

(u;u)  N(TO) = GyU(GNT)T  TU' (11)
De nition 2.1 A tensorfunction (u;v) of two vector variablesis reversible
if
(u; v)= (u;v):

The tensor is galilean invariant if for any divergene free periodic vector
eld w(x) and any constant vector U

r w+Uw+U)=r (w;w)
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The interest in reversibility and Galilean invariance is that the true subgrid
stresstensor (u;u) is both reversibleand Galileaninvariant, Sagaut[9]. Thus
many feel that appropriate closure models should at least, to leading order
e ects, sharethesetwo properties. We next showv that the model (11) is both
reversible and Galilean invariant.

Lemma 2.4 For each N = 0;1;2: the closure madel (11) is reversibleand
Galilean invariant.

Pro of: Rewersibility is immediate.Galileaninvariancealsofollows easilyonce
it is notedthat UwT = UW' soGy (UTt') = UGy (U)". Usingtheseand other
analogousproperties gives

ro (@+Uu+U)=r [Gy(UGy()T+

+UGy (@) + Gy(MUT + UUT  (T+ U)(T+ U)T] =
=1 [(Gn(@GN(@)T uu'J+r (Gn(WU+Ur (Gy(U) r (WU Ur (U) =
=r [Gn@GN@T uu'l=r \(W0)

sincer u=r Gy =r Guy(U)=0andUUT = UUT: m

3 Variational Spaces
Q denotesthe d-dimensionalcube of sizeL > 0
Q= (0;L)"

Let
H™(Q) = fu 2 H3.(R")ju periodic with period Qg

and Z
H™(Q)=fu2 H™(Q)j udx = 0g
Q

For the variational formulation of the scale similarity model with periodic
boundary conditions we considerthe spacesof divergencefree functions

V=fu2HXQ);r u=0inR%
and
H=fu2L?%Q);r u=0inRY
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asin R.Temam|[10].
D(Q) isde ned as

D(Q) =f 2C'(RYj is periodic of period Qg:

and
D(Qr)=f 2CY(0;T) RYjfort2[0;T); (;:t)is periodic of period Q and

has compactsupport in variablet 2 [0; T)g:

The spaceof vector valued functions D(Q) is de ned as
D(Q) = D(Q)° (12)
The other spacesD(Q+), H , ﬁp(Q), V, L2(Q) are de ned accordingly

Remark 3.1 Becausethe inclusion WZ(Q) I H is compact, the inverse of

the Laplacianoperator ( ) *:H! WZ(Q) H is a boundda, selfadjoint,
compact operator. This implies that there exist an orthonormal basis (w;);2n
of H consisting of eigenfunctionsof the Laplacian operator.

4 The models and the existence of weak solu-
tions

De nition 4.1 The strong form of the sale similarity model is:
Find (w; ) suchthat

d
w2 HA(Q\H foraet2[0T]

w2 HY0:T) = foraex20 (13)

g2 HY(Q)\ L§(Q) if t2 (0;T].

and
Wi w+r (Guw)Gaw))+rg = f in(0;T) Q
rr-w = 0 in(OT] Q (14)
M=o = Uo inQ
qux = 0 in (O;T].



De nition 4.2 Letf 2 L2(0;T;V9 andwg 2 WZ(Q). A measurable function
w:[0;T] Q! RYis a weak solution of (14) if

w2 L%0; T;H (Q)\ L (0;T;H) (15)

and Z,

[(w;%) twir') ( (Guw)Gew)T) )dt=  (16)
Zl
(F )t (woi' (0))

0

0
for all ' 2 D(Q7):

The following lemma gives an energy inequality satis ed by the strong
solutionsof the Adams-Stolzmodels. We mertion herethat the sameargumert
is usedto derive an energyinequality for the approximate solutionsin the proof
of existenceof weak solutionsto the Adams-Stolzmodels.

Lemma 4.1 If w is a strong solution of (14) asin De nition (4.1) thenw
satis es the following energy inequality

Z
SAwOI*+ Zir wi) + 5 jir w(s)ii*+ % w(s)jj®ds (17)
0
Z t
K(  Jif(9iideds + jiweji®+ Zjir wejj?)
0
_ : B 2iGNiZ2g) . 1 .1, 23 ;
for all t 2 [0; T] with K = maxf ———2;3 %3, 5jiGn  1jL2(0)0-
Pro of:
We multiply (14) by the test function' = (2 + I)Gyw and integrate
on Q. Becausethe weak form of the nonlinear term will vanish

(r (GNW)(GNW)T);( 2 +DNGyw) = (18)

= (r (GNW)GNW)T);( 2 +1)Gyw) = (r ((Gnw)(Gnw)");Gyw) = 0
(19)
we obtain the following energyequality:

%%(w;( 2+ DGww)+ (w2 +Guw) = (F;( 2+ )Gaw)
(20)



In the equality above all terms( 2 + 1)GyWw arereplacedusing Lemma
(2.2) leadingto

Sl 2w i Sw e ) (wil P+ w
+ 2 w; 2G y w) = (f;Gyw)

Using integration by parts and the comnutation property of the operator
Gy 1 with dierentiation gives

Ldiize L2 wize — 90 wiey o wy
2dt 2 dt 2 dt ON L
s wizt 4wt 4 wiGy 1 w)= (f:Gaw)

We then integrate on [0; t] and obtain

1. o 1., L2
EJJW('[)JJ2+ = Zjir w()jjz+ S (T W(t); Gy ar W)+

2
Z t Z t Z t
+ jir w(s)jidds+ % jj w(s)jds+ * ( w(s);Gy 1 w(s)ds=
0Z t 0 0 ,
= (f(s);Gnw(s))ds+ SIWoll =+ 5 TJir Wojl ” + §(r Wo; Gn 1I Wo)
0

We usethe positivity of the operators (Gy)n in the inequality above to
get

Z, Z

EJJW(t)JJZJf > Zir w(t)jj? + i w(s)jj’ds+ 2 J w(s)jj’ds (21)
Z, 2
. l 2.. ..2 l ..2 .
(f(s); Gnw(s))ds + 5 IWoll”+ Siir Wojj” + E(r Wo; Gn 1f Wo)
0

An application of Caudhy's inequality on the rst term on the right hand side
above gives

Z, Z,

. (f(s); Gnw(s))ds . T (S)iivaiGnijLz@lir W(S)ijLzq)ds

o, Z z
21i G ji2, t ) t .
2 _if(ifds+ 5 it w(iiEgds
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We usethis inequality in (21) to obtain
yA t Z t

Sjw®iiz+ = gir wjit+ 2 i w(s)jj’ds+ 5 jir w(s)jj’ds
2 2 o 2,
—_— JJf(S)JJvodS+§ JWol] ™+ SIIr Wol) +E”GN izt Wojj2
0

Prop osition 4.1 LetT > 0. Then for wo 2 H(Q)\ H, andf 2 L2(0; T;V9
there exists a weak solution w of (14)in the senseof De nition (4.2). This
solution w belongsto the space L2(O;T;ﬁ2(Q))\ Lt (0;T;V), it is L?-weakly
continuous and it satis es the following eneigy inequality
1 Z
Siw %+ Zir w@is)+ 2 . i w(s)jj’ds (22)
Z t
K( if(s)iidods + jiwojj® + jir wojj?)
0
for all t 2 [0; T] with K = maxf 2" /t2@.1 2.3 Z5iG i 2o
Pro of: The proof usesthe Faedo-Galerkinmethod. We will use Galdi [4]
as a referenceand we will only point out the di erences betweenthe proof of
existenceof the weak solution of the Navier-Stokesequationsand the proof of
existencefor our models. We pick an orthonormal basisf ;g 2 D(Q) of H
consistingof eigenfunctionsof the Laplacian operator asin Remark (3.1). Let

Wi (X t) = lr(=1 ke(t) (%) (23)
for k 2 N the solution of the following ODE system
@Vk . . T. — .
(@, D+t (rwer )+ Guw)(Gawi)Ts ) =(f; ) (24)

for all r = 1::k with initial condition

(Wk(0); ) = (wo; 1)

for all r = 1::k. It follows that the coe cients i, satisfy the following ODE
system
d kr +

dt

ik=18ir ki T :(, 18y ki ok = fr (25)
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for r = 1::k with the initial condition

kr(0) = Cor; forr = 1:k

wherea;, = (r i;r (), &, = ((Gn i) (Gn §)7); 1)
fr= (f, r)a Cor = (bV\b, r):
The function f, belongsto L?([0; T)) for any r and consequetly (25) has
a unique solution near 0,
kr 2 WE2(0; Ty)

whereTy T. Becausewng 2 ﬁz(Q)\ H there existsug 2 H sud that Ug = wg
For the ODE de ned above we have (Wyo; ) = (Wq; ) forall r = 1::k. This
gives

(Wko; r) = (U_O, r) (26)

for all r = 1:k. But wyo 2 G = sparf jgi-1.x and Gy is an invariant
subspaceof the Laplacian operator. Consequetly we can replacein formula
(26) , with (I 2) wy to get

Wkoi (I %) Wieo) = (To; (I %) Wieo) = (Uog; Wieo) (27)

Integrating by parts the rst term above and using Caudy 's inequality in the
secondwe get

iwioli* + Zir Wioil® = (UoiWico) S Uol” + Jiwioii) (28)
which givesthe following estimate

1. N N 1. .
Siiwioli® + Zjir wieli®  Sjjuojj? (29)
We want to prove that we can pick Ty = T. In equation (24) we replace
c with (I 2)G ywg. Onecando this since(I  2)G ywg(t) 2 Gy =
sparf jgj-1.« foranyt 2 [0; T). In the sameway in which the energyinequal-
ity (17) for strong solutions was derived we obtain

Z t yA t
%(jjwk(t)jjz"' “ir wi@iif)+ 2 . i wi(s)ii*ds+ 5 . i wi(9iids M
(30)
where Z .
M = K( . jif(8)iivods + jiwkoii® +  Zjir Wiaii?) (31)
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2G
with K = maxf% 3 ;%;;ijN 1jL29.

M doesnot depend ontzand using (29) alsoM doesnot dependon k. Due
to orthonormality of the family f ;g; in H we getthat a priori the coe cien ts
kr Satisfy
i wi® oM
foranyt2 [0;T), r = 1::k andk 2 N. This implies that for any k there exists
global solution (that is, on [0; T))

2 WH([0; T))

r = 1::k of the ODE system(24).

In the sameway asin Galdi [4] one can shav using the estimate (30) that
there exists a subsequencef wy (which is redenotedwy) which corverges
weakly in V uniformly in t to a functionw 2 L! (0; T;V). From estimate (30)
we infer that the sequencew is boundedin L2(0; T;H>(Q)) consequetly it
cortains asebsequence(wrﬁ\cis redenotedw)which is weakly corvergert to a

function w°2 L?(0; T; H (Q)) One can shaw taking limits ofwk in the space

L2(0; T;L%(Q)) that w = w® It followsthat w 2 H (Q)\ H

We can shaw that w satis es the variational equality (16) in the sameway
as in Galdi [4] taking the limits of wy in the equality (24). In the caseof
Adams-Stolzmodels when taking limits the nonlinear term is handledin the
following way: One needsto show that for given eigenfunction
Z

(Guwi I Gywis(l ?) ') (Gyw rGyw;(I  ?) ' )ds! 0

0
But
Z t

i (Guwg rGywi(l %) ') (Guw rGyw;(l  ?) ! )dsj=
0

Z

=] (Gnwg r Gywg; ) (Gyw r Gyw; )ds]
0

Zt Zt
J (Gn(we w) rGywg; )dsj+j (Gnw r Gn(wk w); r)ds]
0 0

ijijEZ(Q)ijk WijLzomiLall el it WijiLzeimzyt+

t

] 0(GNW Gn(r (Wi w)); ,)ds]
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The rst term on the right hand side above corvergesto 0 sincewy ! w
in L?(0; T; L%(Q)) and the secondcorvergesto 0 because wy ! r w weakly
in L2(0; T;L?(Q)) and the operator Gy is selfadjoirt. The energyinequality
(22) is obtained the sameway asin the caseof Navier-Stokesequationstaking
limits in (30). [

Lemma 4.2 The weak solution w that was constructel in the previoustheo-
rem is also a strong solution of (14).

Pro of:  This follows directly from De nition (16), the regularity proven for
the solution and an integration by parts. [

Lemma 4.3 The weak solution w of (14) constructed in Proposition (4.1) is
the unique weak solution of (14).

Pro of:  This is a consequenc®f the regularity of w. The proof is the
sameasin the caseof the NSE. [

5 An apriori Estimate of the Mo delling Error.

Our goal hereis to give an a priori estimate of the modeling error jju  wjj.
In this direction there are seweral fundamenal problems. First, in 3d there
is no proof of uniquenessof weak solutions u of the Navier-Stokes equations.
Thus for u a generalweak solution of the Navier-Stokes equationsthe best
result attainable in the usual norms with presen technique seemsto be the
following:

Prop osition 5.1 Let w = w( ) be the unique strong solution of the maodel
(14). Then there is a subsgquene ; ! Oasj ! 1 anda weak solution
u of the Navier-Stokesequations suchthat w( ;) ! u in L* (0;T;L?(Q)) \
L%(0; T;HY(Q)),

Pro of: This prooffollowsthat of Theorem3.10f Layton and Lewandowski
[7] [

The secondquestion concernsthe right norm. Obviously if we are re-
stricting attention to generalweak solutions the right norm must be a very
weak norm for which the modelling residualjjuu™ Gy U(GyT)Tjj is not only
well de ned but alsovanishesas ! 0. The answer to this questionis still
unknown, see,e.g. Layton and Lewandowski [7] for rst steps. The third
guestion concernsextracting a rate of corvergencefor jju  wjj which gives
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someinsight into the model's accuracyon the laminar regions. This problem
is much simpler. It reducesto proving the highestposiblerate of corvergence
for ju wjj! O for very smaoth solution u.

In the remainder of this subsectionwe give the answer : The modeling
error is a priori O( 2N*2) for smooth u.

Prop osition 5.2 Assumeu is a weak solution of the Navier-Stokesequations
andr u 2 L40:T:L%(Q)). Forw 2 L2(0;T;H(Q))\ L (0:T:;V) a weak
solution of (14) and = uuT™ GyU(G\T)' there existsa positive constant
P = P( ;N;jjr ujjLso:T.2)) O suchthat

jo wijits oLy tir (U W)ijZ(O;T;LZ) P( SN:ir UliLsiLe)ii jjfz(o;T;LZ)

(32)
Pro of:  To begin we derive an equation for * = 0 w. First we note
that w is a unique strong solution of the model and under stated regularity
asumptionson u, u is a unigue strong solution of the Navier-Stokesequations,
seeRemark 3.3 in [10]. Thus there are no subtelties in the derivation of the
error equation. Equality (3) can be rewritten as

U +r (GyuGyu") U+rp =f+r (GyUGNT' uuT) 33
r o =0 (33)
Substraction givesthe equationfor' :=u w

T+ 1 (GNUGNTT  GywGywT) "+rp q= r ~ in(0;T)
r ' =0 in (0;T]

R J=o =0 in RY
QP gdx = 0 in (0;T].
(34)

We multiply the rst equationin (34)by (I ?) Gy' andthenintegrate
on Q. Following exactly the samecomputationsasin Lemma (4.1) gives

d.,., 1,d.,. ., 2d
éall N+ > aJJr -+ S dt
+gir @it G it Gnr )= (r ;Gn' DG GNU;GN')
whereb is the standard trilinear form

(r% Gn ar ')+ (35)

b(u;v;w) = ((u r)v;w)
The rst term on the right hand sideis boundedas follows:
jr 56N )i =005G6Nr )i

14
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...... . 2iiGnii%,.. . 1
i Ay ey 5

To bound the secondterm we use Young's inequality

2

ir

ab a*+ 2(4) 1=3pf=3
together with the standard estimate for the trilinear form
jbGn's GNT;GN' )i C(Q)lir ijjij " i ir " %
to obtain that forany > 0
joGn'; GNU;GN' )i JiGwi%ir it + 2(4) jiGhr Uji%iGn" ji®

Picking in the above inequality = ez We get that

. I, . ' . _.. 1=3:: e i hrey 2
GNS GNTGN' )T Sir i+ (JJG JJ2) TGN Tt i

Using the last two inequalitiesin (35) gives

2dt” ji2 *5 dtur (r , Gy oar ")+

2 dt

i it v Gen ) m j it (2 ) iGhii v bjjtjwij?
Gronwal's inequality and positivity of the operators (Gy)n gives
Z t
i ii? e
0

2 J(32) 3Gy o m-jadsonjGijEzjj ji2.ds
For xed N we have that
JGNii 1+ @+ iGji)+ 1+ jiGjj)?+ :+ (L + jiGj)"
and sincefor ewvery jGjj 1lit follows
iiGuii 2" 1
uniformly in . Under the assumptionthat r u 2 L#(0;T;L?) we infer the

existenceof a constart M = M (; N;jjr ujjLs:1.L2)) sud that
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Z 1
i 0t oty MOGNGr Ujitaeris) i digree (36)
0

To estimatejjr ' ijZ(O;T;LZ) we integrate (35) from 0 to t and using inequal-
ity (36) we obtain
Z
jir IijZ(O;T;LZ) R( ;N;r UjjLseriL?)) . i jjc2>;T;L2

for positive constart R = R( ;N;jjr ujj_so:1.2)). Consequetly, there exists
aconstart P = P( ;N;jjir ujjLso.T:L2)) sud that

i it 1Lz tir ijZ(LZ) P( SNSIIr ujjieriL2)ii ijZ(o;T;LZ) (37)
n

Prop osition 5.3 Under the conditions of the previoustheoremif u 2 HN*1(Q)
there existsP = P( ;N;u) 0 suchthat

o wiifs gz *iir (@ Witz gz P(Nju) 22 (38)
Pro of:  An aplication of Lemma(2.3) gives
i ijZ(O;T;LZ) C(u) N+

(38) will follow then from (37).
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